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The MexgURATioN of SUPERPIGIES. | 


ORE EFORE we can give any rational Account 
of che philoſophical and mathematical Scienceis 
ind their practical Application, it is neceſſary 
N to premiſe thoſe mechanical Priftaples which art 
founded in tke Nature of Things, and make the Baſis:of all 
that Sort of Knowledge; without theſe po Man can underſtand 
Philoſophy, or make any Progreſs in the true Matheſis. We 
ſhall propoſe them in a natural Order, and in the moſt perſpi- 
cuous Method we can, and begin firſt with the practical Men- 
ſuration of Superficieg and Solid, which is the uſt Dodtine 
of practical Science. 

939. The Dittienſions or Comment of all 83 ary elti> 
mated in that of- a Sqyare-; as 4 fquere Inch; a fquere Feet; a 
fquare Tard, Rod, Mit; &c. and what Number of each leſſer 
Denomination is e the _— is ſhewn.in the follows 


— — 


* wa 


* 


ing Table: 2 
Square Inches, 1 | 
166. = "2 5 4 
— 285 rd as. : 
= 12 1 Pole r 
* : $2 1 8 =.) 2 / 1 Bord re, 


— © 1 Acre ſquare. 
e op — = EN e Tag 8 of 
940: Tp myaſurt @& SQUARE ACD-B,»- | 

Suppoſe the Length of each Side be*= 4' 4 0 
Inches, Feet, Yards, &c. then A B 4; and '$ =- 
ABxAC= AB* = 4 x 4= 16, ſquare 
Inches, Feet, Yard:, &c. as is evident, by In- 

ſpection, in the Figure. . 


Vor, II, B 


2 INSTITUTIONS 
941. To meaſure a PARALLELOGRAM ABDC. 


. Admit the Length AC = 6, and the f 
Breadth AB=4; then AC x AB 
24 ſquare Inches, Feet, c. according to = = = 
| the Meaſure in which the Sides were taken. MIN 


* 942. To meaſure a TRIA NIE BDE. . 


It is evident by Inſpection, the Tri- A E 
angle A D B is equal to half the Paral- _ WY it 
lelogram ABD C; but becauſe A cl. 3 
BD, the Triangles A D B and BED © jj 

are equal (635). Therefore the Tri- 3B F 
angle E D (BAD) S ABXAC=ZEF „. 
Therefore if the perpendicular Altitude EF (AB) S4, 


and the Baſe B D 6] thenjzZEFx BD=2x6=12 = 


he Aren of the Triangle BE _ as be 


2 6 


3 ABDC bo equa 8 " Len 
Parallelogram A E F C, becauſe AC} 2 — as 
BF, and AC=FE (655.) Therefore 

the Rhombus is = AEK ACS AE 
x BD. Hence let the Baſe BD = 4, 7” * 
and the perpendicular Height A E = 3,83 dem the Area of 
mne Rhombus ABDC=4 x25 14. AT 


* 8 
» +4 


944. To meaſure the RHoMBoIDEs AB DC. 


Here again the Rhomboides is = A = | 1 48 
to the Parallelogram AEFC 6550 8 7 7 — 
Therefore let the Baſe BD = 
the Altitude 2 \ a 
then is Area of the Nhamboides H . 
ABDG=4{xX6= 24. | ' 


EY ES „ AS as wed "oy 
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945 Beete 4 Ta Arx ZIUM * B D. h 


Draw the Diagonal AC; on which, 
from the Angles B, D, let fall the Per- jig am 
pendiculars B g, De; then is the Tri- \F&aan82: 
angle ANT 85 Parallelogram A C, NY Þ 
and the Triangle A C D = 7 Parallelo- / 
gram A 54 C. Conſequently the whole Tangies AB 50 D 


= half the Parallelogram abcd; = $abx b d ABer! 
x A C. Thus, ſuppoſe the Diagonal AC= 6, N Yor 5 


the Sum of the Pergendiculars,= = 
= 12, the Area, of the Trapezium, as required. 
946. To meaſure «a CixcLs EG FH. Ting 


We have ſhewn the Area of- the Circle 4 
whoſe Diameter is I, is o, 785398 (828) 
and the Areas of all Circles are as the 
Squares of their Diameters (840.) Let A. 
D, be the Area, and Diameter of the given | 
Circle. Then, as 1*.; 0.7854 : DD: A. 


Therefore the Area A = 0. 7854 DD. Thus 5 Da. 4 


then D D = 16, and 0,7854 DD = 12,5664 = * 
ſought. _. 
947. Let A = Area, D Diameter, and P = Periphery 
of a Circle q then any one of theſe being given, the other 
may be found by the. fallowing Equations, (ſee a 830, 
840,) 2 0 
D, then 3. 1416 D= 1 7 and ©. 1854 D* = = A. 
p 15 3.1416 D, or o, 3183 P.= D. 
P* + 12.5664 = A, or o. 7957 f = 2 
VA ＋ 0,7854 ='D, or Vi A 
8 5604 A Por VIX — 


948. Te meaſure any regular POLYGON, 1d 


For Example; the eragon ABC DEF. Now fiace theſe 
Figures . of as many Ie oſceles Triangles ANF as they have 
B 2 Sides z 


. * 


1 INSTITUTIONS: 


Sides; and the equal Sides of thoſe Trangles c = 
AN = NF, are the Radi of the eireum. ö 

ſeribing Circles, and the perpendicular Heights R 
NG, the Radi of the inſcribed Circles; and NS 

becauſe 2 AF x NG = Area of the Tri- A 1 
angle ANG (942); therefore the Sum of all the Areas (ot 
Area of the whole Polygon) will be equal to G N x 2 Sum of 
all the Baſes or Sides. Now in ly AE the Triangle 


AN F is equjangular and equilateral ; ang therefore fore putting | 


AN = =AF = 1, we have NG = A N* —=AG= 


0,866 ; let the Sum of the Sides be 26, then GN x 4 
6 = 0,866 X 3 + 2,598 — the Area of the Hexagon ret 
quired. 


949. But — regular Polygons are Banter Figures, they 
will be to eachother as Squares of their Sides (670.) There- 
fore the Area of any Polygon, whoſe Side i is = 1, being mul- 
tiplied by the Square of the Side of any other Polygon of the 
ſame Sort, will give the Area of that other Polygon. Thus, 
let the Side of any Hexagon be 15 ; the Square of which 5 
225, then 225 & 2,598 = $83,05, th the Area of the Hexagon, 
vw Side'js 15, as require. ä 

And that the Area of any ul Polygon may be 


had we tame Manner direciy; the Areas of each, ſuppoſing | 
the Sicke t, are computed by che above Mcthod, as in the | 


Table fojlowing. (Art. wats 1 
3 — Tagch, — 0.433013 
98938 Tetragon, — 1. oo0O00O0 | 
32 — Pentagon, r 1720477 
6 — Hexagon, — 2.598076 
* — , Heptagon,  —— 3.633059 
41 2 rn Octagon.—— 4.828427 
n — Enneagon,  — 6.187827 
JO — Decagon, — 7.694209 
11 — Endecagon, —— 9.365675 

„ of 0 er 


— oa ÞA «a «® 1 
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951. T HE Sobdity, or folid Content of Bodies is eft 

ted i in that of a Cube; as an Inch Cube, Foot 
Sc. which are more generally called, à cubic Inch, Fort, Ne. 
A Table of this Sort of Meaſure from HERES to the greateſt 


Denomination here follows:: 5 
r 
" "8 IE HOT | 
1 12 225 2 — 166.3.= Bikes | cubic Pole, 4 
196388 5176 S o — 1 cubic Rood, 
1571708 14% © 336743 = a 8= 1 E.Acre, 
1 oro 560o0=147197952000 IR... > =32770584=129523=16191=1 c. M. 
252. To meaſure a CV. AGS. <1 


1 Suppoſe the Lengdr, of the Side AB =4 £ 
Inches, then AB N AB=AB =165; 
4 and AB X AB = AR = 64 cu- , 
8 bie Inches for the ſolid Content. (See 
ts 4H >> G 
f- 622.) AR” 
* n M's 
645 ve) 
953. To meaſure Pan ALLELOPIPEDOR. Lite 
Let the Length A C = 6 Inches, = YR. 
the Breadth AE =3; and the Depth a } 


rot Then 
ultiply the Length AC'=6 , > Hh 
Dy the Hopi 8 AE =3 A 


And that Product A Cx AE = 18 
By the Depth nin 1 B 


ThisProdu8 | is ha ſold N och 
AC XAEXAB=72 (by 6220 


6 INSTITUTIONS > 


954. To magfiere a PRISMA C. 


Suppoſe it a triangular Priſm, and let tbe 
Sides of the Baſe be equal, and AB 24 In- 5 2 
ches. Then AB*—16; and 16 x 0, 433 
= 6,928 ſquare Inches, the Area of the Baſe . 
AD B (942.) Then let the Height be alſo 5, 
AC= 43 then. 6,928 x 4 = 27,712 = 
a cubic Inches, the Solidity required. 


95 5. To meaſure a Pyramid A E DB. 


Let it be a triangular Pyramid ;. and each Side 

of the Baſe, viz. AB =: 4 —— then the 
Area of the Baſe ADB = 6,928; and ſup- 
poling its perpendicular Height ED = 4, the / 
Product 6,928 x 4 = Solidity of a Priſm, whoſe 


Baſe and Altitude are the ſame as thoſe of the 
Pyramid (954), one Third of which, diz. 4 * © 6.998 = 
99237 = Solidity of the Pyramid, (by 833. ) 5 þ 

950. To meefurea CrLlixper CF. 1 . ths 5 


Let the Diameter of its circular Baſe EF=4 
Tacks: then the Area will be = 12,5664, | 
(by 946.) And ſuppoſing the Height of the 
Cylinder EC ='7; then 12,5664 x 4 = 
50,2656 = Solidity of the Cylinder Ped. 
_ 830, 831.) IS, 


ia 


957. To meaſure a right Coxs E D F. 


11 the Diameter of its Baſe be E F 
4, then is the Area of the Baſe 12, 5664. 
Suppoſe the perpendicular Height D C = 


3.46 then 12,5664 * 346 43,478; 
one Third of which is the grape 4 of the . 


Cone, vix. 7 = ot 14,492. (See $34, a 
_ -. N 


of the PhySco*Mechanical Miatheſis. 7 


958. To meaſure a SPHERE, or GLoBe. 


* the Diameter of the Sphere „ 
4; then is the Area of its greateſt Cir- 
cle = 12, 5664; this multiplied by 4 
is 50,2656 = the circumfcribing Cy- a 
W Then two Thirds of this, viz, 


4 X $0,2656 = 33.51, & oc. the Sidi of the Sher, (by 873.) 


N. B. 4 * 12,5664 = 50,2656 = ING of theIpharey 
in Square Meaſure, (by 838.) 

959. Or thus; becauſe Spherer are as the Cubes of their Di- 
ameters.(841;) Then fince the Solidity of the Sphere whoſe 
Diameter is 1, is o, 5236, (837, 847) if the Diameter of any 
other Sphere be given, as EF = 43; ſay, 46 10, 5236 :: 4 
22164: 9.5230 X 64 2 = 33,57, 2 Wr N 
as above. 

"After the e may be a che — 
of ( 844 ) Alſo the Segment of a Sphere may be eaſily mea- 
ſured, by the Theorem in (836). _ "IT 
Theorem. 1 (844) ITE 
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CHAP. Il 15 


The bange — and Gave of Mo- 
T10N and GRAVITATION. 3 


4 
Ar TER. or Aenne, of as þ Bay are 
'compoſed, in itſelf conſidered; or in teſpect of its 
Eſſence is unknown to us 3 this is acknowledged by Sir Is AA 
NewToN, and all Mankind beſides. © All that we knbty of 
Matter is what relates to its various PRANGY and Qaliili 
which preſent themſelves to our Senſes. 

962. The. firſt and principal of which oh g L News 
ton calls the vi inertiæ of Matter, or its natural Inactivity. No 
Man ever yet obſerved any Part of Matter to have a Printiple of 
Attic in itſelf; but on the other Hand, it is abſolutely paſſre; 


and 


961.7 


—— —-—-— 


— wn — 3 4 * — = . — — - * 
—— _ *. * * — r — 2 — — — > 
%*, b -7 * * 2 
— xd 8 . h * = 2 — — 
2 8 2 — 


= 


— = — — > —y— — — 


3 INSTITUT IONS 


and ſubject to the Influence of every external Agent. And 


from hence is deduced the Firſt of thoſe, which are called * 
General Laws of Nature, viz. | 


963. Lay. I. 


* Baby will perſevere in its State of Nat or moving Ahern 

in a right Line, unleſs it be FI to yp its State 5 Forces 
efſed. 

* T hus a Bullet Would continue at Reſt in che Gun 6 ever, 
if it was nat expelied by the Force of Powder z but being 
thereby put into Motion, it would for ever move on in the 
Direction of the Axis of the Barrel, if not retarded by the 
Reſiſtance of the Medium, and carried downwards from that 
right Line by the Power of Gravity. We thew by Experi- 
ment, that the leſs the Friction is of the Axis of a moving 
Wheel, the longer its Motion continues. And we obſerve the 
vaſt Bodies of the Comets and Planets preſerve their Motions 


undiminiſhed: (as * for many 1000 Vears in unrefiſting 


Mediums. 

964. Since by Reaſon of the Inactivity of Matter (952, 
— is nothing in any Body that can augment, diminiſh, or 
any Ways alter or vary the Action or Effect of any Force im- 


preſſed, we thence deduce the ſecond General Law of 1 
tion, viz. 


12 * 8 


" The Change of Metion is proportional. to 3 
Preſi d, and is made according to the right Line, in which that Force 
ax impreſs'd. 

If any — generate any Motion, a double, of triple 
Force will generate twice or thrice as much, But the Altera- 
tion in reſpect of the Directiom of the Motion, is a compli- 
cated Affair, which we ſhall farther conſider hereafter. 

965. When Bodies act upon each other, they do it by 


Contact or Colliſion, and fince in this Caſe, the Action itfelf i is 


but one and the ſame between both; the Effects which it pro- 


duces muſt of Courſe be equally divided between both Bodies, 


* thence an equal Mutation of their State previous to the 
| Stroke 


3 © 


> a a a 6k i _ kk. is a my 


As ͤ T AS aa  a_ 


of thi PFhUGtoIMickadich]l Mitheſis, 91 
Stroke muſt needs llo w. „ene Ooigthicy aide ty Red? 
ee oy cnn) _ og 


dd aud f - bot (reo 


21 
A* —_ 


tunes + low joe ACE . — 
if nov Bi 16s Ry, equith, and titers 
ted trwards corteraryP 4 OF 

966. The Pruthi6f this 49/abundant! y n by Expert 
ments: If the Finger preſſes h Stone, Me Stone ſe · acts and 
preſſes the Finger. The, Hammer ſtriking the Anvil, receiyes 
the ſame Stroke from it, and is thereby made to rebound, The 
Leadſteni; if fixed; attacte the Weveable Tron; and the Bx'd 
Iron equally -aturaGts the *tiovedble Magnet. The Horſe draws 
the Stone, ahbl the Stone equally dretvys the Horſe, becauſe the 
Action, or Foree in the Nope Which eonnekts them is one and 
the ſame; and men at * End, ir. ME "the 


Horfe and Stoe. „il. ien i 253 (1 


967. But before we can reaſon well upon Sales of 
Motion, we muſt underſtand by Fo n von th what Ideas 
we are to fix to that Word. For the Word Motion is became am: 
biguous, and is uſed ina and complex Senſe. Motion, in its 
ſimple Acceptation, is only a. Change of Pace in Bodies. But in the 
complex, or phyſical Seuſe, it implies all the Change that is made in 
the State .of a Body in regard bath « #0 it. Quantity of Matter and 
Velocity of Motion. And i in this Reſpkct, it is properly called 
the Momiwtum, ot of Motion, and which is always e- 
qual to the Force which produces. it by Law II. (964.) ) 

968. That the Quantity of Motion is as the Maſs of Mat- 
ter, (ceteris; paribus) is evident from hence, that the Motion of 
the whole Maſs is the Sum of the Motiohs ef all che Parts 
or Particles; as the Number of Particles moved therefote; 1 
greater or leſs, fo will be the Sum of all their Motions, and 
conſequently ſo will be the Wag > or whole Motion or 
Mempniage of. the Body. .. K . 

969. Again, the — or Duentiy of Abbie, is 
(c lerin ritt) ca the Pelocity of the fimpl&/ Motion. For ſince 
Vellcity has Regard to the Space deſcribed in t the;ſame Time, (778 
it is evidetm, tat it a' Body deferibes twice The Spare that aps 

Vor. II. LI 10 01:85 242 25 , / 


16 INSTITUTIONS 
other equal Body deſcribes th the ſame Time, it is plain there 
= twice the Change of Place, and therefore twice the ſimple 
Motion (967) produced in the ſame Time. But the Velocity 
is alſo twice as great; therefore the Motion is as the Velocity. 
970. Since then the Quantity of Motion is as the Maſs of 
Matter fimply, and the Velocity ſimply ; it will be conjointly 
ag the Rectangle or Product of both, when no Regard is had 
to either ſingly. Therefore putting M == Maſs. of Matter, 
V = the Velocity, and Q the Momentum or Quantity, of 
Motion; then in Symbols we have Q: M x Wan _ 


VI H : N V. 1 


8 2 Let 8 88 A delorited: by a Body een and 
T. the Time of deſcribing it. Now ſince in equal Times 
the Spaces deſcribed will be as the Celerities of _— (969,) 
therefore 8: V; alſo it is manifeſt, that in deſcribing, the ſame 
Spaces, the Times will be greater as the Celerities .of Motion 
are {eſs ; that is, the Time is inverſely as the Celerity or T: 
5 ; and ſo alſo V: : T. Whence ſince V is ſimply as 8, and 
5 it * be conjointly V: 2 or + T:8S 


. in V= ere = = 7 (971,) therefore QT | 


=$M; wt Qs * MS x = That is the Puan- 


tity of Motion is in the compound Ratio of the Space and Ma dis - 


rettly, and inverſely as the Time. 
973. The Quantity of Matter (M) is (ceteris' paribus) as 
the Bulk (B) of a Body; for in twice the Bulk there will be 
twice the Matter; therefore it is M: B. Again, the Quan» 
tity. of Matter (M) will be (ceteris paribus ) as the Denſy (D). 
that is, r 
: | - Bulks: 


e Reader i defred ds obſerve dere fie of, that V: 


* 


de dee IV is er N. bur. V = 
Se LS and bern that the Ratio of 1.49 V i 
Saen Meg, | 


1 


1 7 & 


of the Phyſico- Mechanical Matheſis. tr 


Bulks ; therefore M: D. Wherefore conjointly i it will be N 
:B x D. 


974. Becauſe M = 2 1972) = BD; therefore Q= 


SBD x 4-3 or the Quantity of Motion is compended of the. 


direct Ratio of the Space, Bulk and Denſity, and the inverſe __ 
of the Time. 

975. Of Forces that actuate the Particles of Matter, we 
obſerve the following Variety. (1.) A Force or Power of one 
Kind cauſes the Particles to adhere firmly to each other; and 
hence it is called the Force or Power of Conkstox. (2. ) 
Another Sort of Power obliges the Particles of Matter, under 
ſome Circumſtances, to recede and fly from each other; 
which Power is therefore called the Repellent, or repulſive Force. 
(3.) A third Power cauſes all large Portions of Matter, or 
Bodies, to tend mutually towards each other, in Directions 
to their Centers; and hence it is called a Centriperal Force. 

976. What thoſe Powers are in themſelves, or how they 
differ, T ſhall not pretend to enquire ; nor alſo what is the par- 
ticular Modus agendi, or Manner of actuating the Particles of 
Matter, viz. whether it be by Aitractian, Tmpluſion, or other- 
wiſe ; fince in theſe Reſearches, there is but little Reaſon hi- 
therto to expect any ſucceſsful Diſcoveries. It will be quite 
ſufficient, if we can make ourſelves thoroughly acquain- 
ted with their Phænomena and Effects, and apply them in a . 
per Manner to the various Uſes of Life. | 

977. The Powter or CoHEs1on reſpects the ſmalleſ 
Particles of Matter, and extends to but very ſmall Diſtances, 
as is plain by numberleſs Experiments; it is therefore propor- 
tional to the Surfaces in contact between two Corpuſcles, or 
their Coheſion is ſo much the greater, by how much the Sur- 
faces are larger in which they touch. 

978. Hence, according to the various Figures of Partides, 
they touch by different Quantities of Surface, and cohere with 
different Degrees of Firmneſs. Thus, for Inftance, if all 
were nearly cubical, they would touch by a great Quantity of 
Surface, and conſtitute a very hard and firm Body, But on 
the other Hand, if we ſuppoſe Particles truly ſpherical, = 

C 2 


HA INSTITUT TO NS 

Gre but by a very ſmall Pe nion of their "SY and 
cohere very ſlightly; and of Courſe, will conſtitute a; Body. 
whoſe Parts will be very eaſily moved among themſelves, and 


yield to any impreſſed Force, ch Caſe we call the Fluidity 
of Bodies. Hence Bodies receive their various Degrees of 


Mardneſs and Softneſs, Fixity and \ Fluiday, Firmnefs or Tooſeneſi 


of Texture, and all other Qualities depending therean. | 
979. That this Power is exceeding great appears by, many. 
Experiments. Thus two Balls, of Lead, having their Surfaces 
pared, ſmooth, will cohere with a Force equal ta 150 lb. tho 
they touch upon no more than 3 of an Igch ſquare, , Two 

aſs paliſhed Playes, 2 Inches Diameter, ſmeared , over with; 

reaſe and put together very hot,z, will, when cold, cchere ſo, 
firmly as to reguire 9 50. Ib. to ſeparatę them. And, Wires of) 
ſeveral Sorts of Metal 28 of an Inch, Diameter required the, 
Weights to pull them aſunden i *— Fable 1 


| ſpecified. , . 


Lead — un — — TY 
| Copper r e erb 2994 b. 
Iron — — — 450 lb. 
; Gold: — — — — — 00 lb. 


950 Though this Power ads with ſuch prodigious Force 
near the Surface, it decreaſes i in ſuch a Manner as to become 
nearly inſenſible. in, the leaſt ſenſible iſtance from the Surface z 
not only ſo, but at a certain ſmall Diſtance i it is conyerted into 
mother Kind of F orce, or at leaſt, it. acts! in a Manger exact- 
Iy contrary to, what it did before; ſor it now cauſes, the Parts 
of” Matter to recede from each other, and to remain at certain, 
equal Diſtances or Intervals among themſelves, And thus mo- 
dified, it is called the Repulſroe Power in Matter, 


397 | That this is. Fact. we are aſſured from, divers Experi- 


ments, and many Phenomena of Bodies. Thus the Magnetic 


Needfe will. Es attracted, 15 187 Pole of 0 del 


4 


„ * — 4 
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it *, So the Particles of Fluids cohere by this Power, while ia 
x State of Contact but | when ſeparated by Heat, they repel. 
each other, and exiſt in the Form of VArOUR or STBAM., 
Again, tis well known by numberleſs Experiments, that in all 
ſolid Bodies there is a certain Matter which, while in contact. 
with the other Parts, does firmly adhere, and is ſtrongly con- 
nected with them by this Force; but when by natural or artifi- 
cial Fermentation, it is diſengaged or ſet at Liberty, it imme- 
diately (by a. repellent Power among its Particles) expands in- 
to a fine,etherial Fluid, every Way like common Air. But of this 
we ſhall ſpeak more hereafter. ' 8 

982. Phe Conſequence- of ſuch a repulſive Power among 
the Particles of Matter, is, that they having attained an Equi- 


librium, act mutually upon each other, and become ſuſceptible 


of Compreſſion and Condenſation; and of Expanſion and Rareſac- 
tion; as is well known by common Experiments gn Air, Va- 
pour, Ge. Again, as Action and Re- action are equal (966,) 
it follows, that when any Force is impreſſed upon the Parti- 
cles of ſuch. a Fluid, they all jointly reſiſt the ſame; and when 
the impreſſed Force is removed, by Virtue of this Power, the 
Particles all retreat to their primitive equidiſtant Stations, with 
a Force equal to that impreſſed. And this Renitency or reſti- 
tuent Force, is what we call the SPRING, or ELASTICITY, of 
ſuch Sort of Bodies. | A Si 

983. We alſo further learn. by Experiments of Thermome+ 
ters, &c, that Heat augments and Cold . diminiſhes. this elaſtic 
or expanſive Force in Bodies; and. that their natural Dimen- 
ſions are hereby continually altering, as, is evident not paly. in 
Air, but in denſer, Fluids, as Spirit of Wine, Water, and 
even Mercury itſelf. Vea, ſolid Bodies diſcover the ſame Proy 
perties in ſeveral Degrees; Juory is found to. be very elaſtic ; 
Metals of all Sorts expand and contract with Heat and. Cold, 
as we ſhew by the PY ROE TRA, and is otherwiſe; known, by 
common W . e n n as iche 283 

984+ The third Sort of Power, or Agent, (mentioned 975, 


| AC 7 SY 6 1: Bi 811 037 
* it be denied by ſome, that the North Pole of the 
net dg d the, North End of the Neale oft upon Ka E 
it is certain, by Experiments, that this attractin 
tremely near the Ends; and: there at à ſmall- 

repulſive. ; 


appears ex- 
ance it becomes 
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is a centripetal Force, and this we obſerve to take Place among 


the largeſt Bodies or Syſtems of Matter. The Phenomena 
which demonſtrate ſuch a Power moſt ſenſibly to us are thoſe of 


heavy Bodies falling to the Earth. This Power we call Gra-- 
viTY, and this Tendeney of Bodies to the Eartl is . 


Gravitation. 

985. That this is a centripetal 
Force, or that Bodies are thereby 
made to tend to the Center of the 
Earth is hence evident, that all 
Bodies are obſerved to fall in right of 
Lines to the Surface of the Earth | 
every where. But becauſe the - 
Earth is ſpherical, thoſe Lines 
which are perpendicular to the 
Surface do all paſs through the * 7" 
Center of the Earth, as is evident from a View of the Fi ;gure 
annexed. For let AB D E be the Earth, C its Center, then 
fuppoſe a Body (a) falling in the right Line @ A to the Earth 
in A, that Line if produced muſt go through the Center C. 
The fame is to be faid of any other Bodies at 5 4, e. 
986. But any Virtue propa- 
gated in right Lines to or from a 
Center, will have its Energy on 
Bodies every where, as the 
Square 'of the Diflance from ibe 
Center inverſely. For, ſuppoſe a ; 
Cone of this gravitating Virtue - 
be repreſented by TH C, termi- 
rating in the Center of the Earth 
C. If then we make CA = 
AF FH; the Energy of the 
Virtue will be at thoſe Diſtan-- 
ces inverſely as the circular A- 7) * E 
reas A B, F. G, and HI; for e ewe ir i expanded and ra- 
rified, the leſs will its Effet be upon the ſame Body. But 
theſe circular Areas are as the Squares of their Diameters 
(840,) or of the Semidiameters A a, Fb, He; which are as 
* of the Diſtances CA, CF, CH, (by 656.) 

Therefore 


2 Ms goes ined we am wa Ac a 


r 


en 
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Therefore the Energy of this Power decreaſes as the 8 
Diſtance from the Center increaſes. | 
But becauſe the Semi- diameter of the. Earth-i is neat 
4000. Miles, and the greateſt Height to which we can elevate 
Bodies above the Earth's Surface being but -a Mile or two, 
tis evident this Force in ſo. ſmall a Diſtance will not ſenſibly 
vary; and thereforg.nlay he afteamed &r efinguniſirmh through 
any Spaces near the Earth's Surface. 

988. The Action of this Power is conflant pen 
this appears from hence, that the Velocity of falling Bodies is 
conſtantiy accelerated or increaſing, as we know by Experiments. 
3 into Motion by a ſingle, or jnſlantancaus Im- 

pulſe, the Velocity of that Body would be «niform (by Law I. 
963,) and its Motion rectilineal. If the Power which puts 2 
Body in Motion be temporary, or acts only for a certain Times 
the Velocity during that Time will be accelerated, and af- 
terwards become uniform. But if the Power acts inceſlant- 
ly, the Body is every Moment impelled, and its Velocity muſt 
every Moment increaſe. Such therefore is the Power of Gra- 
vity. 

989. Since Gravity acts cnflanth and uniformly, the Velo» 
city of Bodies will be «quably accelerated in their Deſcent to the 
Earth; for ſince the Impulſe communicated each Moment is 
the ſame, it will generate equal Velocities in the ſeveral equal 
Moments, which conſtantly added together, make an uniform- 
ly increaſing Sum, and therefore an equably accelerated Velogity. 
For the Velocity at any Moment is equal to the Sum of all the 


momentary Increments of Velocity from the Beginning. 


990. Hence the Velocity (V) of the Fall is proportional to 


the Time (T). Becauſe ſince the Action of Gravity is uniform, 


(987), whatever Velocity is generated in one Particle of Time, 


a double Velocity will be generated in twice that Time, a tris 
ple Velocity in thrice that Time; and ſo on continually, 


therefore it will be always T : V. ; 
991. The Space (S) deſcribed by falling Bodies will, in e- 
qual Times, be greater as the Velocity is ſo; and therefore in 


this Caſe, we have S8: V. Alſo the Velocity remaining the 


ſame, the Space will be as the Time of deſcribing it {g79:) 
Thereforg, in this Caſe 8: T. Conſequently, when neither 
| | the 
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the Velocity nor Time is given, the Space will be in the com- 
pound Ratio of both, viz, S = T V. But It is T: V (990. 
Therefore 8: T“, of 8: VI; that is, the "Spaces deſcribed by 
fulling' Bodies are as the Squares of the _ br 8 the hg 
And this we prove true by == ox: g add A 
992. To illuſtrate this Matter o:: 
therwiſe; let A B repreſent the Time HM 
of the Fall, and B C the-Velocity 
acquired at the End of that Time; 
and draw A C. Then if we conceive 
the whole Time A B to be divided 
into an indefinite Number of equal "EEE 
Moments, the Velocity in each f ES 
thoſe Moments will be as the right = 
Line Aran from A B parullel to BC, — | 
correſponding to the given Moment. 85 
Now for a ſingle Moment the Velotity may be eſteemed 1 
uniform, and ſo the Space deſcribed that Moment Will Be- ks 
the Velocity (by 971) cherefore the Sum of the Spacet de. 
ſcribed in all the Moments (or whole Time AB) will be 26 
the bum of all the momentary Veloeities, ot right Lines which 
repreſent them, but the Sum of theſe Lines male the Atea &f 
| the Triangle ABC; this Area, therefore, is 'as the white | 
Space deſcribed in the Time AB. And becaufe this Area is 16 
A B, or BC (670,) therefore alſo enn () is as Ty" n 
V?, as above (991.) 
993. Compleat the Parallelogram A B 0 D. Then if we | 
—. another Body (A) to commence Motion at the ſume 
Time with the falling Body (B,) and the Velocity of the Body 
(A) to be uniform and equal to the Velocity BC acquired At ö 
the End of the Fall; then it is evident the Space 'defcribedby 7 
the Body (A) in the Time A B will be reprefented * the Parat- 
telogram A B C D; which Space is therefore double of thir | 
(4 C B) deſcribed by the falling Body B. 
' $994. What has been faid of deſcending Bodies is in ihe 
fame Manner applicable to aſcending Bodies. For the Motidh 
in the latter Caſe will be retarded equably by the contrary 1 
Action of Gravity, as it was in the former Cafe acteleritted. 


Thus let B C be the Velocity, with which any Body is -pro- 
— jected 
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jected upwards from the Point B, then in every Moment of b 
Time there will be an equal Decrement of this Velocity, ſo 
that at the End of the Time BA it will be all deſtroyed, and 
the Space it will deſcribe in that Time will be as the Area of 
the Triangle ABC. Therefore, Cc. 

905. Hence it follows, (I.) That the Velocity every where, 
at equal Intervals of Time from the Moments B and A, in the 
Aſcent and Deſcent is the ſame. (2.) That the Time of the 
Aſcent arid Deſcent is the ſame, or half the whole Time of the 
Flight of the Projectile. (3.) That the Body by deſcending 
acquired a Velocity equal to that (B C) by which it was pro- 
jected. All that we have hitherto ſaid of Motion, is upon a 
Suppoſition that the Body moves in Fatuo, or in a Medium with 
out Reſoſlance. © 

996. From what has been ſaid; it is evident, that if the 
Space a Body deſcribes in any given Time in Vacuo be known . 
the Space through which it will fall in any propoſed Time, will 
from thence be known alſo. Thus by Experiments very accu- 
rately made , it has been found, that a Glaſs Globe filled with 
Mercury, deſcended through the Height of 220 Feet in four Se-. 
conds ; and that a Ball of Lead fell thro' 272 Feet in 4% and 
allowing for the Reſiſtance of the Air, the Motion in both theſe 
Caſes was at the Rate of 1933 N or 16, 11 Feet in * 
firſt Second of Time. For the 4” in Air will make but 3, 75 


in Vacuo; then 37 F 220 F.: | 16,11 Feet, for the 5 
Space in the firſt Second, (by 991. _ | | 
997. Hence-1* : 16,11 F.:: T*: 8; therefore 16,11 1 T. = 
S = the Space Kunde. any Time T. expreſſed in Seconds. 


5 
Hence alſo T'= \/ — : TNT = Time of deferiing any. given 


51 
Space 8. 

998. The Power of Gravity (G) will be as the velocity 
(V) generated in the ſame Time, becauſe that Velocity is the 
whole Effect of the Power, and Effects are always as their 
Cauſes; therefore G: V. Again, Gravity (G) will always be 
inverſely as the Time (T) in which the ſame Velocity is ge- 
nerated; for tis evident, a double Force (2 G) will generate 


Vor. II. 
® See the Principia, Edit. 3. p. 346. 
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the ſame Velocity in half the Time (3 T) that the Force (G) 
does ; or the greater the Force, the leſs = be the Time for pro- 


nne the fame Effect; therefore G: LE : Therefore when nel 


ther theVelocity nor Time is given, we have G= 1 or G T= | 


v, = 
and T = = Vx. 


HC 
999. Since when the Time Di is given, G is as v, at in 
that Caſe V is as 8 (991, ) therefore alſo. G will be as 8; or the 


Power of Gravity will be as the Space 3 any given Time, + 
) 


1000. Since GT = =V = (972, e have GTM = 


Q, and when the Time Ti is given it isG MQ that is, 
the whole Quantity of Motion in falling Bodies is compounded of 
the accelerating Force (G) of Gravity, one the Maſe of * 
(M) : in the Bech. 


1001. Since T = = 5 * (998,) = = * (972) therefore OM 


= GSM. Hence os the Space (S) is given, it is Qv 
— GM. But we have always G: V (998.) Therefore it is 
always QM; that is, the Quantity of Motion (Q) is always 
proportional to the Quantity of Matter (M); and ſince Gravity 
(G) is always the ſame near the Earth's Surface, the Felocity 
(V) of falling Bodies will be every where the ſame 100; be the 28 
tities of Matter in what Proportion yon pleaſe. 

1002. Since Q: M, therefore the Momentum, Foros; by 


which Bodies tend towards the Earth's Center, is as the Quan- 


tity of Matter. But this Force or Tendency of Bodies, is 
- what we vulgarly call their We1GHT ; hence it appears, that 
the WEIGHTS of Bodies are always proportional to their Juantities, 
of Matter. And thus having premiſed the eſſential Principles of 
Philoſophy, we next proceed to the Laws of Mation, obſerved in 
Ariting Bodies ; for nothing uſefal can be known, till oy are 
firſt aſcertained, 


CHAP. 
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C HAP. IV. 
The Philoſophical Tuzory of PERCUTIENT Bo- 
DIES, and of the Con post T Io and RESoLu- 
TION of FoRCEs. 


1003. O determine the ſeveral Particulars relating to the 
Motion, Velocities, and Direction of Percutient Bo- 
dies A, and B; we repreſent the Quantities of Matter by M 
and n, and their Velocities by V and v; then will Q=MV 
(970,) = Momentum of A, and g = mv = Momentum of B. 
1004. If the 
Body B ſtrixkes X 
the Body A in 
Motion, and 
both move the ſame Ma, or towards the ſame vt (as from 
X to Z) then the Sum of their Motion towards the Part Z, will 
be MV + , and the Velocity of both the Bodies after 


the Stroke towards the ſame Part, will be 5 


For the Velocity is always as the Aamentum, divided by the Maſs 
of Matter (970.) 

ro05. If one 
of the Bodies, _ 
as A, has a con- - 
trary Direction, 
or tend towards 1 
X, in which Caſe the Bodies will meet, then the Momentum of 
A will have a negative Sign, viz. —MV ; and fo the Sum of 
the Motions towards the ſame Part Z will be mu- MV; and 
the Velocity after Colliſion will be — =. 

1006, Becauſe in what we have hitherto ſaid, we ſuppoſe” 
the Bodies A and B deſtitute of Ela/ticity, therefore after the 
Stroke, there being nothing in the Bodies to cauſe a Reſilition 
or Separation, they will both go on together with the ſame Ve- 
locity J. 0 

1007. The Sum of the Motions towards the ſame Parts i is 
the ſame before and after the Stroke. For let them both move 

D 2 the 


— 
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ll 
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the ſame Way (1004, ) and let B ſtrike A; then by that Im- 
pulſe, the Motion of A, vix. Q, will be augmented and be- 
come Q + x after the Stroke; but becauſe Adtion and Reactien 


is equal (qb5,) the Body A will re- act upon B, and produce an 


equal Effect by the Stroke, that is, it t will diminiſh the Motion 
of B by the ſame Quantity æ, ſo that its Motion after the 
Stroke will be q— *; but the Sum of the Motions of both 


Bodies after the Stroke Q + x + = = Q + 9, the Sum of 
the Motions before the Stroke, ſee (1004.) And the ſame i is 
to be ſhewn, if the Bodies meet, as (1005). 

1008, The Magnitude of the Stroke will be proportional to 
the Quantity (x,) becauſe that is the whole Effect or Mutation 
produced in the Motion of each Body. The Greatneſs of the 
Stroke is therefore meaſured by the Loſs (x), which the moſt 
powerful, or percutient Body ſuſtains in its Motion. 

1009. In the above Theorems.(1004,, 1005,) if the Body 
A be ſuppoſed at Reſt, then V = 2a and M vaniſhes ; the 


"Velocity then after the Stroke is 225 =; and fo mv= 


VM+mnF. Whence'; v: mM: :M + m, and v = = . == 2 

* V. 

1010. If we ſuppoſe the Bodies equal, viz, A = B, or 

M = m; then if the Bodies tend the ſame Way, the Velocity 

after the Stroke will be V + Y or V- V, if they 
meet. 

1011. If the Bodies are equal, and-cns of them at Reſt, 
. WIS; ===; or the Velocity after the Stroke is equal 10 
half that of the Ariting Body. 

1012. If A at Reſt exceed B infinitely in Magnitude; then 
becauſe m is infinitely ſmall in reſpect of M + m; therefore fo 
is in reſpect of v (1009,) conſequently V will vaniſh, or the 
Body B impinging againſt apy firm immoveable Oden, will 
after the Stroke be at Reſt. 

1013. If equal Bodies moving with equal Velocities, meet; 
they will mutually deſtroy each other's Motions ; for in this 
n M V=m 1 ee MY -S = 0, conſequently 

mi M\V— mv 
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MV —mv __ 'O 
 M+m MAN 


ao; or bach the Bodies remain 


at Reſt after the Stroke. 
1014. The Momentum of the Body B, aſter the Stroke is 
 MVmtmv MVmztmyv 
m = His (1004,) therefore mv — Mm — 
_ MVmptmovM _ Mm 
TAI" HS * VD the Loſs of Motion in 
the Body B after the Stroke; but N 5 is a conſtant Quan- 


tity ; therefore the Loſs of Motion in B is as V, and con- 
ſequently the Magnitude of the Stroke in Bodies tending the 
ſame Way, is as V —,v; and as V '+ v, if they meet (1008.) 
And if A be at Reſt, then V o, the Stroke will be as v, 
the Velocity of the percutient Body. 

1015. If the impinging Bodies A and B are perfect elaftic ; 
then this elgſlic Force is ever equal in its Action to the compreſ- 
ſing Force (982.) And whatever Action is exerted upon A by 
the Impulſe of B, the ſame is doubled by Virtue of 'this reni- 
tent, or elaſtic Force; and the Re- action of A upon B is dou- 
bled likewiſe (965 ;) and as the Parts of each Body are mutu- 
ally compreſſed and flatted by the Stroke, ſo thoſe Parts are 
thrown out again by an equal Force, and by this Means the 
Bodies are made to recede from each other, after the Stroke 
with the ſame Forces, or Momenta, by which they came toge- 
ther, or ſtruck each other. 

1016. But ſince the Force of Colliſion 1 is as V v, (1014,) 
that will alſo be as the Force of Reſilition, or that by which 
they ſeparate after the Stroke. Let x and y be the Velocities of 
the Bodies A and B after the Stroke; and then V = x 
and y Vox, and ſo M x the Motion of A aſter the 
Stroke, and that of B will be ny=mV nN x. And 
ſince the Sums of the Motion before and after the Stroke to- 
wards the ſame Parts are equal (1007,) we have MV + mv 
= Mx + mV tmv+tmx; and thence Mx Km MV 


3 + — 
zn u- nV, n Ns . 


1017. 
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007 Alb the Velocity of B, after the Stroke will he 
y = v ＋ 22 v = v = + 2 


Mn I 
ALL 2 — From whence tis evident, if the Bo- 
dies 2nd the ſame Way, the Motion of B will be always poſi- 
tive ; but when the Bodies meet, the Body B will proceed or 
recede; according as M * 1s greater or leſſer than à2 MV — 
mv. 
1018. The Ames of A aſter the Stroke, will be 
Mü V- M. V2 MN E 


. : And that of B will be 
3 = : Whence the Motion loft in A 


; M*V— MnV+2Mmav  2MmVz2Mnv 
willbeMV— _—_— =——7 —_ j 
and that gained in B will be found the ſame; whence it is evi- 


dent, that the Effect of the Stroke on each Body is equal, and _ 
of that in non- elaſiic Bodies (1014.) 


1019. If the Body B be at Reſt before the Stroke, cen 


| MV -V 
v = o, and the Theorem becomes * « = IH” AT 
M u Wy 


FO ta V. Hence it appears, the Velocity of the Body 
(A) after the Stroke, will be affirmative or negative, that is, 
forwards or backwards, as M is greater or leſſer than u, or 4s 


A is greater or leſſer than B. 
1020. If B be at Reſt and equal to A; then v=o, and 


= m, and fox = I = 0; that is, the Body A will in 


this Caſe be at Reſt after the Stroke ; and the Body B will move 
on with the Velocity of A, for y = V in this Caſe, (by 
1016. a 


1021. 


* Aſter we have given the Phy/ical Principles of the Næutoman Phi- 
22 phy, we ſhall illuſtrate and confirm every Poſition and Doctrine by 
Experiments, and deſcribe the Machines by which they are perform- 

ed in the beſt Manner; and in that Part the Reader will ſee how ex- 


actly all the Caſes of percutiem Bodies here premiſed are verified by 


A practical Inſtance of each of them. 
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1021. Let A, B, C, be three ; | 
Bodies; and let A ſtrike Bat © © © 


Reſt; the Velocity generated in | 
B by the Stroke, will be y = 


M (1017, gets Lo. and RPE the A 


e = Wich this Momentum B will ſtrike 


Semin fo © 

Cat Reſt, and contiguous to it; the Velocity: generated in C 
2my, 2myC 

will be "IO and its Momentum will be 1 and if in- 

ſtead of , we cane its Value Nag the Momentum of C 
2mC 2MV-_ 4MV mC 5 


win de rc e Hf MN MCT Cf 

1022. If now we make B a variable Quantity, while A and 
C remain the ſame, we may determine the Proportion of B te 
A and C, that ſhall give the Momentum of C the greateſt poſ⸗ 
ſible, by making the Fluxion thereof equal to nothing, uz. 


S. Whence we get kr C 
MT+Mn+nc+nl 
m o; and therefore M C . Whence M: mn: : 
C, or A: B:: B: C; therefore B i is mean e = * 
A and C. 2 
1023. Hence if there be any Number (n) of Bodies i in a 
geometrical Ratio (r) to each other; and the Firſt be A, the 
Second will be r A, the Third * A, Cc. to the laſt, which 
will be * A: Er. = Velocity of the Firſt 9 * that of 
= I | I” 


that of CR” 25. —— ere. to the Velo- 
1 ＋ 1 1 


city of the laſt which will be —— v. — 
Motions of the Beds would be, of the Bub AV, of the: Se- 


cond 57g of the © Thin #2; ant to the left 
T7. 


27 
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j "Wl. \ an - 2603 
| T7 | AV, a hey are edi nth allowing Seriesg | 
N Viz. RITES My 21012: 4117 : 14.4 4 
Bodies, A, rA, A, A. 4 drr e , A 
r 2 

Vel ocities, v. 2. 2 e een 

* 11 II 1+r „ 

3 6 W 

M otions, AV, 2 „ y AV r e Av. 


J, Ii, ir. 17 14 1899 
1024. If FA Neuper of Bodies be 10 n, and r = 2 3. © 
then will A: A:: 1: 1 1 Fla. Alb. V4 


1 1 1: «bub 34g. 1. Laſtly 3 


# cw 3 ; 
AV: 1: Fel » I Ps 


| woke 12 = 100, and r S2, then will the firſt Body A be to 
the laſt A, as 1 to 63382 5$300,00000000000000000000t 
nearly, and its Velocity to that of the laſt, as 27 10220000000; 
©0000 to 1 nearly, and the Momentum will be as 1 10 7 
nnn. ahi near. : | 


1026, Let - =R, and let the Moticn of the * t Bo. 4 


— | 
dy be to that of the l, as 2 to Ml, tht i, letM = = TA wp AY 


4 Ku 81 then L, M = =n—I iel, 4A 
L, MXL, R I 

Allo FK T = OO 4 
1027. By theſe Theorems, whatever relates to the Motion I 
of Bodies elaſtic, or non-elaffic, ated upon by a fingle Impulſe; 
may eaſily be determined. I ſhall' therefore now proceed to 
conſider the Motion of a Body, as acted upon by two or more 
Forces at once, and determine the Direction thereof by the fore- 
going Laws; as upon this Doctrine depends the whole Natio- 
nale of the Mechanical Philofophy, (which alone can be true) and 
therefore it is of the higheſt e en to be thoroughly and 
rightly underſtood, 


1 129 


Thus 


Thus let C be a 


by a Body A, with 
ſach a Force as 
ſhall cauſe it to 
move uniformly o- 
ver the Space.CD 
in a Second of 
Time. At the ſame 
Inſtant let it re- 
ceive a Stroke by 


(963). 


Body impelled in cv. 
he Direction AD 25 5 | 


/ the rpg Mechanic Mithefi. 2g 


another Body B, in the Direction BF, with ſuch a Force as 
ſhall cauſe it to paſs over the Space C F in the ſame Time. 
1028. Now it is evident the Body C cannot move in both 
theſe different Directions; and therefore will not move in ei- 
ther, but in a Direction compounded of them both, which is thus 
determined. Draw D E parallel to B F; then, though the Ac- 
tion of B prevents the Body from proceeding in the Right Line 
C D, yet it can no Ways alter its Velocity of approaching to 
the Line D E in the given Time, by Virtue of the Force im- 
preſſed by A. At the End therefore of a Second of Time, 
the Body C will be ſome where in the Line DE. By the ſame 
Way of Reaſoning, it will at the End of the ſame Time be 
found ſomewhere in the Line F E, parallel to CD; and there- 
fore in the Concourſe | 
| then is the Line CE, which is a Right Line by Law I. 


of both, in the Point E. Its Courſe 


1029. Hence appears the Method of di a direct 
Force C E, out of any oblique Forces C D, and DE; and on 


the Contrary, of reſolving am direct Force C E into two other 
oblique Forces C D and DE. Wherefore repreſenting any two 
oblique Forces by the two Sides of a Parallelogram, the direct 
Force equivalent to them will be the Diagonal thereof. And 
the * of this Doctrine e confirmed by * 


ments. 


— Thus for Example; if the Body C be PRES with a 
Weight of 3 Ounces in the Direction C D, and by another of 
2 Ounces in the Direction C F: then make CD to CF as 3 


Vol. II. 


E to 
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to 2, and compleat the Parallelogram C D E F, and draw the 
Diagonal CE, which will meaſure 4 upon the fame Scale, 
(when the Angle DCF is of a certain Magnitude) which 
ſhews the Body C is in the ſame Circuraſtance, as if it 
was drawn by a 4 Ounce Weight in the Direction CE; and 
this is proved true, by cauſing a Body as G, of 4 Ounces, to 
draw the Body C the contrary Way, wiz. from C to G, for 
then the Body C vill remain at Reſt, or be in Equilibrio with 
all the Forces. 

 103r. Hence it . appears, that if a Body C be ated 
upon by three different Forces at one and the ſame Time, thoſe 
Forces will be to each other, as the three Sides of a Triangle 
CDE, which are ſeverally parallel to their Directions. This 
is ſo plain from what has been ſaid, that nothing more can be 

— A OT 

we learn how to 4. | h 
eſtimate the Quan- /A A 50 
tity of any oblique . . e 
Stroke. For let the th, CN: 4 oÞ 
Body A ftrike the | el 
Body C in a Direc- | SHUN THEY! 
tion paſting thro* _ Fs "94 N ea 
its Center, as AC. s Hur. nber. þ/ 
Then it is certain, 5 ea: i ode 5 
that it acts upon it | K 3 
with its whole Force; and the Sucks is ſaid to be Aire, Butif 
the fame Body A ftrikes the Body C in any Direction A B, 
which does not paſs through the Center C, then the Stroke is 
ſaid to be oblique; and its Force: to move the Body is: thus 
found. At the Point of impact B draw the Tangent ah, paral- 
lel to which draw A G to meet B C produced in GG 1 1141 
1033. Let AB repreſent: the whole Fotce of the ptrautiant 

Body A; this is refolvable into the two Forces A G and GB 
(1029,) of which the Former is parallel to the Tangent a+ 
and ſo does not at all affect the Body C; but the other, Force 
G B paſſes through the Center C, and is that ale by-which 
the Body C is compelled to move. But A BGB:: CB: 
BH (657.) That is, The whole Force, or dire btrole, is to the 


- — 
82 
F 


reſalual 


of the Phyſico- Mechanical Matheſis. a7 


ue Force, or obligue Force, os the Radius to the Sine of ut 


Angle of Obliguiy BCH (7101) 
rog4. But CB:BH::CE:EF, or CD; * FN 


if in any Cafe CE denote the whole Force, the diminiſhed 
Force or oblique Stroke will be denoted by CD; and will bg 
greater or leſs, as the Angle of Obliquity FCE=BCH 
is ſo. 

1035. That the extenſive Uſe of this Doctrine of the cn 
poſition and Reſolntion of Force in Mechanical Philoſophy, may ap- 
pear, I ſhall ſubjoin the following Examples thereof in the mold 
intereſting Parts of the Science. | oy 

Thus let A G be the perpendicular 
Section of any Plane, as the SA1L of 
a WIN pMIIIL, &c. expoſed directly 
to the Stream or Current of any Flu- 
id, as Air, &c. repreſented by HIK ; 
and let BG be the Section of the 
ſame Plane in an oblique Situation 
thereto. Then it is evident (I.) That the Number of uid 
Particles which ftrike upon the Plane in the dire/? Poſition AG 
will be to the Number of thoſe which fall on it in the ablgue 
Piitin BG, as AG to DG; becauſe all the Particles be- 
tween H and I will paſs by the Plane B G, and not touch it. 
(2.) The Force with which the Particles ſtrike the Plane in the 
direct Pofition, will be to that with which they ftrike it in the 
oblique Poſition B G, as A G to DG (1033;) IM beręfore the whole 
Force of the Fluid upon the Plane in the direci Pojitio tion, will be to 


the whole Force in the oblique one, as AG to DG , or as the 
Square of the Radius to the — of the Cing of the Angle of Ins 
clination, | 

1036, Let AB de 
of the WIN DMII I, C D one 
of the Sails placed in an ob- 
lique Poſition E C to the Di- 
rection of the Wind GC, 
which is parallel to the Axis 


AB. If then GC: expreſs 
the abſolute Force of the Wind upon the Sail in a direct Po- 
E 2 : | ſition, 


gore ow 8 +8444 <4 — % ++ 
. — 3 C N — 
= 2 „ — — . 0 „ „„ 
93238 899 9 8% —_ Pry 963 „ * . 
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fition, TE* will expreſs the Quantity of the ſame "Beek in 
the oblique Poſition of the Sail, (becauſe GE is the Sine of the 
Angle of Incidence GCE to the Radius G C;) but the Force 
GE is refolvable into the two Forces E F, and G F, of which 
the Latter being parallel to the Axis avails nothing in turning 
the Sail about it. But the Force E F being perpendicular 
thereto, is wholly ſpent in compelling the Sail to turn 
round. But the Force G E is to the Force EF as 8 C to 


CE,.) & Et D which therefore will 3 the 


Force which is employed to turn — Sail, 

1037. If therefore we put the Radius GC = a, and E C 
Sr, we have GE =aa—xx, and conſequently the Force 
CE X GE: — — XX 
GC 


vhich if we make i it a Maximum, 


420 
its Fluxion aaz—Zxxx=0, and ſo aa 3xx and 1 => Fi 


3 
which in Logarithms is 2 — — 29. 761439 che 
Logarithm Sine of 35%: 16 equal to the Angle CGE, and 
therefore the Angle EC Gi is equal to 54* : 4, when the Sail 
receives the greate/? Force from the Wind. 

1038. If AB be the Rud- 
der of a Ship AH, placed in 
the oblique Situation F C, 155 
and the Water ſtrike agzinſt BY IS 
it in the Direction GC; | a 
then making CE Radius, C DB © G 
the Sine of the Angle of Incidence will be E F; and ſo the 
Force of the Water againſt the Rudder in a direct Poſition, is 


to the Force againſt it in the oblique Poſition F C, as CE 
to EF ; but E F may be reſolved into the two Forces E, 
and F D; of which the firſt is parallel, and the laſt perpendi- 
culac to the Direction of the Ship. Therefore F D is the Force 
which compels the Ship to turn. But the Force EF is to the 


Force FD (as CE to CF) as EF to 9 that is, 


(Oy 


1111. Cw fe” FF TR” HF TAR Ut * 


” 
* 
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(by putting C E a, CF=s). A; whence the 


Angle of Incidence ECF 54* : 44/ (as before) when the Force 
of the Water againſt the Rudder to turn the Ship is a Maximum. 
1039. After a like Manner is determined 
the Angle of Pofition BAE=ABE of the 
GATES AE, BE of a Lock, or SLUICE 
upon @a River PQRS; ſuch that the ſaid 
Gates ſhall reſiſt the Preflure of the Water 
with the greateſt poſſible Force. For ſince 
the Reſiſtance of the Gate A E diminiſhes in 
Proportion as the Preſſure of Water, and as 
the Length of the Gate increaſes; and in 
the ſame Depth of Water, both theſe are as 


the Line AE; therefore AE* will expreſs the whole Refitance 
of the Gate AE. On the Diameter AB deſcribe the Semi- 
circle ADB, and continue AE to D, and draw B D and EC; 


then becauſe XE: AC*::AB*: AD by ſimilar Triangles ; 
and ſince T Di is inverſely as AE, it will expreſs the Force 
of the Water upon the Gate, or the Strength of the Gate re- 
quiſite to ſuſtain it, which increaſes as the Reſiſtance of the 
Gate decreaſes. 

1040. Again, the Force with which the Gates preſs each 
other is proportional to the Magnitude of the Angle AE B; 
let BE expreſs the Force with which the Gate BE preſles the 
Gate AE obliquely, this is reſolvable into the two Forces 
DE, which is parallel to AE, and BD which is perpendicu- 
lar to it; therefore that Strength of the Gate A E (equal to the 
Force of the Water, multiplied by the perpendicular Preſſure of 
the Gate BE, ws. AD* x BD, ) ought to be a Maximum. 
Wherefore putting AB a, and BD =, we have DA* 


S4 -A, and ſo AD x BD = aax—#*, whoſe Fluxion 


224371 o, gives x = of — =; which ſhews the An. 
gle BAE 35 160, as i bs Examples. 


Io4T, 


go INSTITUT TO NS. 
1041. LetA D be a Beam in the hori- 


zontal Poſition, ſupported at the End A = 
by the upright, Piece A E, and it is re- Di 
quired to find the Angle of Poſition of a- i 
nother Piece B C, of a given Length, * 
ſuch that it hall ſupport the Beam AD ; 
with the greateſt Force poſſible. Let BC X4 
= a, and AC = x, then if BC expreſs E | 
the ablolute Strength of the Piece BC; CF will peck 60 — 
much thereof as ſupports the Beam AD, wherefore this perpen- 
gicular Force multiplied by the Diftance A C, or Lever“, is to v 
be determined a Maximum. Now CF ABS V = A 
and ſo CF * AC Sg * Vaa—xx ag—xx,whoſe Fluxion 4. 4 — 4. | x 
Lg," 
3 =0; which gre 2 — 3 þ 


Jar Vata 
. which ſhews de Angle' ABC = 45 De- 4 
yes, * or 11255 a right one. 


- as «6.» bows | *; N ” 4 * 
2 a F - F 
, * # 


1042. Let AE be a Beam, or Piece of Wood, ſo fixed in 
A as to make a given Angle EA B with the Horizon AB; it is 4 
required to find the Poſition of another Piece B C, of a given 
Length, ſuch that it ſhall ſupport the Beam A E with the grea- 
teſt poſſible Force. From C let fall the Perpendicular CF; 
and becauſe the Angle at A is given, the Ratio of C to AF is 
alſo given, which let be as » to m; and put B C a, and 
B DS &; then if BC expreſs the abſolute Strength of the 
Piece BC, BD will expreſs ſo much thereof as ſupports the 


Beam AE. Now as CF: AF:: BD: AD ==> and D C 


* N. B. What relates to the-Diſtance A C, conſidered as a Force 
derived from the Lever, will bt explained in the next Chapter. 
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= / aa—xx, whence AC= A* * ir, which 
Diſtance, or Lever A C — by DB muſt be a Maxi- 
mum, Viz, erk Va, —x*, whoſe Fluxion = & = 


3 aa—xx— — = Oz whence 22 y/ TOS 
— 0, and by Reduction wee dn have « = 
Da Ry 
Mactan, which will teeming the Angle #5. Poluion 
ABC. + v1 (co 
Nate, The Equation Hon requires tha: acute * BC 
to be the Compliment of this obtuſe one * C to uo. 
Angles. + A bo vi! * 
1043. If we e Val 0 — Equation 


Vi = += *. we wal have 40 * S 


oy — 222 „ when nee Angle 3 is' obtuſe; and 


con 430wm—$0%/ =ACxBD, 8 
acute; whence us evident, the Poſition bf the Ploce in the firſt 


Caſe is much more DO than in x EL | ky 


7 
3 — 1 . Fs a CEC 


— 


The Application n e 5 INCIPLES to 


fuch MAcHINES 45 are called e 
CAL FAWEXS.. ol ok 145 


1044. 'H AVING conſidered the Lie of Motion ada mo- 
ving Forees, under the Circumſtances of Collifion 
and Percuſſion 5 we now proceed to conſider thoſe Forces which 
are otherwiſe applied; particularly in fuch Caſes where they be- 
come ſubſervient to all the Purpoſes of moving heavy Bodies, and 
overcoming Reſßſtancer. And as this is effected by Machines 
properly applied, ſo this Part of Phfloſophy has acquired the 
Name of MERCHANICS. 
1045. 


42 INSTITUTIONS 
1045. TheForce PN | 
of Bodies acting &) 
upon each other, a6. 
either immediately, B | * 
or by Means of a = W 
Machine, is flill :- | 
rived from the ſame 
Principles of Mat- 


 terandPelcity(g68, 


969.) When * 3 


other, by the Interpoſition of the inflexible Rod A B (the moft 
ſimple of all Machines,) *tis eaſy to aſſign the Quantity of 
Motion in each, while they move about any given Center of 
Motion F. 

1046. For ſuppoſe the Rod AB to be moved out of its horizons 
tal Poſition into the oblique one a F b, then will the Space deſcribed 
by A be the Arch A a, and that deſcribed by B be the Arch B8. 
Theſe Spaces then as they are deſcribed in the ſame Time, by 
the fimilar Motions of A and B, will be as the Velocities of 
thoſe Motions (by 971.) But ſince the Sectors A F a, B F8, 

are ſimilar, it will be A: BI:: AF: BF (657.) Therefore 
the Velocities of A and B will be denoted by their Diſtances 
from the Center of Motion, viz. A F and BF. 
1047. If the Bodies be homogeneous, or of the ſame Kind, 


their Quantities of Matter will be as their Bulks A and B (973, 


and fince their Velocities are as AF and BF ; therefore the 
Momentum, or Quantity of Motion in A will be as the Rect- 
angle Ax AF; and that of B will be as B x BF (by 970.) 
The Expreſſions of their Forces as required. 
- To48. This Theory is general, and holds good for every 
Sort of Motion, which Bodies ſo circumſtanced are capable of, 
But that Sort of Motion which reſults from the Action of Gra- 
vity, ought to have the Velocity expreſſed by the perpendicu- 
lar Spaces ac and bd, by which one accedes to, and the other 
recedes from the Center of the Earth. Becauſe Gravity acts in 
thoſe Directions only (985,) and therefore its Force muſt be 
eſtimated thereby in given Quantities of Matter. But becauſe 
of ſimilar Triangles @ c F, and 54 F, it is ac:bd::aF:bF:: 
AF 


* 


* .A. r 


8 8 . 
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AF: BF. Whence'it appears that A X-4c,.and. 14. 
are the ſame Momenta as thoſe above (1047. 

1049. Hence for Bodies in Motion there is» denull Ex9 
preſſion of their Forces, as follows ses e. 
AS AX Aa E B * B 

For A 5 Q=AxAF ss 

3. Q=Axac Q. BRN d. 
1050, If we ſuppoſe the Forces in the two Bodies equal, 
that is, AXAF=BxBF, or AXxXAa=B x BI, or 
A x ae SING then it is, A B::BE:AF::Bb:Aa 
2234: Therefore in caſe of an Equilibrium, the Bodies 
are in cerſeh at their Diſtances from the Center of Motion, or as 
the circular Arches, or the perpendicular Spaces deſcribed in the 
ſame Time, and this is the fundamental Principle of every me- 


chanical Power, Machine, or Proceſs whatſoever. _ 
h The Leven, 1 


* „ 
* * & 7 * « „ o * * 


1051. 5 - apply this 
Doctrine. Suppoſe B a 
very heavy Weight laid, © 
upon the End of a long 
Pole or Rod A B, ſuſ- | 
tained by, and moveable peo. pe 
upon the Prop, or Fulcrum F; 220 inffead 0 of the ie Weight A, 
ſuppoſe a Perſon's Hand were applied at the End of the Lever 
A, to raiſe or move the Weight B. Then the 'muſtular Forer 
of the Arm is now to be compounded with the Velocity" of 
Motion to conſtitute a Force equiyalent to that of the Weight 
B. And ſince, in ſuch a Caſe, the Force of the Arm is to the? 
Weight of the Body B, as BF to FA, it is evident, that 
though the Weight B encreaſes in any Proportion, and the 
intenſive, Force of the Arm remains the ſame, yet by taking 
the Diſtance A F to B F, in the ſame Proportion in which B is 
encreaſed, the Perſon will ftill have it in his Power to move the 
Body B. And this will be the Caſe in what t or Foray 
ſoever the Lever be applied. TI 
- 1052, From what has been ſaid, the Nature of the Ba- 


LANCE mult fully appear; for this is nothing more than 2 


Lever, whoſe Brachia, or Arms AF, B F are equal; in which 


Caſe the Weights A and B appended at each End will have 
Vol. II. . wy | equal 


AT” th 
* 
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equal Velocitiesz and therefore, in Caſe of an Exuiibrium, the 
Weights will be equal alſo (by 1047.) But the Weights of 
Bodies are as the Quantities of Matter (1002,) whence, equal 


Luanttties of any Sorts of Matter are eafily. determined by the 
Equilibrium of —— which! is its 15 * 


/ 


* . 
e 


F a B 
1033. The STEELYARD is Sue eig but 2 /afpended 
Lever, where the Weight A is applied at different Diſtances 
from F, the Point of Suſpenfion, to make an Pqnillbrium with 
B, the Body to be weighed ; and when this happens, then on 
the Aim EP is ſhewn how many Times the Diſtance C F is 
contained in G P, and juſt ſo many Times is the Weight A con- 
tained in B, the Thing required to be found - 
7. . %% N arts >. . The. Pp.. iin Lee * 
tog. A Tackle of Pullies is another me- 2 
ohanical Power, which Action or Force i is, Jeriv's © 
from the general Principlesof (1045, 1046, 1047.) 
For let W be a Weight to be raiſed (by Means of 
the, Tackle of five Pullies AB) by the Power, or 
ou P. Then it is evident, that when the ſaid 
eight W is: raiſed one Inch, each Rope W 


TW} | 


ing to the lower moveable Box of Pullies will be chi 
ſhortened one Inch, and the Rope to which the ty « 
Power Þ is appended will be lengthened juſt ſo tt b 
many. Inches; conſequently, the ah paſſed let 

—. 7 in the ſame Time, and therefore the Ve- ' Cer 
locitics of the Bodies W and P will be to each x Pla 
other as Unity to_the Number of Rojer belinging 1 * cul: 
_ ® Note, The Beam of the is ſuppoſed be c 
Air 


Ache in what kas been ſaid ; and in Practice, che 
ard is compenſated by-a lange - and 


td 
Ces 
ith 
on 
19 
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the lber Sheave of Pullies, which is here us 1 60 53 therefors 
by ſuch a Structure of Pullies the Force of P is encreaſed five 
Times. And in this Manner you compute the Force of — 
other Form or Conſtruction of Pullies. | | 

The WHEEL and AXLE. erg 

1055. The Axis in Peritrachio, 1.4 
or WHEEL and AXLE, is another 
mechanical Machine, in which the 
Power P hanging from the Peri- 
phery of the Wheel CD, acts a- 
gainſt the Weight W hanging 
from the Axis at A; and it evi- 
dent when the Wheel moves, 
the Spaces — by the Bo- 
their Velbcities, will be as the Pe- 
ripheries of the Wheel and of the ' 
Axle, and theſe are as the Dia- 
meters (823 ;) therefore in caſe of an Equilibrium, 2 
the Power P: the Weight W : : Diameter of the Axis: the Di- 
ameter of the Wheel; which in the Fig, is as 1 to 123 and 
thus the Force of P is encreaſed 12 Times. Hence as the Pe- 
ripheries RS, TV, are leſs, the Effect of the Machine is 
alſo leſs in Proportion: And on the other Hand, the Force f 
the Machine is enereaſed — wy ap in Pro- 


ly obvious from (1047.) ' 4 dd wh 
The INCLINED Pranz. t Sorte 

T1056, The IncLinzp PLA does not (are other Mas 
chines) become mechanical Power, by enereaſing the Veloci - 
ty of the Agent, but by diminiſhing the abſolute Wright of the Body 
t be mms ; which it does by its Reſiſtance or Re · actionꝭ thus 3 
let the Body Allie on the Inclined Plane BD; and from the 
Center C let fall the Perpendicular C G to the Baſe of the 
Plane H D, cutting the Plane in F; alſo draw'C E perpendi- 
cular to the Plane B D. rn to- 
5 dead wards 


be obſerved, that in PraAice we do not r the Robhince of the 
Air to the Weight B, by which ins real W will. ve n ſmall Ma · 
ter diminiſhed, as we ſhewed in our Treatiſe on Alk, in the Young 
GENTLEMAN and Lan r 8 n 
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wards the Earth in the Direction C G, let C F repreſent the 
Whole, or abſolute Gravity of the Body. This Force is re- 
ſolvable into two others, viz. CE and E F (1027, ) of which 
C E is that by which it acts on the Plane directly, and is de- 
ſtroyed by the equal Re- action of the Plane (965,) the other 
Part E F is parallel to the Plane, and conſequently, that by 
which the Body is carried down the Plane, and is called the 
reſidual Gravily er Weight of the OP 

1057. Now this rei- 
dual Weight which is to 
be overcome, is to the 
abſolute Weight, as E F is 
toCF ; but becauſe the 
Triangles CFE, DFG, 
DB H are ſimilar, it is EP: CF: FG: FD: BH: BD. 
Therefore the Weight of the Body A is diminiſhed by the 
Plane in the Ratio of -the Length of the Plane BD to it 
Height HP. Hence the more inclined the Plane is, or the 
leſs the Angle at D, the more eaſily will a Body be moved 
thereon. Therefore when B D coincides with D H, or when 
the Plane becomes horizontal, the whole Gravity of the Body is 
deſtroyed; and hence it appears that the heavie/t Body laid upon 
an horizontal Plane ¶ perſeciiy ſmooth) may be moved with the luft 
Force; as having in that Caſe no reſidual Weight fo overcome. 
1058. The Wedge has been hitherto, 
by all Writers, reckoned among the /im- 
ple mechanical Powers ; ; but when it is 
conſidered that any Wedge A C B is only 
a double inelined Plane, or compoſed of 
the two ſingle Ones ACH and B CH, 
it will eaſily appear that the edge is the 
ſame Thing with the inclined Plane; for to 
double any Thing makes no Alteration in - 
its Nature or Properties, and conſe- 
quently cannot make it a-dif/erent Spe- 
caes ʒ this Sort of Logic does not become n whoſe 
Characteriſtic it is to uſe the jufteſt Method of Reaſoning. Be- 
ſides, it is idle to pretend that the Force which overcomes the 
een of: Woedi is derived from the Wedge, when it is ſo — 
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dently no other than the Momentum of the Bittle, or Sledge 
which drives it into the Wood; the Wedge being uſed as a con- 
venient Inſtrument only, to keep the diſſevered Parts of the 
Wood, c. aſunder. Therefore we take the Liberty of diſ- 
charging the Wedge from the Office and Rank of a mechanical 
Power. 

- 1059. We muſt alſo treat 
the Screw with the ſame Free- 
dom, as it is ſo evidently no- 
thing more or leſs than an in- 
clined Plane of a ſpiral Form 
applied to a Cy'inder AB, 
and 'tis as plain that whatever 
moves up and down upon a 
Screw moves all that while up- 
on an inchned Plane in a circu- 
lar inſtead of a rectilineal Di- 
rection. In this Screw-plane the Length is the 3 of 
the Cylinder, and the Height the Diſtance between two neareſt 
Threads or Helices, which is ſeldom in greater Proportion than 
10 to 1, a Trifle to mention for a mechanical Pmwer. The Le- 
ver F G added to the Screw- „ make a compound mechanical 
Power of very great Force and Uſe, for Motion, Power, Com- 
preſſion, Ic. as is too well known to be farther inſiſted upon. 
Here the Power is to the Forct as the Diflance of. the Helices to the 
Circumference deſcribed by the End F of the Lever F G, which may 
be encreaſed at Pleaſure. We therefore reduce the Number of 
ſample mechanical Powers to \ four only, making the moſt of them 
at the ſame Time ; for it is certain the Lever, Pulley, and Axis , 
in Peritrachio, differ only in Form, and not in their Properties 
whence their Power is derived, which is the ſame in them all, 
as we have ſhewn. We therefore refer it to the Metaphyſician 
to determine if there be really any more than two abſolutely dif 
ferent mechanical Powers, viz. the Lever and the inclined Plane. 
' 1060. It is alſo, on the other Hand, a Wonder that we meet 
with nothing in our mechanic Treatiſes, on the Subject of an Arch 
conſidered as a mechanical Power, as its Nature and the com- 
mon Uſe we make of it ſeems to entitle it to that Denomina- 
tion, and eſpecially that the Catenarian Curve ſhould be paſſed 


E 
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by in ſuch . Silence, when it is à Subject that merits in 
the higheſt Degree the Conſideration of every Mechanic, Archi. 


tell, or Engineer, as we have heretofore obſerved *, and y | 


more largely ſhew in a future Part of this Work. 


ien 


Friction, or Impediment thence ariſing to the moving Power, 


to interrupt the Theory; yet becauſe there are no Bodies in Na- 


ture which move one upon another without ſome Degree of 


Reſiſtance or Friction ariſing from the Roughneſs of the Parts, 


this muſt be accounted for in Calculation of Forces, and it is 
not to be found but by Experiments, by which it appears to be 
(at a Mean) about a third Part of the Weight in Machines in 
general; in ſome it is much more, and in others leſs. 

1062. To one or other of theſe Machines, moſt of the 
"Inſtruments uſed in the common Affairs in Life are reducible. 
Thus a LADDER to be raiſed up upon one End, is one Sort of 
Lever; a WHEEL-BARROW is another; as alſo the Crow, 
for forcing up Shrubs and ſmall Trees by the Roots. The 
HAMMER applied in drawing a Nail is a third Sort; the 
Scis8ARs, and SHEARs act on the ſame Principle. The Ca- 
8TAN and WINDLASs, is the ſame with the Veel and Axle; 


the Jack for raiſing up Bodies is the ſame. in Effect. The 


Kirk and the Ax are both in the Nature of the inclined Plane; 
and every Body that acts with any Kind of Force upon another, 
will be found when rightly conſidered, to do it on the Prin- 
ciples above explained, 

1063. As to compound Machines, their Force N 
may eaſily be computed, and the Reaſon of their Effects may 
be clearly underſtood, from the Nature of the ſimple Machines 
of which they are compoſed. Or thus, let the Machine be 
ever ſo complicated, conſider the Velacities of the Marion ibe 
Power and Meigbt, and their Ratio will expound the Force of 
the Engine, as well as in any of the foregoing ſimple Ma- 
chines. For the Principle of (1045, Cc.) holds good of all 
Kinds of Motion whatſaever. But left we ſhquld: be thought 
deficient in not giving ſome further Account of compound En- 
gines, the n RM deu is ſubjoined. ni 


gee Miſcellaneous Correſpondence for 755 1756, and the Plate of 


a Bridge there conſtructed on ſuch Arches 
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- 1064. Suppoſe the Power ? 


and its Pinion B L O, ſuſtain 
in Equilibrio the Weight W, 

hanging from the Axis EMN 
of the Wheel GFH; then 
putting AC= a, CB =5; 
D F c, DN = d; we 


75 AC W DN * Pa 
have (by 1045, 1046, 1047,) = = —[p— 
W4 


= —> and therefore Pac=Whd Or thus, let (tv) be 

the Weight equivalent to Pon the wheel AKI, and its Axle 

BL O, then P:w::b:a; therefore = 

w be now conſidered as a Power with Regard ts W on the 

Wheel GFH, and 'its Axle DN, then w: W: 4c; and 
WA Pa 


therefore w ee 7» as e Now Ho the Ma- 


chine is at Reft, the Point A is urged! with the whole Power of 
Gravity or Mamentum of P; but if the Weight W be dimi- 
niſhed to a leſſer Weight x, the Machine will move; and the 
Point A will have a Motion conſpiring with that of P. Let 
V 22 Velocity with which the Point A endeavoured to.deſcend 
with the Gravity of P, and v = Velocity of the Point A ari- 
fing from the Diminution of the Weight W; then will V 
be the relative Velocity with which it would endeavour to de- 
ſcend by the ſame Power P, counterpoiſing the Weight = at 
Reſt. But the Effects of the Power P with the Velocities V, 

and V — v, in a given Time, will be as the Spaces through 
which it would deſcend in that Time, which are as the Squares 


of thoſe Velocities, viz. as v⸗ to V —v ., And theſe Effects 
are as W and x,, who counter- act them; therefore . ſince V: 


F:: W:, we have Vr WN, and V= 
„ whence v = 


nn . But when the Machine is in Motion, 


the Velicieyacr the Power P, or v, is to the Velocity of the 
Weight 


= . Again, let 


* 5 4 
* 
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— ACX DF Sac, to CB pv or ac 
. e I4Y 4 We 2 4 
| d:: : —=——X TW = Velocityof e 
Weight x. Which Velocity multiplied by the Weight x, will 
4 1 — 1 
give K N Et = Effet of the Machine, * 
1065. If now x be a variable Quantitity, and all the reſk | 
conſtant, the Value of x may be determined, when the above 
Expreſſion of the Effect of the Machine is a Maximum, or the 
greateſt poſſible, by putting its Fluxion equal to _ q 


Now the Fluxion of Sp XxX W—\/ x», is # 


* Vr — = o, whence we have / W = 


— 24 x ES Wow 325 and x f W. Eee I 


if any Engine be charged with g of ſuch a Charge or Weight ar will | 
jut keep it in Equilibrio, it will produce the greateſt Effect poſſible. 
1066. Hence, if inſtead of x, we ſubſtitute its Equivalent 
+ W, we bdV x WA fra. Ae 4bdVW _ 4 * | 
„ ” 27 ac oy 27 I 

WA : 

(becauſe P = — when the Engine is in its greateſt Perfecs 
V x. We-VySszx - | 
WY 


227 
2 bys W, * 


have = Velocity of the Weight x, when the Machine is is | 


in its Sad Perfection. | 
1067. If the Power P inſtead of a Weight, as "Wa rejens I 
ſented, were a Current of Water, Air, &c, then is V the Ve- 
locity thereof = V — v, the Difference or relative Velocity, 
© with which the Fluid ſtrikes the Floats of the Wheel. Whence © 
'tis eaſy to apply the foregoing Calculus to any mechanical En- 
gine whatſoever, as we ſhall more particularly ſhew under the 
Subject of Hydraulics, in the Theory of Mill wort. | 
1068. The Velocity here mentioned is ſuppoſed to be that 
of an 3 Motion 3 for: though all Machines actuated by 2 
conſtant 


tion. Alſo putting W for in v 


have vg A V. Laſtly, if we divide 
5 
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eonſtint Power will have their Motion at firſt accelerated for 
ſome Time; yet will the Increments of V; elocity continually 
decreaſe by the Friction, or Reſiſtance of the feveral Parts, till 
at laſt they become totally deſtroyed, and the ane by that 

Means, e e 19 ol pany, — XK 


CHAP. vI. 


The Method of inveſtigating the Cx x TER ©, p 
"GRAYTT in Bodies, | . 


1069. HAT Point p, Which in ae ee the 

Fulcrum, (ſee Fig. to Art. 105 ,) is otherwiſe 

ealled the common Center F Gravity; for as in every ſingle Bo- 

dy there is one common Point which tends to the Center of the 
Earth, with the united Forces of all the gravitating Particles 

which eompoſe that Body, and which therefore i is called its Cen- 

ur of Gravily 3 ſo in any Syſtem of two or more Bodies, which 
are any ho connected or depend on each other, there is one 

certain Point in which their whole Forces of Gravity are united, 
and which being ſuſpended, keeps the Bodies in Zquilibrio, ſuch 
as is the Point F with reſpect to the Bodies A and B, and it is 
therefore their common Center of 2 


1070, If to the Bodies A and B, we ſuppoſe two others 
added, as C and D, at ſuch Diſtances from F, that C: D:: 4 
DF: CF; then Cx CF = D DF, (by 30473) and be- 
cauſe it is alſo A & AF B BF; therefore theſe Equa- 
tions added together, make A x AF TD D F=B x BF 
+CxCF. Thus it appears the Point F is the common 
Center of Gravity of all the Bodies. k 

1071, Hence a general Rule for finding the Diſtance of the 
common Center of Gravity from any given Point E in a right 


Vox. 1 G Line 


by INSTITUTIONS. 


Line E B paſting 416 all ide Centers of the Bodies, 
C, D. Thus put EA=a, ED = b, EF gx, E 
EB = d, then AF e 
4— x. Whence the general Equatien above ( 1070) will will become 
Az—Aa+Dxz—Db=BJd—-B:+C—C;. And 
by tranſpoſing the Terms we have Ax+Bx+Cxz+Dx= 


Aa+Bd+Cc+Db. Conſequently x = - Aa+Bd+Cc+Db 


A+B+C+D 
EF the Diſtance required. 

I072. The general Rule therefore for finding the Diſtance 
of the Center of Gravity from the extreme Part of any Body, 
is this, divide the Sum of all the Moamenta by the Sum of all the 
Weights, and the Quotient will be the Diflance required. Hence 
in a right Line AB we may confider al! 
the Particles which compoſe it, as ſo X 4 — 
many very ſmall Weights, each &, | 
which is therefore the Fluxion of the Weights, « or Line A B 
= x. Therefore the Weight + multiplied by its Diſtance 
from A, viz. x, is x #, its Momentum ; that is, x & is the Flux- 
jon of all the Moment in the Line AB; whoſe Fluent * x FI. 
is the Sum of all the Momenta, which divided. by the Sum of tan 
all the Wei hts x, gives 4 # = + AB, the Diſtance of the Cen- anc 
ter of Gravity C from the Point A. 11 8 anz 


;Þ, 


In a PARALLELQGRAM. 


1073. Thus in the PARALLE- 
 LoGRAM B E GF, whoſe Length 


AD==x, and BreadthGE = q, if - 

- you draw ab infinitely near E G, Tr 
 theAreolaabEG = y x will be the * 
Fluxion of all the Weights y, which (4 
make the whole Weight of the Parallelogram, which multi- * 
plied by the Diſtance A D r x, gives y x x, the Fluxion of tha 
the Momenta ; whoſe Fluent g x xy is the Sum of all the Mo- A 
ments, which divided by the Sum of all- the Weights (x Dy * 
quotes * 2 AD = AC, the Diſtance of the common ed. 


Center of Gravity from A, as required. 


in 


of ths Phyfioo-Vlechanical Matheſs- 4 
In a TRIANGLE, 


1074+ In the TxTAN CIE ABG, 
the common Center of Gravity is found 
thus; draw AD (Sa) to biſect the 
Baſe BG (=) in the Point D, and 
the Parallel EF in the Point C. Put 


Ace and we have 4: b:: : 1 


= EF. Which (as a Weight) multiplied by x, gives = 
= Fluxion of the Weights; this again multiplied by x = A C 
(the Diſtance from A) gives 


AIR = Fluxion of the Mimen- 


ta; whoſe Fluent or Sum of the Moments 5 divided by the 


l 2 
Fluent of the Weights = quotes 3x = Z AC, for the Dif- 


tance of the Center of Gravity from A in the Triangle AEF; 
and when x = AD, then 3 AD gives the ſame for the Tri 


angle A B G. 
In a TRAPEZIUM. 


1075. To find the Center of 
Gravity G of the Trapezium BD. 
Let the ſame be divided into two 
Triangles ABC and A CD, and 
find their Centers of Gravity F, E 
(448,) Join E F, which divide in 
ſuch a Manner in the Point G, 
that it may be FG : GE: 
ADC: ABC, which is done bh this Analogy, ABCD: 
ACD::EF:FG, and the Point G is determined as requir- 
ed. This is evident from (1050, and 648.) 


G 2 1 Is 
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In the Pax ABOLA. 


1076. The Center of Gravity 
ina PaRABOLA BA C., Let A) 
x, and BC then will 
px: 2z z (940;) and putting p π] 
i, it i c:, and E: M le 


Whence z #: + x*, the Fluxion of 


the Weights, which multiplied by x gives + x x* > the F lion 


of the Mamenta; whoſe Fluent 2 * * divided by the Fluent of 
4 


IP vis. 2x", gives 1 2 AD = AG,; En 


of the Center of Gravity from the Vertex A. 
In the ARCH of « a CIRCLE. 


1077. To find the Center of Gra- 2 E 

vity N. of the Arch of a Circle) m 

ME F fixed to the Radius C E. Nd. * 
M 


Tis evident the Particles M, F, 
equidiſtant from E, have their 

common Center of Gravity at D, A Þ 4 
in the Radius CE; and ſince the ſame is true of all the other 
Particles, it is manifeſt the common Center of Gravity of the 
whole Arch M E F'is ſomewhere in the ſaid Radius C E. Put 
MC = a, MD = c then PM (= DC) = 


I aa —xx (828,) And PM (Via): MC 


Sah: Me ( «a 43. M= the Fluxion 
aa - 4 


of the Arch ME = z. Now the Fluszen of the Weights i 


multiplied by the Diſtance of the Center of Gravity C D 


PM, gives — — Vi = 05 = Fluxion o 


aa — KK. 


the Momenta; the Fluent of which, VIZ, ax= MCxMD, 


a x MCx MD 


divided by the Weights or 3 ME, eives S 
= CN, the Diſtance from © required, 


ME 
Is 


Y 
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In 4 D. . a 
1776. Hence when the Arch E M becomes the QUa- 
DRANT AE then 2 = HC = © Np the Diſtance . of the 
Center of Gravity'N'6f the Semicirele A EG. If CM r. 
then will the Quadrant A ME = , 570g. (ſee 826,) and 
MC = 0,636 = CN, the Diſtance of the Center of Gra- 
vity from the Center of the Circle Cc. 


In the SECTOR of q "SR 


1079, To find che Center of 
Gravity N, of the SECTOR of a | 
Circle M C F. Deſcribe the Arch DN. 
mef, a_ draw * Chord ** ; 


cams nice Em megan * 


. 


putting M D = 5, we have a. b : =md, Now ' 


DOES ==, i s the Diſtance of the. Center of Gravity, of 


r 
= the Arch me 7 (077 And the Arch me = * multiplied by 
C L gives === = the F —— of the Weights, which multiplied 
K by che Diſtance of common Concer of d =, gives Kel 
= S Fluxion of the Ann whoſe F luent 20 divided —— tho 
1 eee 


In Wy | | Ir 
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* Henee when the Arch ME F becomes a Semicircle 


C2ACxCE 


Center of _— Semicircle A E G, from the Center C. 


Tf Radius A C = 1, then chat Diſtance will become 77155 


— = 0.424 + * 
nn d CxlIN DER. 


1081. To find the Center of Gra- 
vity in the CyLinveR ECBE. 
Put AD = x, and the Area of the 
Circle on BF = 3 ap (830;) then 
is Z ap + Fluxion of the Weights; 
and 4apxz# = the Fluxion of the 
Momenta; whoſe Fluent 5 ap x x, divided by the Fluent of the 
Weights 2 4 p x, gives * =; AD = the * of the 
ſaid Center from A, 


bn a Cone. 


1082. To find the Center of Gravity in 
a Cons A HB. The Fluxion of the Cone 


(or Weights) is 


= (834,) and the 


EY 
Fluxion of the Momenta — — 3 Whoſe 


Fluent 17 7 divided by _ will quote 


2x=43 HC, the Diſtance of the Center from H. 


In the SecMENT of a SPHERE, 


1083. To find the Center of Gravity in any SEGMENT of a 


Sphere a D b. The Fluxion of the Segment is p x  — ® . 
| 2 a 


(ſee 


= Diſtance of the common 


F the Phyſico- Mechanical Matheſis. 17 
(ſee Fig. to Art. 8 36,) and the Fluxion of the Momenta will 
therefore be p x* + LE, : whoſe Fluent 4 2 5 * —4 1 d. 


vided by the Fluent (of the Weights) 1 5 2 4 A A 
5 x = Diſtance of the Center of Gravity from D. 


oy an 1 


rolls. ni when * = a, or Dc = pc. W when 
the Segment becomes the Hemiſphere A D B, then the Diſtance 
of the Center of Gravity will be 3 of CD from the Point D, 
or} CD from the Center C. In like Manner you will. find 
the Diſtance of the Center of Gravity in the Semi- N 
ABD to be 3 of CB from the Center C. 

1085. "Fr rom this Method of finding the Center of Greviy i in 
Bodies, there reſults a general Rule or Caron for finding the ſu- 
perficial and ſolid Content of Bodies, viz. The Periphery deſeri- 
bed by the Center of Gravity, multiplied into the generating | Line or 
Plane, is ever equal to the Superſicies ar Solid generated by 1 the Rata- 
tion of the ſaid Line ar Plane about an Aris. For Example; the 


Diſtance of the e of 5. in A Tuna bs 3: We 


(rodo.) And it TREY eh 24 122 Periphery deſcribed by 
the Center of Kerr Now the generating Plane or gemi 
circle! is 47 (830, ) then '3 a X oy =2 754 — $olidity 


of the pers (by 836, 837. ) 


6 
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The. Method of . the car TER of FORCE, 
.  ERCUSSION, in moving Bodies. 


1086. HE RE is e of greater S to be 
rightly underſtood in all mechanic Arts, than the 

; Doctrine of Momenta and Forces of moving Bodies, Thg F or- 

mer of which we have treated of; and the Latter, viz. the 
Forces of Bodies in Motion, and what is called the Center L 
Force, or Percuſſion in a rita Body, comes now to be con. | 
fidered. 

180087. In order to ads the Idea, or uon of this ET” 
ſive Force as natural and eaſy as poſſible, we are to conſider 
that what has been hitherto delivered concerning the A. 1 

of Bodies, reſpects them in a State of Reſt, under the Influ- 
ence of Gravity; 5 but when we conſider the Body in aftudl | 
Mation, there will another Force ariſe from the Velocity of 
Motion ; by which Means the Body will be rendered capa able 
of ie upon another, in the Mode we dall . or Pa 
8 (| ; 10 4:44 
1086. This perenſſove Force, thereford, ariſes from chres 
Sources, Vis. (.) From the Maſs of Matter in the per, | 
Body. (a.) From its gravitating Force, in regard to its Diſ- 1 
tance from the Center of Motion; and (3.) From the afual Vale. | 
city of the Motion itſelf, * The two firſt of theſe make the Ar 
mentum ; and this compaunded with the 1 conſtitutes the 
percuſſiue Force. a | „ 262, 
1089. Thus, ſuppoſe any uniform Rod £0 
AB, were to move or vibrate about tze 

Point or Axis A; let it firſt be ſuſpended _ | , # 

in the horizontal Poſition A B at the Extre- 55 F 

mity B; then will every Particle D, C, B pg -— 

have a Tendeney to deſcend in Proportion 
to the Quantity of Matter in each (968 ;) 3 "> 
this Tendency will be farther augmented in proportion to the 

Diſtance from the Center of Motion (1047, &c.) and this makes 

the Momentum of the Particle * C, and B. Laſtly, if the 

Rod 


- 


* 


| 
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Rod AB be left at Liberty, it will commence Motion, and 
the actual Velocity of the Particle D, C, or B will enable it 
to ſtrike an Obſtacle at G, F, or E, with a Force propor- 
tional to the ſaid Velocity, conjointly with the reſpective A- 
mentum. 

1090. Now though each Particle in the Rod has a percuſ- 
five Force greater on all theſe Accounts, as it is more remote 
from the Point A, if we conſider it ſingly in itſelf, and inde- 
pendent of the reſt; yet when we conſider them all connected 
together by the Force of Coheſion, their ſeveral Forces will 
conſtitute one compound Force of the whole Line or Rod 
AB, which will not be greateſt at B, but in ſome other Point 
C, between the Extremes A and B; and this Point C will 
ſtrike a fixed Obftacle at F in ſuch a Manner, that the whole 
Force of the ſaid Rod will be exerted upon it, and by the 

qual Re- action of the Obſtacle, it will be deftroyed (96s) 
and ſo the Rod in the Poſition AE, will be motionleſs at the 
Moment of the Stroke, though diſengaged from the Point A. 
And this Point C is therefore called the Center of Percuſſion in 
the Rod A B. 

1091, In order to this, it is neceſſary this Point C ſhould 
have the whole percuflive Force on each Side, in the Parts AC 
and C B, equal ; for if it were greater in the Part A C, than 
in C B, the Part A C would, after the Stroke, move forwards, 
not being counteracted by an equivalent Force in the Part 
CB; alſo if the Force in the Part C B were ſuppoſed ſupe- 
rior to that in A C, then it would continue to move forwards 
alſo after the Stroke, and ſo the Motion of the whole Rod 
would not be ſpent upon the Obſtacle, as it is when the per- 
cuſlive Force is greateſt of all. 

1092. Now ſince when this percuſſive Force is not equal, 
the Rod (ſuppoſed diſengaged from the Point A at the Time of 
the Stroke) muſt turn upon the Obſtacle as a Center of Mo- 
tion, it follows, that the Force of each Particle on each Side 
of the ſaid Center, or Obſtacle, will be as its Mæmentum multi- 
plied into its Velocity, or Diſtance from that Point (1089g,) a- 
bout which it then vibrates ; and that therefore the MAomenta of 
the Particles muff be reciprocally as their Di Hances from the Point 
Vor. II. H | (C) 
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(C) which ſhall be the Center of Percuſſion, or Point of concentrated 


Forces. 

1093. But to exemplify this Matter, and A 
to inveſtigate a general Rule for finding the 
Center of Percuſſion in all Bodies, let us 
firſt ſuppoſe the leaſt compound Caſe, vis. of 
two Bodies B, C, fixed to an inflexible right 
Line A C, and call their Maſſes of Matter 
Q, 4; let their Tendency to Motion, or the 
Diſtance A B, AC, be G, g; and their 
actual Velocity in Motion, be V, v. Then 
if each of theſe Bodies be conſidered by itſelf 
in Motion, the whole percuſſeve Force of B, 
and C, upon Obſtacles at D and E would 
be denoted by QGV, and gv. And the Sum of theſe For- 
ces united, viz. QG V + qg v, is the whole eonjoint Foros 
exerted upon an Obſtacle, ſtruck by the Center of Percuſſion. 

1094. Let G be the Center of Gravity between the two 
Bodies, and N the Center of Percuſſion to be found; put AG 


=m, and A Nen; then will S502 = m (10453) alſo 


fnce BN=n —G, and NC =—=g— n; it will be — 
qg::g—n:n—G(1092.) Whence QGn—QG* = 
,—qggn, adfoQ Gnu+ggn= QG* + 98 — 
N 12 » or (becauſe G is as V, and g as v) it is 
W LE” = AN; that is, the Sum of the Force of the 
two Bodies divided by the Sum of the Momenta, quotes the Diſ- 
tance of the Center of Percuſſion from the Point of Hs A. 
Which is the general Cannon required. 

1095. Coroll. Put the Maſſes of Matter in both Bodies 
Q+9q=M, and the Sum of the Forces QG V +ggv=F; 


then becauſe QG+9gg=Q+qgxm == Mm; we ſhall have 


a or F=M m n, whence we hn = {x Which 
m m n 


5 F 
Theorem it will be of Uſe hereafter to remember. 
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1096. Let the Line AB (in Article x089,) be denoted 
by x; then will the gravitating Force of the Point B be as 
x, ( 1088; ) and the Velocity of the ſaid Point, when in 
Motion about A, will be as x likewiſe; therefore ſuppoſing 
the Line in its naſcent State at B, it will be then as , and 
4X F = Fluxion of the Forces ; the Fluent of which 


- will be as the whole percuffive Force in pwr anc or 
Rod A B. But the Sum of all the Momenta,j is 28 2 = (by 1072.) 


Therefore 2) 5 (=: = x = Dygllance of the Center of Percuſ= 


fon from the Point of Supention A, by the general Rule at 


Art. (1094+) 
109). Thus alſe in the Parallelogram B E GF, (1073) 


moving about the Axis B F, the Fluxion of the Mamenta was 
yx#, and ſo the Fluxion of the Forces will be y x x &, whoſe 
Fluent 4 y , divided by the Momenta + y *, will give 4 x = 
2 AD, for the Center of Percuſſion from the Axis of Motion. 
1098, Again, the Fluxion of _ e in the Tri- 


angle AB G (1074) was found — therefore the Flux- 


bx & b x* 


ion of the Forces will be 1 the Fluent whereof — 


divided by the Momenta = will quote 3 x = + AD, the Diſ- ; 


tance of the Center of Percuffion, from the Axis of Motion 
at A, | 

1099. Thus alſo the Center of Percuſſion "TE 
is found in a Cylinder E BC G (1081) vi- | 
brating about an Axis in the Point A. For 
the Fluxion of the Momenta was Zap x x, and 
therefore the Fluxion of the Forces will be 
x@þx* x, whoſe Fluent , divided by 
the Moments <2 will quote + x AD 

- 4 ES. 

for the Center of Foree from the Axis A, 
tne ſame as in the right Line (in 1072.) 
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1100. To find the Center- of Percuffion in a cruises 
EB CG, vibrating about any diſtant Point L. f | 
Here it muſt be conſidered, that if ds bes 
nected together, ſo as to move with equal Velocities, then will 
the Sum of the Forces of theſe Bodies be equal to the Force of 
their common Center of Gravity.. And therefore the Sum of. 
ce Forces of all the Particles in the uxionary Circle (=. 
| =) CF GH, will be equal to the Force of their common Center 
of Gravity D, or the Momentum of that Point multiplied by its 
Diſtance from the Center of Motion LD. Wherefore put- 


ting AL =6, and AD=sx, as before; we have Lg 


r = + ff = Fluxion of the Ante which 


again multiplied by þ ＋ x, gives the Fluxion of the Forees = 


bbaps f , whoſe Fluent — — 


+275, 0 divided by the Sum of the Moments, Laps 


bpasx 
5 


ys 2 „ will: quote — 2 — , for the Diſtance re- 
ated few! the Point L. Or, if we our L D =g=6b+x 
then will x = g — 8, and the Expreſſion will become 

2. 2 ＋ 2 3 2 35 E a 
bu * 2 + 7 7 | "F188 
1101. From what has bon ſhewn, it is oth, that 
fince a Walking:cane is generally but little tapering, and 
when a Stroke is made therewith, the Center of Motion 
is in the ond, the Center of Percuſſion will be near the 
Part which is g of the Cane from the Hand, but ſomewhat 
nearer to the Hand, on Account of the Cane's not being # 
perfect Cylinder, but really the Fruſtum of a Cone. So like- 
Wiſe a Stroke made with a Sword, (becauſe the Blade'is nearly 
of à triangular, or rather of a pyramidal Form) will be in 2 
Part much nearer to the Hand than in the other Caſe; but to 
determine preciſely where that Point is in a Sword, (or any 
Bedy not ef an uniform Pigure) by an analytical Proceſs, 
would 
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would prove tos intricate an Affair for this Place; but it may 
be eaſily ſound by wa gre A r the next 
ee s f | 
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1102. THE Docbine of 
| PENDULUMSde- 
pends on that of the Deſcent of 
Bodies on inclined Planes; which 
therefore comes next to be con- 
ſidered. It has been fhewn 
(1057) that an heavy Body (as 
A), an inclined Plane AE, 
Gravity diminiſhed in the Ratio of the Links of the 
Plane A E to the Height A B. About the Height of the Plane 
AB, as a Diameter, deſcribe the Semicircle A D B cutting 
the Plane in D, and join DB; then is the Angle ADB a right 
one (645,) and fo the Triangles ABD and AEB are ſimilar ; 
and therefore AE: AB:: AB: A D : : abſolute Gravity of the 
Body: reſidual Gravity, by which it deſcends on the Plane. 

1103. Again, ſince Spaces deſcribed in the fame Time are 
proportional to the accelerating Forces of Gravity (999;) the 
Forces which are as. AB and AD, will carry the Body A 
through the perpendicular Space AB, and the ſlant Space A D in 
the ſame Time; that is, in the Time a Body would fall freely 
from A to B through the Height gn 
from A to D upon the Plane. 

1104. By the ſame Argument it is ſnewn, that a Body will 
deſcend on any other Plane A F (of the ſame Height) to the 
Point G in the ſame Time it would deſcend freely through the 
Height AB; and therefore it follows, any two Chords A D, 
AG of the Semicircle will be deſcribed in the ſame Time. 


I105. 
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1105. PIR AG=DB, then becauſe the Angle FAR 
= ABD, we have the Angle AF BS DBF; and ſince both 
the Planes A G and DB are equal, and both alike inclined ta 
the Horizon, it is evident a Body will deſcribe them both in 
the ſame Time; and ſo the Time. of deſcribing the Chord DB 
will be the-ſame as is ſpent in deſcribing AD. Thus the 
Time of Deſcent in AG and G B will be the ſame. Conſe- 
quently, the Times of Deſcent thro” any Chords D B, G B, will 
be equal, 

1106. Since the Times of Deſcent through AD and A B 
are equal (1103,) the Time (t) of Deſcent through AD (or 


AB) is to the Time (T) of Deſcent through AE, 28 . A . 


to the AE (991 ;) and ſo t-; T*:; AD : AE; but (be- 
cauſe AD; AB:: AB: A E) we have AD: AE:ADꝰ: AB. 
(672) and therefore t“: T*:; AD*: A B*; and ſo t: T:; 
AD: AB:: AB: AE. aid. the Time of the perpendicu- 
lar Deſcent through A B. is to the Time through the Plane A E, as 
the Height of the Plane to the Length. 

1107. The Velocity acquired in falling from A to D 8 
the Velocity acquired in deſcending from A to B, as A 
AB, (for ſince they are generated in the ſame Time, they will 
de as the Powers which produce them, (998.) Alſo the Ve- 
locity at D is to that at E, as A D to VAE (9913) 
that is v: V:: VV AD: AE, and ſo v“: VA:: AD: AE; 
but becauſe A D: AB:: AB: AE, it will be AD: A E:: 
A D*: A B*. Therefore v* : V*:: AD: AB.; and ſo v: 
V::AD:AB. Hence, fince the Velocities at B and at 
E have the ſame Ratio to the Velocity at P, they muft be 
equal to each other (198.) 

1108. In the ſame Manner it is ſhewn, that the Velocity 
acquired in the Point F, in deſcending through the Plane A F, 
is the ſame with that at B. Conſequently the Velocities acquired 
in Deſcents through any inclined Planes AE, AF, E the ſame 
Height, are equal to each other. 
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1109. Hence a Body deſcend- 5 
ing through ſeveral inclined Planes .. | 


AC, CD, D E, contiguous to 
each other, will acquire the ſame 
Velocity in the Point E, as it 
would have at B in falling through 
the ſame perpendicular Height ; 
AB. For at C the Velocity is the ſame as it would be in de- 
ſcending through FC (1107;) and at D, it is the ſame as it 
would be in deſcending through AD; conſequently it is the 
ſame at E as it would be in deſcending through A E, that is, 
the ſame as it would be in deſcending from A to B, the ſame 
perpendicular Heights 

1110. If now we ſuppoſe the Number of thoſe contiguous 
Planes infinite, and their Lengths infinitely ſmall, they will 
then conſtitute a Curve Line; whence it follows, that a Body 


"deſcending through the Arch of any Curve Line A B, will acquire 


the ſame Velocity at the loweſt Point B, as it would have at B, by 
deſcending. through the ſame perpendicular Height A B. 
11. On the Diameter A B deſcribe the 
Semicircle A G B, and draw any two Chords 
DB and G B; join AD, and from D and G 
let fall the Perpendiculars D E, G F to the 
Diameter A B. Then will the Vellcities ac- 6 
quired in deſcending through the Chords be 
as their Lengths reſpectiuely. For the Velo- 
cities acquired through D B and GB will be 
the ſame as would be acquired in the perpendicular Deſcents 


through EB and FB (1105,) that is, as /EBtoyY/ FB 
( 991.) But ſince AB: DB: : DB: EB (659, ) we 


have AB = TFB. in the * Manner it is ſhewn, that AB 


— GB DBT GB + 25 
TF! : therefore ERF = = FF and ſo BD* : G B*: 


EB:FB; conſequently DB:GB: EB. FF: Ve- 
locity 8 through D B: Velocity acquired through GB, 


9. E. D 


11 12. 


— 
n 


— N * N 
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» 


to AB. But we have (by ſimilar Triangles) BC: 


bout the fixed Point C as a Center. 
be in the Poſition AC, and there left to 


will in its Deſcent deſcribe the Arch of a 


| locity there acquired, continue its Motion forwards ( 96%) 


ſing the Motion were in an unreſiſting Medium, and without 
F Aden at C;) for there muſt be the ſame Time ſpent in ge- 


ſame Agent acting uniformly, and conſequently the ſame Space 
ſcribed in the Deſcent. 


an inclin'd Plane, whoſe Height is AB GE. Now 'tis evi- 
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. 1112. If two Planes AE and CD ſimi- 


| larly ſituated, or alike inclined to the Hori- p 
zon BE, then the Time of Deſcent on CD 
will be to that on A E, as U to AE. du 
For the Time on CD is to that of the Deſcent th 

'thro' CB, as CD to CB, and the Time on thi 
AE is to that through AB, as A E to AB | Wi 
(1111.) But the Times through CB and AB are as / CH 


::4DC:vAE. Conſequently the Time on D C is to the 


Time on AE, as DC to the AE, 
1113. APENDULUM: (or pendulout 

Body) is in any Body A hanging at the 

End of a String AC, and moveable a- 


Hence tis manifeſt, if the ſaid Pendulum 


move freely by the Force of Gravity, it > 


Circle Aa E;. and when it arrives at the 
loweſt Point E, it will there acquire a Velocity EP to — it 
would have acquired, by falling freely through the ſame 11 
pendicular Height G E (1108, 1109.) 

1114. The Body having deſcended to E, will, with the Ve- 


and deſcribe an Arch E F in its Aſcent equal to A a E, (ſuppo- 


nerating and deſtroying any given Quantity of Motion by the 
or Arch E F will be deſcribed in the Aſcent, as was before de- 
1115. Draw the Chord of the Arch A E, then will that be 


dent, that when the Arch Aa E is very ſmall, the Chord A E 
will nearly coincide with it, and the Motion of the Body de- 
— on the inclined Plane or Chord, and that of the Pen- 
dulum 


, 
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dulum in the Arch will nearly agree in . FEY 
leaſt be inſenſibly different. Jo n ne ! 

1116. Hence, if there be two Pen. F e177 Yan alt 
dulums of different Lengths CA, C, 
the Times in which they will deſcribe 
the Arches of Deſcent A B and DE, 
will be as the Square Roots of the 
Lengths of theſe Arches, or their re- 
ſpective coincident Chords A B, DE 
(by 1112.) But becauſe of ſimilar 
Triangles ABC and DEC, it will be. 
V AB: DE:: TA: IB 
:t: T. Therefore CA: CD:: t“: 
T*, That is, the Lengths Pendulum 
are as the Squares of the Times of Vibration. 

1117. The Time in which the Pendulum would deſcend a 2- 
long the Chord A E, (fee Fig. of Art. 1113,) is eafily deter- 
mined, being that in which it would deſcend through D E 
(1103, 1105,)= 2 AC ; and the Time in which it would paſs 
from A to P on the/two Chords A B and E F, will be equal to 
that in which a Body would deſcend perpendicularly through 
a Space = 4 DE = 8AC (ggr, Cc.) But this is not 
the Time in which the Pendulum will vibrate through the 
whole Arch AE F. And therefore to determine what relates 
to the Time of a Pendulum's Vibration, (which is a primary 
Conſideration). we. muſt..take' to our Aſſiſtance the Properties 
of the Curve called the W 32.9 which muſt therefore be 
next demonſtrat | 


TEM * 
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1118, If a Circle ABC infſting on a Right Line AL. begin 


to revolve from A towards L, the Point A will by its twofold 
Vor. II. I Motion 


INSTITUTIONS: ' 
Motion deſcribe the aforeſaid Curve or Cycloid A CDIL 
Whence we obſerve, (1.) The Baſe A L is equal to the Peri 
phery of the generating Circle ABC. (2.) The Axis of the 
Cycloid F D is equal to the Diameter of the Circle. (3.) The 
Part of the Baſe K L is equal to the Arch of the Circle IK. 
(4-) Therefore KF (= ME) is equal to the remaining Ard 
IH= GD. (5.) The Angle HIK being always a right 
one, the Chord KI will be perpendicular to the Cycloid, and 
the Chord I H a Tangent thereto in the Point I. (6.) Laſtl, 
Drawing 1 E parallel to the Baſe AL, the Tangent IH wil 
be parallel and equal to the Chord GD; and I K to GF. 

1119. Parallel to E I draw ei indefinitely near, and I pet. 
pendicular thereto ; then by ſimilar Triangles DGE, DGF, 
Isi, we have DE: DG::DG:DF ::I n:1:i ; that is, (put 


ting DF = a, DES, DIS) : V: Vista 


ax 


5: £ = 1; = —== = Fluxion of the Arch DI, whoſe Flu 
4 K 

| ent i 2/7 (803) =2DG= = DL n the rat 

clod DIL = 2 DF, the Diameter of the generating Circle. 


1120. Let AID be a Semicycloid inverted ; and ſuppoſe 1 
flexible String faſtened at one End in A, and ſtretched along 
the faid Curve AID, fo that the other End of the String may 
coincide with the Point D, and thus the Length of the String 
will be equal to that of the Curve. If now a Ball or heavy 
Body were tied to the End D, and left freely to defcend, it 


> deſcribe in one Vibration the Cycloid D C L, provide 
| there 
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there be placed on the other Side another Semicycloid A EL. 
Of this I might here give a Demonſtration, but it is needleſs: 
1121. The Velocity acquired by the Pendulum deſcending | 
through any Arch RC of the Cycloid, is the ſame a Body 
would have in deſcending thro? the ſame perpendicular Height 


O C(1109,) and therefore is as UT; but (becauſe O C: 


SC: : SC.: Ke V OCis as the Chord SC=zRC 

(1119.) Therefore the Velocity in the Inueft Point C, is ever pro- 

portionai to the Space paſſed through, or to the Argh of the Cyclaid 
deſcribed in the Deſcent. 

1122. But in all Kinds of Motions, the Space (S) is as 
the Rectangle of the Time (T) and Velocity (V,) that is, S: 
TV (by 971, &c.) therefore if in any Caſe (as that above 1121) 
it be S: V, it will be T: x, that is, the Time of the Motion 


4: will be a given Quantity, or always the ſame. Hence all the 
Pi Vibrations through any Arches of a Cycloid, great or ſmall, are per- 

Vrmed in equal Time. 
aich 1123. If we put CK gg a, KO=x then 2SC=RC 
=24// aa—ax. If the Deſcent be from L to R, the Ve- 


locity at R will be as KUV (1111.) Now (by fi- 
milar Triangles) it is C O (a—#):CS(/ aa—axs)(:: 
CS:CK=9) ::Rg=(s): R= = 


 aa—ax 


Fluxion of the Arch L R, which divided by the Velocity VF; 


= z= the 


gives - 2 ——— am x —__— a 
Fare iin 92 
Fluxion of the Time. But W IH is the Fluxion of the 


AX XxX 


circular Arch K S, (875. ) ( therefore 2 K f is the Fluent of twice 
) Conſequently the e Fluent of 


that Fluxion, vix. 


e 1 v ax—x* 

ong 2 2K S 

nay the Time of Deſcent through LR is 7 Hence when 8 co- 
"= 47 168 

- incides with C, LR will become LC; and fo the Time of 
it Deſcent thro the Semicycloid L C is 2 K l - 

led Va 


ere I 2 1124 


- 


6% AINDVEITUTIONS/: | 
1184. Therefore the Time of à Vibration throught 


whole Cydloig, LC D:i is e But the Tine of Deſcentthro 
| 2 
tha 3 e is as 29 a + 3 ' therefore we bang 
e 2K 0. That is, The Time of N. 
vV a 
bration in the Cyclaid, is to the Time 7 Deſcent through Hal If the 
Length of the Pendulum, as the Circumference of a Circle to the 
Diameter, or as 3,14159 to 1. | 
| 1125. Let the Time of Vibration of the pendulum A 0 
be = 1 Second, then its Length is thus found. It is Knoten 
by 8 that a Body deſcends freely through the per. 
pendicular Height of 1932 Inches in a Second of Time. And 
ſince the Spaces deſcended are as "the Squares of the Times 
| (991,) therefore 3.14159 : * 31831 10,6 = ACT 
whente A C = 39,2 Inches, And ſince the Lengths alſo are 
| as the Squares of the Times of Vibration (1116,)' therefore 
4: ** 39,2: 9,8 Inches Length of a Pendulum vidrating 
in Z a Second. 
| I 1126. Hence Gince the Length of à Second Pendulum is ſo 
| : conſiderable, the Bob will. deſcribe (without the cycloida] 
| Cheeks AID, AEL,) an Arch of a Circle F Cb, which 
will nearly coincide with the Cycloid for a ſmall Space þ f. 
Hence all the Properties of the common Pendulum vibrating 
through very ſmall Arches hg, will have the ſame Properties 
as though it moved in the Arch or Curve of the Cycloid. 


| l 


* 


_ — — * _ * — 


90 * T0 make this Pian, we Eur 60710 — 


= V - A: - derefore T = > == 5 (becauſe V * 8) but theFlu- 


e 
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1127. Let A B be any Sort of Body ,, FP 4% 
ſuſpended from an Axis à J, and move- 
able freely about it; then will it be- 
come a Pendulum, and vibrate in the 
fame Manner with the common Pen- 
dulum CF. For if it be taken out of 
the perpendicular Poſition A E into 
any other AB, and there let go, it 
will by its Gravity deſcend, and paſs 
the ſaid Perpendicular. A E to a Diſ- 
tance on the other Side equal to E B, 
and ſince every Particle in the Rod en- 
deavours thus to deſcend, and all thoſe 
Particles are connected together, their ; | 
Forces will be all united in one parti- : - "WE" 
cular Part as G, and that Force will fo I B 
act upon the Body A B, as if all the 

Matter thereof were collected in that Point; and hence the 
Point G is called the CENTER or OSCILLATION in ſuch a 
Sort of Pendulum. 

1128. Hence it follows, that any Body A B being hung upon 
an Axis to vibrate, the Time of a Vibration will always be e- 
qual to the Time of Vibration in a ſimple Pendulum FC, 
whoſe Length is equal to the Diſtance A G of the Center of 
Oſcillation- from the Axis of Motion in the Pendulum AB. 
And therefore a Method is hence obvious of finding the ſaid 
Point G, or Diſtance AG in any Body whatſoever, viz. by 
taking a ſingle Pendulum F C that ſhall vibrate in the ſame Timt. 

1129. From the above Definition of the Center of Oſcillation, 
it is eaſy to underſtand that it is the very ſame with the Center 
of Percuſſion i in the Body or Rod AB, for ſince the Point G is 
that in which the Forces of all the Particles are united to gene- 
rate Motion in the Body, and the Center of Percuſſion is that in 
which alone the Motion of the Body can be all deſtroyed (1090;) 
it neceſſarily follows, they are both one and the ſame Point ; 
and therefore if A B be of an uniform Figure, it will be iſo- 
chronal (or vibrate in the ſame Time) with the common Pen- 
dulmFC=AG = AB, (1099.) 


1130. 
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1130. From what has been premiſed coneern- F 
ing the Center of Oſcillation, *twill be eaſy to 
ſolve the following Problem, wiz. Any Biay B being © . 
fixed to the End of an inflixible Line C B vid f 
Gravity, tis required to find the Diſtance of the Cen- 
ter of Oſcillation, when another Body A it fixed to tbe 
ſame Line, ſuch that the Pendulum compounded of : 
thoſe two given Bodies, ſhall perform its Vi brations in 
the legſl Time poſſible. Let CB = a, CAS , 
and CD = u, the Diſtance of the common Cen- 
ter of Oſcillation, which muſt be àa Miuimum by 
the Condition of the Problem; 3 now n = 
EN 5 1 * (1094, whoſe Fluxion muſt there- | 


POS Solon Bol eh bd 6 
aB+xA | 
＋ Nb 
which will =_y x * * * =" ; . by en 


* Square, and 3 the _ we wall find * == 


V A B + B I . ' { 
1131. Having thus found x = C A, if we ſubſtitute j its Va- 


REED, the Diſtance O D 0 
the Center of Oſcillation of the compound Pendulum becomes 
known, and thus any ſingle Pendulum of the Length CD = n, 
will vibrate in the ſame Time with the compound one. 


1132. Since the Lengths of Pendulums will alter with Heat 


lue in the Equation 1 = 


and Cold (as we ſhall hereafter ſhew by the PrrRomeTER) the 


Times of their Vibrations will vary alſo on that Account (1116,) 
and therefore when applied to Clock-work and other Uſes, the 


Compound Pendulum will be preferable to the ſingle one, in as 


much as the Body A may be conſidered as a Corrector of the 
Motion of the Pendulum CB, ſince its Center of - Oſcillation 
D may be always kept on the ſame Point by moving the Ball A 
up or down by Means of a Screw on the Rod CD, But in 
this Caſe great Skill and Caution will be required for a pope 
— 
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1133. Henee it appears, the Nature of the Pendulum (of 
any Sort) conſtitutes it one of the beſt Kind of CHrRonome- 
TERS; of Inſtrument for meaſuring Time; and alſo by this 
Means it is applicable to ſome Caſes of ALTIMETRY, Loxoi- 
METRY; Wc. and thoſe too, where Trigonometry is either 
wholly deficient, or cannot be fo eaſily applied. It moreover 
ſerves for the Meaſure of 'Forces of Percuſſion, | Reſiflance, Velocity, 
Ec. and in fuch Caſes where the common Methods of Art will 
fail us, and which yet make the moſt effential and fundamen- 
tal Part of the genuine Theory of Gunnery, The PENDULUM 
is alſo the only Original and Philgſaphical STANDARD of Mea- 
ſure of LENGTH ; and if the Length of the Pendulum vibr#- 
ting Seconds, had at firſt been made the STANDARD YaRrD, 
to all Nations, we ſhould have had no Doubt about their cther 
Meaſures, or Dimenſions, which now lie involved in the grea- 
teſt Uncertainty and Obſcurity; all theſe Particulars will fully 
appear in the Sequel of this Work, 


- ” 
Alt. Cm .. n 


CHA P. IX. 
The Phyſico-Mechanical PRINCIPLES of Baie 
Is, or the Doctrine of PROJECTIL ES 


applied to the Solution of all Caſes in G U N= 
NERY, 


1134+ Jo nj uniform Motion, or that whoſe Velocity i is always 

the ſame, if the Time (T) be given, the Space (S) 
paſſed over will be as the Velocity (V); and if the Velacitiy be 
given, the Space will be as the Time; but F neither the Time 
nor Velicity be given, the Space deſcribed will be as the Product or 
Reflangles under both, viz. S: :: TV: t v. This we have 


largely ſhewn (971, &c.) 


1135. If the Motion be not en and equable, but a ac- 
celerated by a continual Action of the Force which generates 
the Motion; and this continual Action of the Force be equa - 
ble and uniform, or in every Moment the ſame, then will the 

Velocity 


't 
f 
| 

1 

L 
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Velocity cath and uniformly accelerated, or increaſe. e« 
qually with the Time, and will therefore be proportional tg 
the Time; and this is the Caſe of Bodies falling by their 
Weight or Gravity, which near the Earth's Surface. is every 
where the ſame. Therefore in this Sort of Motion T: t te 
V. 2% 

1136. Now though in reſpedt of any large Interval o& 
Time, the Motion of falling Bodies. is accelerated, yet -in the 
fluxionary Moments of Time the Acceleration is ſo ſmall or 
inconſiderable, that with refpe& to any proximate Moment: 
the Motion may be eſteemed equable; and conſequently the 
Space deſcribed in thoſe Moments will be as the Rectangle under 
the Moments or Fluxion of the Time and Velocity, that is, j 


=: v(1134) Alſo ſince T; t:: V: o ;mehavet = Tv; and 


V 


have 8 = LY v; and therefore S = _ vo. Whence the Space 


deſcribed by a Bec falling freely by its Gravity, is always propor- 


fo t = 2 which if ſubſtituted for t in S Si, we ſhall 


tional to the Square of the Vehecity, ſince T and V are given Quan- 


tities. This agrees with what was rn in n (991, Sc.) 
1137. Since t = Ve, 'tis plain the | | 
Motion.is rectilinear, and the Space de- 
ſcended ſuch as may be repreſented by 
a Triangle, one of whoſe Sides repre- 
ſents the Time, the other the Vellcity. 
Thus, if the Triangle A BC repreſent 
the Space deſcended through in any gi- 
ven Time A B, and BC he the Velocity + acquired at the End 


of that Time; then will the Triangle ADE be the Space de- 


ſcribed in the Time AD (992,) and DE (parallel to BC) will 
be the Velocity acquired in that Time. And fo the Triangle 


ABC(S):ADE(s)::AB'(T*):XD* (:: FN (v*): 
DE (v*). And therefore A B (T); AD (t)::B C(V): 


DE (v); (67x) which gives the E uation preſſing 
of a Triangle, as above. Y 5 a 1 


1138. 


4 
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1138. Hence we may eaſily compare the Spaces paſs'd thro? 


: | 

1. to Wy Body moving with an accelerated Velocity in the Time 
heir A B, and afterwards with an uniform Velocity, equal to the 
very laſt acquired Velocity B C, in the ſame Time. For the Flux- 


jon of the latter Space is s t VS Ddg G; and the Fluxion 
of the Former, or that deſcribed by the accelerate Velocity, is 


. 7 voy e D de E, whoſe Fluents t V and EY v vare the 


Spaces themſelves ; but ſince by the Suppoſition T = t, and 
V =o; thereforetV:—; vv::2TVV:TVV::2:t. 
That is, he. Space deſcribed by the equable Motion is to that by the 
accelerate, in the ſame Time, as 2 to 1 ; or as the Reftangle A B CF 
to the Triangle A BC. (See 993. 9 

1139. If the Times are not in the ſimple Ratio of the Ve- 


locities, but as any Power t“ to any Power v*; that is, if t: 
hy 


*, andſot:v*; then ſince this is a Ratio expreſſing the Na- 
ture of a Parabeliform Figure, *tis evident the Motion will now 
be Curvilinear ; and the Tract which the Body deſcribes will be 
the Curve of ſome Kind of Parabola. If n = 1, and m = 2, 
then t: *; or AD: BE, then will the Curve AE C which 
the Body will deſcribe, be that of the common Parabola. If 
1 1, and m S 3, then will t: *; and the Curve will be 
that of the cubical Parabola. If n = 2, and m = 3; thent®: 


v5, or t: 5, and the Curve will be that of the Semicubical Pa- 

rabola; and ſo of others in infinitum. 
1140. Here alſo, the Space deſcri- 

L bed is repreſented by the Parabolic A- 

: ra ABC, which is to the Space ' 

ABC F deſcribed by an equable Mo- 

4 tion in the ſame Time A B, and with 

| 

le 


1 


8 1 2 
38 
— 


the laſt Velocity BC, as 2: 3, or as Ss E: 

n: n ＋ m, as we have before ſhewn | \ 

(827.) n . 
a 1141. This accelerated Motion in th B C 


Curve of a Parabola is the ſame with the 


Motion of a PROJECTILE, For if the Body be projected (as 
4 Vol. II. K from 
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from a Cannon) from the Point A, in the horizontal Direction or 
AF, it will- proceed with an equable Motion; and therefore A. 
the Spaces AH, AG, AF will be as the Times of deſcribing 
them; but while the Body is going from A towards F, it is con- 
ſtantly acted upon by Gravity, and drawn downwards towards the 
the Earth's Center, and therefore in a Direction A B, perpen- A 
dicular to AF; by which Means the Motion towards F is not in 
at all impeded. | | 
1142. Therefore ſuppoſe in the Time it would by the equa- | 
ble Motion arrive at F, it deſcends by its Gravity through the Bo 
Space AK, then drawing K I parallel to A F, and HI to AB, acc 
*tis evident by this compound Motion the Body will be found fol 
at the End of the Time AH in the Point I. But AH, the cer 


Time, is as VA K, the Space deſcribed by the accelerated W 


Motion, or AK is as AH, or KI, confequently the Point Ti 
T is in the Curve of a common Parabola (740, c.) and the ted 
| ſame may be proved of all the other Points E, C. Therefar == 
the Path of a Projectile is the Apolonian Parabola. Pr 
1143. If the Projection be | 
not in the Horizontal Direc- 
tion, but in oblique Direction 
l A N, then alſo will the Curve. 
8 or Path of the Projectile AEM 
A be that of a Parabola, as is 
demonſtrable in the very ſame A 
Manner, as before in the other | 
Caſe. 7 
1144. As the equable Mo- x 
tion, or that in the Direction IB. 
of the Ordinate K I, is in the Point A and every where the yo 


ſame ; but the accelerate Motion, or that in the Direction of the 
Abſciſs A K, is nothing in the Point A, but there begins and th 
conſtantly encreaſes; it muſt happen at ſome Point in the ! 
Curve that the Velocity of the accelerate Motion is equal ta the Hal- 
city of the eguable Motion, vix. there where the Fluxion of the th 
Ordinate and Abſciſs are equal. Which Point is thus eaſily de- b. 
termined from the Equation of the Curve p x = ; which, in | 
Fluxions, iSÞX# = 2) js and making x =, we have p = 2 th: 
* 
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ory = 3 þ3 therefore y =P =p x; hence x =; þ = 
AK; whence K is the Focus of the Parabola. 

1145. Hence, if in the Axis produced, we take AL 
r of the Parameter of the Point A, then will the Point L be 
the Altitude, from which if a Body fall, it will in the Point 
A acquire ſuch a Velocity, that if it be from thence reflected 
in the Direction AF, it will deſcribe the given Parabola 
AEC. 

1146. Now ſince it requires the ſame Force to project a 
Body from the Point A to the Altitude L, as the Body will 
acquire in the Point A, by falling from the ſaid Altitude L, it 
follows, that this Altitude is given from the Time of the Aſ- 
cent and Deſcent of the Ball projected perpendicularly up- 
wards from the Muzzle of the Cannon ; and conſequently the 
Trajectory or Curve which the Ball will deſcribe, when projec- 
ted with the ſame Charge of Powder in any Direction A F 
whatſoever, will be given alſo; and the Solution of the common 
Problems of Gunnery very eaſy. 


1147. Thus, for Example, if about A L as a Diameter 
you deſcribe the Semicircle AK L; then as AL is the Mea- 
ſure of the Effect of the direct Force of the given Charge; fo 
the Chord of the Circle A H will meaſure or repreſent the 
Effect of the ſame Charge in the oblique Direction A H. For 
the direct is to the oblique Force, as Radius A L to the Sine AH of 
the Angle of Incidence ALH = HAD; as is evident from the 
Reſolution of compound Forces, (1027, Cc.) 

1148. Now ſince AH is as the Force! of the Engine in 
that oblique Direction, ſo this may be reſolved by two o- 

K 2 thers, 


0 
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thers, viz. H D perpendicular to the Horizon, and AD pu 
rallel to the ſame. Therefore will HD = BE, be the grea. 

teſt Height to which the Ball will riſe in that Projection; 
and 4. A D=AM, the horizontal Diſtance, Random, or 
Amplitude thereof. For ſince AL: AH:: AH: HD; the 
Height to which the Ball will riſe with the Celerity H D is 
to the Height it will riſe with the Celerity A H, as HD! 
:AF::HD:AL; but AL is the Height with the Cele- 
rity AH; therefore H D is the Height with the Celerity HD, 
Again, the horizontal Velocity A D, being uniform, will carry 
the Body through twice the horizontal Diſtance A D in the 
Time it will riſe to the Altitude H or E; and therefore thro 
four times AD, while it aſcends and deſcends thro' the Alti. 
tude DH or BE. 

I149. But theſe Matters are beſt inveſtigated by Fluxions, 
in the Method de Maximis & Minimis, by finding the Rela- 
tion of the Abſciſs AD to the Ordinate D I. In order to 
which let Radius, Sine, and Coſine, of the Angle of Elevation 
HAD be called 1, s, Cc. and put AD = K. Then wil 


c: 1 * ==AH, And e:5::4: == DH. 


1150. Alſo let m = Space which the Body would deſcribe 
by an equable Velocity in the Time = t, and n = Space it 
would deſcend by its own Gravity in that Time, Then m: :t 


PET 1 = Time of deſcribing A H == Andas; 
c mc . 

3 $204 —— — = HI, the Space through which the Body 

m c m* c 


deſcends in the ſame Time. (1136,) 
1151. Hence DH HI = 


ec - Oe we - 
= DI, which is to be determined to a Maximum, by making 


CSM X — 21 XxX 


m* 2 4 


1 x* . m 5X — x* 1 


its Fluxion 


= o, ($18.) which gives c 


C 
=2nx; and therefore x = 


: þ = AB, becauſe now D Is 


a Maximum, and =BE = _ * Height of the Pro- 


jection. 3 7 
1152. 


=. ” 3 , * 
of the Phyſico- Mechanical Matheſis. 69 
— = So; then cs m* 


= AM, the Amplitude of 


1152. If we make DI = 


£5 m* 


= nx; and therefore x = 


the Projection. And then = will become — = the Time 


of the whole Projection. 
1153. If we make the Angle HAD a Right one, then will 


AH coincide with A L, and A L will be the Height, or Im- 


petus of the perpendicular Projection, and will be equal to 
5 becauſe in this Caſe I in the Expreſſion of the Height 


* m* — 
4 u : 
2 


„1154. If now we put AL = 7 = a; then will the Height 


of the Projection in the Direction AH be BE = as, and the 
Amplitude AM =4acs. And fince1:5::4a:5sa=AH; 
therefore t:c::5a:acs=AD = A AM, as was ſhewn be- 
fore, (1148.) 

1155. Hence 'tis plain the greateſt Random or Amplitude 
will be AM, made upon the Elevation AK, of an Angle 
KAD= 45?, becauſe then A D becomes a Maximum, or 
equal to CK, and the Height of the Projection will be BE = 
ACS ALSA and therefore the horizontal Ran- 
dom A A is in this Caſe the Parameter, and B the Focus of 
the Parabola A E A. | 

1156. In this Caſe only the Perpendicular H D touches the 
Circle in the Point. K; in every other Caſe it will interſect it 
in two Points H, H, which therefore give two Elevations 
AH, AH, for ſtriking the ſame Object M on the Horizon, 
either of which may be taken as the Exigence of the Caſe ſhall 
require, ; ; 

1157. There is, beſides the above, another Method very con- 


. ciſe and ſimple, and yet general for all Caſes in the Science of 


BAL1sTiICs, by Means of the Tangent inſtead of the Sine 
and Coſine of the Angle of Elevation as before. Thus, put 


AL = @, the Velocity of the Projection will be as Wi 5 
(1145. 
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( 1145.) Alſo let A Hf, and HI z. Then for the Di. 
rection A H we have f 2 2. V4. V (992.) Whence & 


= 4 4 Z» 
1158. Again in the Triangle AD H, we have Radius: 
Tangent ::1:#::AD:DH, and putting AD = x, and 
DI). we have DH Ax; and HI=DH—DI= nx 
— y = xz. 

1159. Alſo AH! = HD*+ A D*; that is, E = * x*, 
Hence ** + * * = 4 @ 2, (1156 ;) and therefore z = 

1 


1 * — 5 2 (1157 ;) from whence we get 4 4 12 


44 
— 4 +1ifx* =x* Xx 1+nn. From hence the prin- 
cipal Caſes of Gunnery are eaſily ſolved, 


1160. CAS REI. 


With a given Impetus (or Charge of Powder) a, to flrike a gruew 
Point O, at a given horizontal Diſtance A B. | 


g O 

| Put A B — 5, 
and OB =c; 
then will x = b, 
and F ID ©& and 
the Equation a- 


bove ( 1159, ) 


will become | 
an+1Xxbb ＋ 


24246 —4 5 
ac, from whence 7 
we get the Tan- 


gent of the re- | 4 
quired Angle of | Ker 


'S MY © 


Elevation 2 — V 7 D E N \ 
20 1 ,— = Bt 
7 * 7 v1 44% . Whence it appears there are 


two ſuch Angles or Poſitions of the Cannon that may be taken, 
agreeable to (11 56.) 


1161. 
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1161. If the Point O be in the Horizon, then O B=c= 8, 


and u = * ＋ 42 -]; and if O be below the Ho- 


rizon, it will be negative, or — ; and then # = +5 


or greater than 4 @c + b, elſe the radical Quantity wall be ne- 
gative and render the Solution impoſſible. 


1162. CAS E II. 


Jo find the Elevation that ſhall produce the greateſt horizontal Ran- 
dom poſſuble, with a given Charge of Powder, 


4 1 
n +1 
made = 0, will give * 1, or n mr, and ſhows 
that the Angle ſought is 45?, (as in 1155.) 


X a, whoſe F luxion 


- Mia tos a eta 


1163, CAE III. 


Ts find the Charge f Powder requiſite to ftrike the given Point 10 on 
a given Elevation of the Piece. 


In this Caſe we have = bb== a, which gives the Ve- 


locity of the Ball at the Muzzle of the Gun, (1146.) 
1164. If we make the Fluxion of this Value of (a) = e, 


itwill given => ce; and if this be ſubſtituted 


for u, in the foregoing Equation, we ſhall have a = 4 c þ+ 2 
Vb ce, the leaſt Charge of Powder that will throw the Ball 
en the given Object O. 27 | 
1165. Join AO=/ bb + c c; then ſince theleaſt Im- 
petus a= AL = ZBO +ZA O; if nOB continued out we 
take OC AO; this B Ci is the Tangent of the Angle 
and AC the Elevation of the Mortar, for ſtriking the given 
he O with the leaſt Charge, For Radius: Tangent : : 


Je + 4ac—bb. In every Caſe 4 aa muſt be equal to, 
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1 Ab. c + VTFF«(=BO + OC) whence n= 


c + Tb + cc bb ec 
3 | 

1166. In this Caſe, ſince AO g OC, the Angle OAC = 
OCA, and ſince BC and AL are parallel, the Angle ACB 
—CAL; and therefore the Angle CAL = CAB, whence 
it is evident, the Line of Direction AC biſects the Angle 
140... | 

1167. Therefore if EF be a reflecting plain Surface, placed 
on the Cannon, perpendicular to its Axis, and the Cannon be 
moved up and down, *till an Eye placed over the Glaſs, ſees 
the Object O in the Pependicular AL (conſidered as a Plumb- 
Line) then that will be the required Elevation of the Piece for 
ſtriking the Object O with the leaſt Charge. And this mecha- 
wical Method was firſt invented, or obſerved from the Theory 
by the late Dr. HALLE. 8 

1168. We might here largely inſiſt on Rating the Ratios, 
and finding the Values of the Time, Direction, Height, Ampli- 
tude, Impetus, &c. of Projections; but as they are eaſily de- 
ducible from the foregoing Theorems, and we are not now on 
the practical Part of Gunnery, it will be Ba our i 
dwell any longer on this Head. 

1169. And eſpecially, if it be conſidered, that this Theory 
of Projectiles in Yacuo is only of uſe in two Caſes, viz. of 
Swift Mations in Vacuo, ſuch as thoſe of the Planets ; and Slap 
Motion in a Reſiſting Medium, as that of Spouting Fluids, &c. 
but for Swift Motion in a Re/iting Medium, ſuch as is that of 2 
Bullet or Bomb in the Air, it can be of little or no Service; as 
we purpoſe to ſhew further on, when we ſhall treat profeſſedly 
on the ELEMENTS of MILITARY PHILOSOo HV, and from 
thence deduce a NEw and GEN UINVE THEORY of GUNNERY, 
which though the moſt neceſſary, has hitherto been the leaſt 
improved Part of the MRCHANICAL PRHILosoRHV. 


as before. 


CHAP, 


W at the Diſtance AC; again, 


& : CTY ** 


Ar. K* 1 al op 


Of the Pr yEG Sik and CenTRAL Forczs by: 


which Bodies deſcribe CiRCLEs or any Species of 
Circular MoT1on ; 42 Compariſo bn and Cumputa- 
tion of the FORCES, TUO | and Period . 
a TIMES, . th. $6 | 


170. LVL. Obe any Wu 
attracting Body, A 


any leſſer Body attracted by it 


ſuppoſe a prqjectila Forte 1m- 
preſſed. on the Body A in the 
Direction A Hy perpendicular 
to AC, and ig ſuch Proportion 1 
to the attractibe Force of C, aas . 
that the Body being at Liber- er eee 
ty, and urged by both, may me hs 

deſcribe the Circle A FP B A about the central Body ( — 

1171. Let AF = = be the Aluxionary Arch deſcribed i in lite 
firſt Moment; and from. F let fall the Perpendicular FE, FG,. 
on the Right Lines AC, and AH; then will AG de to AE 
(=GF,) as the Projetiile Forte to the Attractiue Farce, at the 
Diſtance AC. Which latter Force is called the  Centripetal | 
Forte, as being thereby carried towards the Center of Attrac- 
tion C. Draw the Radius CF. 5 2 the Chords AF and BF, : 
and put A C =, and AB e the Natuce'of the 


4% 


Circle, AB: AF. A F.: AE No becauſe, the 


Sine FE, the Arch. A F, the Chord A F, and the Tangent 
A G are all equal to each . in their fot or 1 State; 


22 


therefore = will i in \ that Caſe be . — 43 whence X:% 


: di: the Centrifugal Force : the ProjeQile Force ; and be- 
* II. . cauſe 


„ TNS TITUTTOoN S» 
cauſe æ is infinitely leſs than d, therefore æ the ProjeAile Force 


does infinitely exceed , the Central F orce in circular Motion. 
1172. In any otter Circle 1LD, the ſame Things are re- 


ar by Fivans, Symbols F = 55 n 2 


. 3 that is, the Central. Farce in two afferent Cirdes, an 


as the Squarts of. the:Rrojefile, Forges, or circular Feb applied 
to the Diameters of the Circles. : 
| F, f, repreſent the Central Forcks &, x. 


ins 


+: | Vo: the circular Velocities z 
N T, t, the periodical Times 25 Reder 
z Let! ladet 
7, rap Deb che Dameters ofthe Cree, 
/ Yu , . Nadi. 70 917 


| P, . —— the Fee of the Circle 
Then vin we Equation a above <= _— = d 


100. 


El andſoF: 71 vv x2 5 5 2 45 dn is, he Hr 


ces are as the Squares of the Velrrities diretth, ak, as the Bae, 


reciprocally, as before. 
3174+ If the Bodies I and A fo move as to Aha equi 


Areas, i in equal Times, (vz. ILC = => e ries 
d 2 et 770 NEO ts. IR co dem- 

r 10 
by 1K 2 x) np vi a 4. That in de. 


tri ifugal Fo arces e en as s Cubes "of the Diameters,' ( ar 


Rake of the Circles. | e 
1175. If D 4, then F: f: V. 2 b e al 


a; is the $ 2 of the 22 in rhe un- Orclr. If VA 
then F. fe : ! . Di or the Firees APE AE 


& ” 
iamerere, toben the Velocitits are j. 


1176," Siade the Motion in a Cirele is cquable, the Spacts 
will be as the Times; and therefore as V:P::1:iT; hence 
TV = =p, and fo V T Vr beat 2 = v7 


0 IE . » . . | 7 1713) 
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of the Phyſico-Mochenical Matheſis. FS 
11713) therefore P* = T*DP = 3,1416:D Dz whence T*F = 
3.1416 D; and ſince $146 is a conftant Quantity, ve 


Gall bare F alway#'as Er 5 or P of 2 2 = that” ir the 


central Forces in different Circles will be as. ohe  Diameters. dineh, 
and reciprocally as the Squares of the periodical Times. 9s wh 

1177. When T = t, then F: f:: D: 4; that is, when 
the periodical Times are equal, the central Forces ar are as the Di Nonces 
from the Center direct. 

1178. When D = d, F: f:: : T= or ts Forces are re- 
ciprocaliy as the Squares of the periodical Times in the ſame Cirtir. 

1179. If F = = 6, then r = ar! A* VS; 
4 4; that is, the periodical Times are in the ſubduplicate K 


the Diſtances, when the Forces are equal. MO oy 


= 2; nt Poe * D J; or the Squares of un fe. 


ties are then as the 8 the Center. Hence al 
Tete: D: ) : V: v; that is, when the cent. Fories 
are equal in RG ap Circles, the periodical Times will be cn the 
Celkrities. 

1180. Again; W ViE b, wehive T: t: 69 29 * D 

d; that is, when the Veleities are equal, the periodical Lib * 
be as the Diameters diretth. And when D = d, then T; t: 

:V; that is, — A de the 
Pehcitics. 


1181, Since when Þ''=> we had T:t: . AH. a 
when V gg u, we had T; t::D;d; therefore when neither 
F, nor V are gen, ie lt be ner 4 or 
T.: :: Ds: d* ; that is, the Squares of the periodical Times 
are univerſally as IN Cubes of the Diſtances of Bodies W 
about the ſame Center CO. 3 


1182. Or thus more generally; let F: R :DY: > ＋ 


© ; whenced®Dt* S Dar-; ord®—* rf b r- and ſo 
„ ( 
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2 2 —.— > EL 1 rene 
: Ig 24 2, ::)D 2. >: 27 ©, n Rh 
then T: t: De 1 De 
When m = 1, ret: ::: : I, viz. when the 


Forces are as the Diflances, the Times of a Piriods will be equal, 
in any Circles whatſoever, ors if m = —*; then T + > 


D* Hf, or TX: 51 D>:: ; but in this Caſe F : F: D 

:d=*::4*: D*; that is, —— the centripetal Forces are in- 
| verſeh as the Squares of the Diſtances, then will the Squares of the 
periodical Times be as the Cubes of the Diſtances. And this is that 
univerſal Law of Nature which is found to obtain i in the Me 
tions of all the heaumily Bodies. 3; 
1183. In the aboye Theorems and . we kits ex- 
hibited the Ratios of the Forces, Velocities, and Times 6f 
. in different Orbits, but to expreſs them in their 
proper Meaſures for any given Orbit whoſe Radius is r, we 
mit proceed in the following Manner: The Force is meaſured 
by the Velocity that may be uniformly generated i in a given Time, 
1. which let us expound by the Power * (the 2 Power of the 
Radius (r.) Then the Diſtance through which a Bray will free- 
ly deſcend in the ſame Time will be expreſs d by 2 (993) 
Therefore if A F he an Arch deſcribed in the Time (t,) the 
Diſtance AE deſcended in that Time, will be found by _ 
Analogy ; as I*: *:; x7": = — — 2 =AE (992.) 

11 184. Now from the Nature of the Circle, we have A F* = 
Lbs 1 


ABXAE=2ACXAE=2AE x Ac x. 
Tr o+r . Fre- 7 * Iv —— 
ITED» therefore ” 1 = * 1. — 57 wi = 


1185. But in — Motions, the Dates deſcribed with a 
given Velocity (*) will be as the Times (9713) therefore T; ; 
x 1 * I 1 4. I R 
r : = the true Meaſure of the Celerity in the 
Circle, /This might _ been deduced from (117 3) where 
05 TE ö 


| 1186. 
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1186. Then by putting q = 3,141 50, Sc. we mall have 
a+ I — 
2791297 * = the true Meaſure of the periodi- 
cal Time. 

1187. To find the 1 8 through which a Body muſt de- 

Us ; #42 1 N 

ſcend, to acquire the Velocity r „ we have *: 7 + * 


x 2n +4 
is = ED = He = + 992.) Th Pali 


the Circle therefore is acquired by a Deſcent through half the Radius, 

1188. To accommodate theſe Expreſſions for Uſe; ſuppoſe 
the Force we ſpeak of be that of Gravity; then its Meaſure 
"= 28 = 323 Feet, becauſe it is known by Experience, that 
'f =8 = 16p; Feet for the Deſcent in the firſt Second of 


L 


Time. Therefore 28, and 'y 2 2 =Y/Tor= 
the Velocity per Second, in any given Circle whoſe: Radius is 


(r.) 10 | 
118g. Again, Vg arri Lg WY = 
ernie 14754 


T, the periodical Time, as is evident from (1186); becauſe 
2r =D, the Diameter, and 2 7 9 = C = the Circumference 


of a Circle, therefore vV Ds = Velocity, and = LA = peri- 


odical Time; which Narr are now in the moſt ſimple 

Forms. 

1190. Suppoſe a Circle equal to 8000 Miles, or 42000000 Feet | 
in Diameter, which is nearly equal to that of our Earth's Circum- 

ference, and the centripetal Force beequal to that of Gravity; then 


will D = 42000000, and s = 16,0833 andſoV Ds = 5 26500 


Feet the Velocity ; and SEES = $075 = = *: 24: : 35% 
nearly the periodical Time, at the Diſtance of the Earth's Sur- 


face. 
1191. In any Circle, whoſe Dumeter! is d, and t the Time 
of Revolution in Seconds, then the central Force in ſuch a 


Circle may _y 8 with Gravity. For knce 2 


2 5 
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. eg gar f. that is, 
| d C4 — 
Gravity, orF =1) 7 28 e = 1 


central Force PI | 
1192. For Example, ſuppoſe A 
a Ball of one Ounce, whirled about 
the Center C, ſo as to deſcribe the 
Circle AB DE, and each Revolu- 
tion be made in Half a Second ; 
and let the Length of the Cord 
A C be two Feet. Then t = 2, 


and 4 = 4 and © =0,61365 | * = 


therefore r = 9,818 = the central Force, or that by which 


String A C is ftretched, viz. 10 Ounces nearly. 
1193. If the String and Ball be ſuſ- 
pended from a Point D, and deſcribes in '* 

its Motion a conical Surface ADB; 
then putting D Cg I, AC = x, il | 
AD g; and putting F = 1, the 
Force of Gravity, as before ; then will 
the Body A be affected with three Forees, 
wiz. Gravity acting in the Direction 
DC, a centrifugal Force, in the Direction C A; 7 * the Tate 
of the String, or Force by which it is ſtretched in the Direction 
DA; hence theſe three Powers will be as the three Sides of 


the Triangle. CA D reſpectively, ( 1031) and therefore as CD 
(=): AD (SCH; > = Tenkion, of the String chi- 
pared with the Weight of b Body. 

1194. And CD (=) CA(=1): :1: Le ! (2x91) that 


. 24 r 29* rh p 
18, Ix: s rr T = 1, therefore 26x4 


E s or becauſe — 522, we 
1195. 


have t - 1,108 VT to — proc Fe 
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195. We farther obſerve, that att 8 S the Space any 
Body deſcends in the n ſince 18 : tc: : 8: S'( 992; ) 
ers ack 2b x] =8tt x , we have 1*: q ( 
314159): :2bÞ:(stt=) 8; that is, as the Square of the 
Dante is to the Square of the Periphery of any Circh, ſo 5s twice, 


the Height of the Cone to the Space through which a heavy Boch 01 


Iſcend in the Time of one Revolution. 
1196. Since the mean Diſtance of the Moon is nearly 60 


demidiameters of the Earth, or 1257696000 Feet; if C be the 
Earth and A the Moon, (Fig. to 1170) ther Will AB= 461 5202005 
and the Circumference of her Orbit AFB A = 7897834380, 
which is deſcribed in 274: 7d: 47 = 2360580”. Hence the 
Feet paſſed over in one Second will be 3346 =AF=V, 
9 ce. 11128976 
Therefore A F* = 11128976; whence IT 0.00443 
= AE, the Diſtance through which the Moon would deſcend 
in the Time of one Second, if the circular Motion were to ceaſe, 
Now on the Earth's Surface Bodies deſcend in the ſame Time 
16,74; Feet; but 0,00443'; 16, 14: : 1: 3643; which is very 
near as F tu 3600, the Squares of the Diftances from the Earth's! 
Center reciprocally ; and therefore confirms the Law of . 
Forces above laid down * ) ms 
1197. Again, finee T* ; 0; D*: 4 we bs D= — 
bot : d 17:21 = 2360580": 2300500 - — 835; 5 
| bo® ; 
57, the periodical Time at the Earth's Surface, meaty the 
&me as in (1190.) | 
1198. And ſince when D = = d, we had T*: ta: FF 
therefore as 24 = 1440”, the Square. of the Tims of the 


Earth's diumal Rotation is ta 84 » the Square of the pero 
cal Time when the Force is equal to en ſo is 1 U 


— or ſo is 293,8 to 12 the central Force on the Bees 
of the Earth ariſing from the Rotation. Hence the centrifugal 


Force, viz. that by which Bodies endeavour to fly off from 
the Earth's Surface directly from its Center, is to Gravity, 
nearly as 1 to 293, 8 under the Equater, 


1199. 
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1199. But at all Diſtances from the Equator to the-Pole, 
this centrifugal: Force continually diminiſhes. in the Ratio of 
the Velocities of the Places ( 1177 ) ; but theſe Velocities 
are as the Diſtances from the Earth's Axis, or as the Co- ſines 
of the Latitude; therefore the centri e Force isevery where to Gra- 
uity ar the Co-ſine of the Latitude to 293, 8; the Radius being =11. 

1200. Let AFB, and ILD be the Orbits the Moon, deſcribes 
about the Earth and Sun (Fig.to1170); then will the Semidiame: 
ters of thoſe Orbits be A C = 240000, and I C = 80000000; 
and if we put the Earth's annual Revolution, or periodical Ame 


— 1, then will that of the Moon be 355 20 0748; ö 


Squares of which Times will be I and 0,005594. And there 
82000000 240000 
'i * 0,005594* 
80000000 : 43800000 : : 800: 438 :: F: f. That is, the 
Gravity of the Moon to the Sun is to its Gravitation to the Earth, 
as 800 to 438, or as 1,82 to 1 nearlx. 
1201. Laſtly, we may compare in this Manner the centrifugal 
Forces ariſing from the diurnal and annual Motions of the Earth, 
for the Times are, as 1 to 365, whoſe Squares are 1 and 333125; 
and the Diſtances in Semidameters of the Earth are, a8 T to 


fore ſince Ff T. 88 we have 


pe, „ — 7 | doll 
20500; therefore F: f: J © 13312 18 100, 


And ſuch are the Forces ariſing from the annual 'and Au 
Motions of the Earth, by which Bodies endeavour to fly of 
from its Surface. 

1202. What we have ſaid may ſuffice for the Doctrine of 
circular Motion and central Forces ; in which, I preſume, we 
have been as full and as plain as the Nature of the Subje& will 
admit; for this is a Species of Knowledge of great Delicacy as 


well. as Uſe ; and is to be reckoned among the fir/t Principles 


of Airman, and ſome other Sciences. We next proceed to 
conſider the Curves, or Trajectories, that will be deſcribed by 


a Body urged with different projectile Forces, A 


with a given cepuipeed Force, 


e 


CHAP. 


P, 


of the Phyſico-Mechanical Matheſis. Bt 


CHAF Ak, 


The general DocTRINE of TRAJECTORIES, or 
OKrBITs deſcribed about a CENTER, by @ Given 
Force. tending thereto, and compounded with a 
variable PRoJEecTILE Forcs : Alſo of the 
Proportionality of Axzas and 4 TA. in 

which they are. de eſeribed. 8 


1203. HAVING diſpatched the Doctrine of Circular 

Motion, where both the Projettile and Centripetal 
Forces were given, or conſtant Quantities, in every Part of 
the Curve; we will now conſider one of them, (viz. the Pro- 
jectile Force) as variable, while the other remains the ſame, 
and obſerve from thence the different Kinds of Trajefories, or 
Curves, that a Body impelled by ſuch a Compoſition of Forces 
will deſcribe about a given Center. And ſince at any Diſtance 
from. the Center the Projectile Force, by which it may deſcribe 
a Circle, is given (1187.) therefore that Force may be made 
the Standard for Compariſon, by which the Quantity of other 
Forces whereby other Curves are deſcribed may be diſcovered ; 
as we ſhal] ſhew in the following eaſy and Eid Me- 
thod, 

1204. Let a Ar 
Body be projec- . -- 
ted from the f 
Point A, with. 
ſuch a Velocity 
AC=1, ascom- 
pounded with 
the centripetal \ *. 
Force A E, may + 
cauſe _it to de- 
ſcribe a Circle 
AKP about the 2 
dun, or Center of Force 8. Then let it be projected from 

VoL, II. M a the 
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the ſame Pei and in the e Direction A X, wich any 0+ 
ther Degree of Velocity AD = n, to determine the Conic Sec: 
tion, or Curve it will deſcribe. : 15 

By Suppoſition A X is perpendicular to A 8, let Ea h be 
drawn parallel to A X, cutting the Circle and Curve in 
Points 4 and 5. Pitt 48 — = d; the Semi. tranſverſe Diameter 
= a, the nme b; and AE x. Then will 


Vans Ein the Circle; ad? ere, 


= == = E by in the C Conic Sefton, Now Now the Fluxions of: the 


: Odin E 4 and E 6, viz. = S AS and 25 x 


—_ = 


7 a 


a ＋ K * * — will be as the Velocities in eval Poir oint of 
2axF xx | 


$a in the Direction A X ; but theſe Fluxions are pb 


—— andy * EZ =» (dividing each by —= =) 
2d — x_ % 0 VS 2aFx 
and therefore when AE x o, 5 the Ratio — the 


d b 
luxions will become : Xx ——;, or as 7. 2 
7 | * 2 4 9. 2 Wi VT: 


in the Point A. | Conſequently Al 4:— J Þ# > 'n; z and 50 
| 7; 


1 4 = o_ 7 and chereforg n nd = 2 - + Whence an ad'= 


| 25 


bb. But r in the Equation above, - 2 24x F =y= 
(whenx d,) (766) therefore 24d + 14=bb=inod, 18 0 


4 
2 -z and þ = — . Having therefore the Di: 
11 2 A 1 — 2 


ameters 2 fs and 2b, we have the Conic SeQtion ben O 
; / f 


1205. Since i in the Ellipſ. 24 — 4 = 7 —5 and i in the taper: 


bola 20+ d = 7 and e Inbni 


ty. Therefore it is evident, that putting n F FL 18 
5 the 


4 . p 


1 of the Phiyteo-Mechanical Matheſs, 3; 


te Equation above for (a), will be 4 = EE, ; whence 4 is infi- 


nite ; and therefore the Curve deſcribed with a Velocity in 


the Vertical Point; which is as V2 = = 2, will be a PARABOLA 
AMR. 

1206, If an be leſs than 2, then it is plain that a will be 
affirmative, and 5 negative, or + a, and b; and therefore the 
Curve deſcribed will be an ELLips1s. If u be greater than 1, 
that is, if Eb = AD, be greater than EA AC, then will 
the Ellipſis AL Abe without the Circle, and the Sun, ot 
Center of Force in the upper Focus. But if = be leſs than 1, 
or EVA leſs thanEa=AC <= 1, then will the Ellip- 
lis AIO be deſcribed within the Circle, and have the Sun or 
Center of Force S in its lower Focus. Laſtly, when 1 2 o, 
the Body A will deſcend in a right Line A S to the Sun 8. 

1207. If nn be greater than 2, then will 4 be affirmative, 
or + 4; and conſequently the Curve ANT deſcribed will be 
an HYPERBOLA, 

1208. Hence it appears, that the Curves deſcribed with all 


Degrees of Velocity n, between © and V 2, will be ELLir- 
SES, (for the Circle deſcribed with the Velocity = = 1, is really 


one Species of Ellipſes) and all the Velocities from V 2 to In- 
finity will produce Trajectories of the hyperbolic Kind; by a 
Centrifugal Force. The ParAaBOLA with the Velocity = 


V 2 being the common Limit between them; and where the 
Centriperal becomes a Centrifugal Furce, or where GY ay 
be ſaid to be changed into Levity. 1 

1209. In any determinate Orbit, deſcribed as ae 
tioned, the Areas generated by a right Line connecting the 
Center and 3 Body, will always be proportional to the 
Times in which they are deſcribed ; the Velocity in any Part 
of the Orbit; jk Times of deſtribing equal Parts, or Arches 3 
and the Expreſſion of centripetal Force every where, may all 
be determined and eee in a er 3 as 8 
lows, 

1210. Let $ be an 3 Center of Farce or Attach 
tion, and A any Body, urged by a Piojectile and Centripe- 
tal Force conjointly. In the Point A let the Projectile Force 

M 2 be 


94 INSTITUTIONS - 
be ſuch, as would carry the Body through the Space ABin 


an indefinite ſmall Particle of Time; then in the ſame Time the 
it would deſcribe BF = A B, were it not drawn from the the 
Tangent AF to ſome other Point C, by the Centripetal bed 
Force F C, acting in a Direction parallel to BS. In like ; 
Manner, in the Third equal Particle of Time, it would de- 30 
ſcribe CH — CB, but is drawn to the Point Di by the Cen- anc 
tripetal Force H D in a Direction parallel to C S; and ſo on eve 
1211. Now all theſe tri- [OS Cer 
angular Areas ASB, BS C, | 2 
CSD, DS E, Cc. deſcribed | 
about the Center 8 in equal <2 Bo 
Times, are equal to eaeh o- ſo 
ther. For joining 8 F, the n pro 
Triangle ASB is equal to the N Ce 
Trian 1 * B S F, as being upon the 
equal Baſes and of the ſame per- at 
pendicular Altitude. (635) Alſo the 
the Triangles BSF = BSC; * pal 
as being both on the ſame Baſe | Po 
BS, ' and between the ſame 
Parallels BS and CF ; there- is 
fore the Triangles ASB = 25 
BS C. In the fame Manner not 
the Triangle CSD is proved vat 
equal to BS C, and therefore to ASB; and fo of all the eq 
. ; whence the Propoſition is evident. ſtri 


1212. Hence, when the Particles of Time, or the Spaces 
A B, B C, &c. are taken infinitely ſmall, the Polygon 
ABCD E, &c. will become a Curve; and the Areas deferi- 
bed by any Radius AS will be 1 5 proportional to the Times 7 
their Deſcription. 

1213. Alſo, becauſe in equal Triangles * its B = TT 
whoſe Baſes B, h, are unequal, thoſe Baſes are recipiocillly 
as their Heights H, h, (viz. B: ):: %: H j) it follows, that 
the Velocities in every Part of the Orbit of the revolving Body are 
reciprogally as the Perpendiculars let fall N S to the Tingeel of 
| — Orbit in _ Paints. 


$214 


of the Phyſico;Mechanical-Mathelis, 33 


1214. And becauſe I riangſes upon equal Baſes are as 
their Altitudes, (vix. 4 HB: 250B:: H: A3) it follows, that 
the Times in which —. Parts, or Arches of the Orbit are er 
bed, are direftly as thoſe Perpendiculars to the Tangent. 

1215. Draw A G, GC, parallel to BC, B E; then will 
BG = F C, or be as the Centripetal Forge in the Point B, 
and becauſe the Diagonal A C biſects B G in Q, and this is 
every where the Caſe ; therefore in every Part of the Orbit the 
Centripetal Force will be as the Sagitta B Q of the i Ny 


fnall Arch A BC. 


1216. From what has been An it Aalen, that every 
Body which moves in a Curve about an immoveable Point 8, 
ſo that by a Radius drawn to that Point, it deſcribes Areas 
proportional to the Times, I fay, ſuch a Body is urged by a 
Centripetal Force tending to that Point. For ſuch a Body in 
the Point B is drawn from the Tangent by a Force which 
acts in the Direction of a Line parallel to C F, that is, in 
the Direction BS ; and in the Point C it acts in ſome Line 
parallel to H D, viz. in the Line CS; and therefore in every 
Point, it acts in Lines tending to the Crane 8. 

1217. But if the Areas are not proportional to the Times, 
tis evident that CF, HD, &c. are not parallel to BS, CS, 
Sc. and therefore the Direction of the Centripetal Force is 
not to the fixed Point 8; but to ſome other uncertain and 
variable Point, on this Side or that, as the Areas deſcribed in 
equal Times increaſe or decreaſe, as is evident from the Con- 


ſtruction of the Fi oO 


CHAP. 
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CHAP. XII. 


4 Determination of the LA of the Centripeal 
+ Force, tending to a given Point any where placed 
in the Ax1s of a Contrc'SECTION, 9 
- which the Carve pertaining 57 "I. be . 
ſeribed. 


1218. O determine what the Law of the Centripetal 
Force muſt be, that if the Point to which it tends be 
placed any where in the Axis of a Conic Section, the Body 
ſhall be made to deſcribe the Curve proper thereto, is a Pro- 
blem of the greateſt Importance, and may be ſolved either by 
Lineal Geometry, or by Fluxions. In the firſt Way it has been 
often done, but it is moſt general and expeditious in the Lat- 
ter, which here follows. 
1219. LetVAB be a Part of the Curve, TV Cits Axis, 
O the Center, S a Point in the Axis to which the revolving 
Body tends, A the Place of the Body, A B the Arch deſcribed 
in an indefinite ſmall Part of Time; AD = y, an Ordinate, 
VD = x, the Abſcifs belonging thereto, A T a Tangent, and 
AS the Diſtance of the Body; D H a Line drawn parallel 
to AS. Let VS d, AS=z; the Semi- -tranſverſe Di- 
ameter (a,) the Semi-conjugate (53) and let the Abſciſs. VD 


(= x) flow uniformly, ſo that its Fluxion #= A a, may be 
_ conſtant ; while the Fluxion of the Ordinate AD, z. Ba 


23, is variable. 


1220. Then the Equation of the Conic Section being 
a — ( 767, ) we have 2 24 224 == 


275; andfo += 77 SI : AloAe:eg:: AD: TD; 


that is, 5: 312 7 1 = T D, che Sub- tangent. Therefore 


af Tx 5 abba 07 a x 
1 a 
= n 5 — —. , 
a >-Xx a * 


* 


I. 
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MC 0 


4 


1 


WN Au. 

1221. "Agairy DT— — 8 
aK 44 TRE 

— ”; therefore T 8 = Goat dz — TE OH and 


by Reaſon» of the ſimilar Triangles T'SA, and T D H, we 

have T 8 = LEXLE LS As R=; DT 22D 22 
no gi a , ᷑ — II 

Dy 22 > 


ax+adtda 0 . | 2281 
1222. And laſtly, 2 3 9 


25 ys 34— 12422 
—— 3 and fo Bc = 44+ 3 — 
now the Triangle Bbc is ; fimilar to Sc, and therefore to 


SAD, whence SA: SD: :Bc: Bb; Ee. 


— [ — = Area of the Triangle AS . 


which is the Fluxion of the Area 8 VA, or the Space that is 
uniformly deſcribed in the 1 5 Time with 4. ne 


1223. And becauſe y Nax xx, we have 3 = = 


al = 


SEXES, My 2 fore ſe Va- 
M | 2 2x02 


lues of y and j ſubſtituted in the above found Area, will bring 


0 this Expetion Lr 6. the Time of 
24 Haan FAA | 
deſcribing 


2 e ee 
S8  INSTITUTTONS: 
deſcribing the conſtant Space &; or, if 4a = m, and 


Vader n, the faid-Area « or: 1 will be abridged to 


6G 4 
his Pan 2. m., 


2 an 


Velocity * in the Direction of the Axis VS, and with the Velo- 
City 5 in the Direction of the Ordinate DA ; let DA be continued 
on, and take AC = in the Point A, and compleat che Pa. 
rallelogram 4. And ſince the Abſciſs flows uniformly," the 


| Body will arrive at the Point with a Velocity which will ill be 
- as 4, or the Space A a uniformly deſcribed in that Time in the 


ion VS: But the Velocity with which it arrives at Bin 

ie Direction dB or AD is different from 5, or Ae; and is; 
777 2B 2, and ſo j - BAN = Bg. which differential 
ity being the Vartan of the Fluxion 5, will be the fe- 


abzx eb 


cond Fluxim of % of * = Be = — = —— and 


bar ax && 74 
— will 1 as ** Space paſſed over in the Direction AD 
or d B, in the ſame Time with # by a uniform Velocity, gene- 


rated in that Time in the Fluxion * Kerben 0 
** 
1225. Since then we have the Space 2218 paſſed over in 
1 n. 8 — * a 


yg © % 1 #- 


—— — 


* indefinite Particle Wy Time \bs LEED 2. we can find 
the Space paſſed through in the conftant Particle of Time = 1, 


in the Direction D A, by the following Analogy of the Squares 


— 2 22 — | 
of the Times to the : Spaces, VIZ, As - - ie 4k LI 17 
of : 7 nch ei oh 


ab 4 * 
* Te” Cem we if = Face deſcribed in the 
given Particle of Time = 1, by the Velocity that is > uk 
rated in that Time in the Body A, in the Direction A D. 
1226. Laſtly, ſince the Spaces run over in equal Times are 
as the Velocities, and the Velocities as the Forces by which 
they are generated; tis evident, the Force by which the 
Body 1s urged in the Direction A D muſt be every where, 
or in oy given Particle of Time, proportional to the Space 
W* 4 6 


1224. Then ſinge the Body inte at he Point A with the 


"_ 
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ed to Ta nXax+dm 

ſented by A A, and through & draw i / parallel to the Tangent 
T A. Then will the Force A & be reſolved into the two For- 
ces i, and Ai; of which the Latter is in the Direction of 
AS, and therefore the ſame with the Centripetal Force by + 
which the Body A tends to 8, in every equal or given Mo- 
ment of Time. And becauſe the Triangle A I i is ſimilar to 
Di and therefore to A DH, we have the following Ana- 
logy for the Expreſſion of the Force Ai, viz. As AD 


L DH Zn | 4 4? a 
5 42 ＋ 4 NN 


— A, the mh required. 
N44 n 


1227. Becauſe © =D © bu conſtant Quantity, the ſaid Centri · 


Force will be every where as === — = 8 
4b * ax+ dm ax+adtds 
AS | 


= — 3 becauſe DC f. 

5 * 18S | 

1228, I now we ſuppoſe d = a, or VS = VC, then will 
the Center of Force be in the Center of the Curve, and in the 

ha Dt Sr arm e 

ir, ECT. 
(becauſe we may puta = 1.) Alfo in the Hyperbola, becauſe 
a Is negative, or — a, we have —ax—da+dx=ax— 
g +ax = —4&* ; and fo the Force will in this Caſe alſo be as 


— . In the Parabola, a will be infinite, and ax and = dx 
- will vaniſh out of the Equation, and leave only ==: 1 * u 


ly before. And therefore in every Section the Force will be di- 
rectly as the Diſtance S A. 

1229. If the Center of Force be in the Vertex of the 
_ V, thend=0; and the Force will es 


e, = When the Ellipſis becomes a Circle, then x = = (660,) 
vor. u. Ez) N and 


© = & 


h 
1 
q 
| 
F 
| 
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© INSTITUTIONS: 
and the Foxce is every where 2 == or iftverſely. as the fifth 


Power of the Diſtance from the Vertex. But if the Center 8 
be removed to an infinite Diſtance, then will the Force be az 


: - = 7, as being each in- 


| 2 2 
4 d d K a a” 4 


finite _—_— whence, in this Caſe, the Force will be every 


where #5 r 
1230. If the Center of Force be placed in the Focus of the 


Section; then (per Conics ) we ſhall have AS = / AD* + DF? 


d 
FR, us * — 2 
| 2 7 > ax TA * 


: — Force Ai; That is, the Centripetal Force is every where 


inverſely as the Square of the Diſtance, when the Center of Fora 
is in the Focus of the Seftion, And this is the Caſe with reſpect 
to the Sun and Planets, and eſpecially the Comets, whoſe Orbits 
are very eccentric Ellipſes. 

1231. From the above Demonſtrations, we. may oben che 
following Particulars, viz. that when the Center of Force 8 


| was ſuppoſed in the Center of the Curve, then the Force was 
every where as the Diſtance z, which was demonſtrated alſo of 


the Circle; when, in different Circles, the periodical Times 
are equal; whence the periodical Times alſo in ſimilar Ellipſes are all 
equal, if made about the ſame Center C. 

1232. Or thus, more univerſally of all Ellipſes. Let A = 
Area of an Ellipſe, T = periodical Time. V = Velocity > 


the Vertex ; therefore ſince A=(S = TV,. we have 7 
=T, and ſo in any other Ellipſe 2 7 = 73 whence T: 7 A * 


7 ux Ne x 3 and when the Eliphs hn 


the ſame * that is, when a = @, it will be 
21 * * bV: v but V* % ad 
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P =22(1204); and therefore ſince ad = ad, it is V:7:: 


b:b; andfoVb6—=#b; conſequently T = T. So that univerſally 
Badies revolving in familar elliptic Orbits about the ſame common Cen- 
ter C, will all perform their Periods in equal Time. 


1233. Since T: T:: ab v %% and a b (a Viad 


=nd af =) Va" af, andeb=nd* af; therefore T: T 


: dt af:d* „ and fo T*:T*::da%:da?,, Now let r and 
be the Radii of two Circles, and t, ?, the periodical Times 
of thoſe Circles ; then it will be T*: t*::da*:dri::a* : ri, 
(when d r); and in like Manner T*: K:: (d a: d: :) 45 
, (when d = r.) But ſince t“: “:: r: 75; therefore T*: 
T*::a* :a*; That is, The Squares F the periodical Times are 
a the Cubes of the tranſverſe Axes, in Bodies revolving in elliptic (ar 
well as circular) Orbits about a Center of Force, poſited in the 
Facus. , | 11 

1234. Hence the periodical Times in Ellipſes are the ſame as in 
Circles, whoſe Diameters are equal to the greater Axes of the Ellip- 
ſes ; and therefore when the conjugate Diameter (or projectile 
Force) is = o, the Coos will become a ftrait Line, which 
the Body will deſcribe in 2 the Time it would deſcribe a Circle, 
whoſe Diameter is equal to that Line. 

1235. Since the Velocity of a Body is every where as the 
Perpendicular (= p) let fall from S to the Tangent to the 
Curve in the Point A (1213); and when the Point A is the 
Extremity of the ——_— Axis, then will the Velocity be V : 


„ e putting the Laus Run 1= 1). Let 
17 27 2 a 

a = Semidiameter of a Circle ; then ſince the periodical Times 

in ſuch a Circle, and the _—_— are equal ; and in the Circle 


when T* is as 4, we have Y : —=, n where; it ** 
a 


that the Velocity of a Boch 3 in an Ellipſis, is at its mean 
Diſtance from the Focus, or Center of Force, equal to the Velcity of 
a Body revolving in a Circle, whoſe Semidiameter is equal to that mean 


Di fs 
"TM N 2 1 236. 
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1236. The greateſt, leaſt, and mean Velocities of a Body. te- 
volving in an Ellipſis ApQ, and s p, will be as 8 Q, SA, and 
(ſee Fig. to Article 1204.) becauſe thoſe Lines are the Per- 
pendiculars to the Tangents in the Points Q, A, and p. In 
the Parabola, the YVelicity will always be as the Square Root of the 
 Diflance from the Center of Force; becauſe the Perpendicular to 
the Tangent is always as the Square Root of the Diſtance | in 
that Curve (1205) 

1237. As in the Ellipfis, the Force is Centripetal, ſo in the 
Hyperbala it will be Centrifugal ; but in the Parabola it will be 
neither one or the other ; for ſince the Center of Force is there 
at an infinite Diſtance, the Body cannot be properly ſaid to 
move to or from ſuch a Center. And in this Caſe the Direc- 
tions in which the Power acts are all parallel; and therefore, 
2 converſe, when the Directions in which a Power acts upon a 
Body are parallel, that Body will deſcribe in its Motion the 
Curve of a Parabola. Whence it follows, that ſince the Cen- 
ter of the Earth is not at an infinite Diſtance, the Directions 
in which Bodies near its Surface are attracted towards it are 
not quite parallel, and therefore the Curves. which Projectiles 
deſcribe are not truly (tho very nearly) Parabolas, but E 
the Arches of * eccentric Ellipſes. 


— 8 OY 


— — T—— 


CHAP. XIII. 


The ELEMENTS of @ PLANE T's MoT1oN, dedu- 
ced from the foregoing PRINCIPLES, | 


1236. WI have hitherto been conſidering ſuch Phyſico-Ma- 
thematical Principles of Motion, particularly, with 
regard to revolving Bodies, as will enable us to account very 
naturally and eaſily for the Motion of a Planet, or Comet, in its 
Orbit about the Sun; and therefore the preceding Inſtitutions 
are to be regarded as the firſt, or elementary Principles in Af- 
tronomy, without which, the Rational of that celeſtial Science 
can by no Means appear. 


1239. 
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1239. The Motion of a Planet is known to reſult from a Pro- 
jectile Force, in the Direction of a Tangent to its Orbit, and a 
Centripetal Force directed to the Center of the Sun, both which 
are ſo compounded together, that the Curve which the Planet 
deſcribes, in Conſequence thereof, approaches very nearly to 
the Form of a Circle; becauſe in the Caſe of the Planet, the 
projectile Force is almoſt infinitely greater than the Force of 
Gravity, by which the Planet tends to the Sun ; in which Caſe, 
an Orbit nearly circular, muſt be deſcribed, as was ſhewn 
1171.) 
| —_ But in regard to the Comets, this Diſproportion of the 
projectile and Central Forces is much leſs, if we conſider it, as 
put in Motion at the Aphelion Point, or greateſt Diſtance 
from the Sun, as is evident from (1206.) But if we conſider 
the Comet, as put in Motion at its Perihelion, then will the 
projectile Force be greater, than that by which it would be 
carried about the Sun in a Circle at that Diſtance. 

1241. Hence we ſee the general Reaſons, why a Comet revolves 
in an Ellipſis about the Sun; for when it is in the Aphelion, 
the Force in its Orbit is not great enough to carry it in a Cir- 
cle about the Sun at that Diſtance. It will therefore deſcend 
from that Point towards the Sun with a variable Velocity in its 
Orbit always increaſing (by 1213,) till at Length it arrives to 
the Perihelion Point, where its Velocity is greateſt of all. 
1242. But, as in this Situation its Projectile Force, or Velocity 
in its Orbit, is greater than that by which it can deſcribe a Circle 
about the Sun, it will neceſſarily fly off, and recede from the 
Sun to greater and greater Diſtances, but with a Velocity al- 
ways decreaſing, all which is evident, from the variable Ratio 
of theſe two Forces abave and below what is 4 to pro- 
duce a circular Motion. 

1243. But farther, it has been ſhewn, that a Body, actuated by 
a Centripetal Force, which is every where inverſely, as the Square 
of the Diſtance, muſt deſcribe a conic Section about that Body, 
or Point, ſuppoſed to be placed in the Focus of the Section 
(1230,) and in all Caſes where the projectile Force is to that 
which would carry it in a Circle, at the ſame Diſtance in a Ra- 


tio leſs rr the Section will be an Elipſi 
by (1206.) 


1244. 
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1244. When the projectile Force is nearly equal to that of the 
Circle at the ſame Diſtance, the Ellipſis will differ but little from 
a Circle z and this we find is the Caſe of all the planetary Or. 
bits, And, on the other Hand, when the Projectile Force com- 


pared with that of a Circle (= 1), is nearly equal to / Z, then 
will the Orbit be extremely elliptical, and its extreme Parts, ot 
Apſides will nearly coincide with a Parabola, and fuch are the 
Orbits we find pertaining to all the Comets, and this is the Rea- 
fon why Aftronomers generally make uſe of the Curve of a 
Parabola for calculating the Motion, Places, and other Phæ- 
nomena of Comets, in the perihelion Parts of their Orbits, 
which admits of greater Eaſe, Expedition; and hardly any 
ſenſible Error. 

1245. But to be more particular, with regard to the Mo- 
tion of the Comet in every Part of its Orbit, it muſt be remem- 
bered, that the Forces, circular Velocities and Diftances, were all 
defined by the following Equation F Dvvz=fdV V- (1172.) 

And ſince the Comet is agtuated by the Force of — 
| W 


T © 


wFurwwgSrr” wy Ms TSF 


* 


of the Phyſito-Mechanical Matheſis. 9 
which every where increaſes in Proportion, as the Square of 
ber decreaſes; that is, F: f: 14˙: D®; this will give 

: V: B, or the circular Velocity will be every 
— inverſely as the Square Root of the Diſtances ; but 
the Velocity of the Comet in its Orbit is every where inverſely 
as the Perpendicular to the Tangent. 

1246. From hence it will follow, that the Comet deſcends 
from the Aphelion A, towards the Sun 8, becauſe its Velocity is 
there leſs than the circular Velocity; as it deſcends to leſ- 
fer Diſtances PS, its Velocity in its Orbit increaſes in a- 
higher Proportion than the circular Velocity at the Diſtance 
PS; and this will be the Caſe every where, till the Comet 
arrives at the loweſt Point, or Perihelion B, where the Propor- 
tion of its Velocity to that which it had at A, will be as AS 
to BS, by (1213,) but the Proportion of the circular Veloci- 


ties at B and A will be, as AS to V BS. Suppoſe SB=1, 
and SA = 4, then will the Velocity of the Comet at B be 
four Times greater than at A, but the Velocity in the Circle 
at B will only be twice as great as that in a Circle at A. 

1247. Whence it eaſily appears, that the Velocity in the Orbit, 
getting the better of that in the Circle, will carry the Comet off 
again from the Sun, when it has attained the loweſt Point B, 
ſince there it is greater than the Velocity of the Circle at the 
ſame Diſtance ; and, as it recedes from the Sun, the Velocity 
in the Orbit will decreaſe much faſter than the. circular Velo- 
city ; the Latter will prevail by Degrees,. and cauſe the Co- 
met to deſcribe in its Aſcent a Semi-ellipſe B D A, equal ta that 
in its Deſcent AE B, till at laſt, having attained the higheſt 
Point A, its Motion is then in the Direction of the Circle AG, 
but for want of a ſufficient Projectile Force, to continue in 
that Circle, it will deſcend again from thence towards the Sun 
as before, Therefore the Velocity in. the Circle prevailing in 
the higher Apſis A, and the Velocity in the Orbit in the 
lower Apſis B alternately, will occaſion the Comet to do- 
ſcribe the ſame Ellipſis perpetually about the Sun, We herg 
uppoſe the Planet, or Comet, is nat affected by any other Farce 
than that of Gravitation to the Sun, | 


1248, 
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11248. To make this Matter ſtill more evident, we may conſider off 
tme Proportion of the Centripetal and Centrifugal Forces. We have th; 
 ſhewn (1230,) that the Centripetal Force every. where encreas ſee 
ſes, as the Squares of the Diflances decreaſe ;\, alſo it has been Re 
ſhewn (1174) that the Centrifugal Force ariſing from the cir aft 
cular Motion about the Sun 8, does increaſe in Proportion, as if, 
the Cubes of the Diflances decreaſe ; ſo that, when the Comet ct 
arrives to the Perihelion B, its Gravity is but 16 Times greater ry 
than at A; but the Centrifugal Force, or that by which it en- 


deavours to fly off from the Sun, is 64 Times greater than in 
the Aphelion A, ſuppoſing, as before, that A be 4 Times 
mm than B S. 

. Hence it will follow, that tho' Gravity W in the 
bighes Part of the Orbit, the Centrifugal Force (as it increaſes 
much faſter) will prevail over it in the lower Part, and ſo prevent 
the Comet from approaching any nearer to the Sun. But at , 
as the Comet recedes from the Sun in its Aſcent, this Force 
will be conſtantly checked by Gravity, which, as it decreaſes 
in a much lower Proportion than the Centrifugal Force, will, 
at length, prevail over it at the higheſt Apſis A, and there 
put a Stop to any farther Receſs from the Sun. Here the Co- 
met again begins to deſcend, by Virtue of a ſuperior Gra- 
vity, and ſo alternately deſcends and aſcends, according as the 
Action of theſe two Powers prevails. 

1250. Such are the mechanical Laws and Principles of a ple- 
netary or cometary Motion ; and it may be worth while to obſerye, 
that were the Centripetal Force to be in any other Ratio than 
that of the Squares of the Diſtances reciprocally, ſuch a re- 
gular and beautiful Order could not have obtained in the 
Syſtem. Thus, for Inſtance, ſuppoſing that the Centripetal 

Force as the Cubes of the Diſtance inverſely, (or that F: J:: 
a* : D;) then from the foregoing Equation (1245,) we ſhall 
have D:d::v:V, or the circular Velocities will be in the 
inverſe Proportion of the Diſtances. But that is the very ſame 
Proportion that the Velocities in the Orbit have at A and B. And 
thetefore, ſince the Velocities in the Circles and in the Orbit 
at A and B, vary in the ſame Proportion, it is evident, that 
the ſame which W at one K muſt prevail at the 

| other; 
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* and therefpre, if the Velocity i in the Orbit at A be leſs 
than the circular Velocity, there the Comet will begin to de- 
ſcend, and it muſt always continue to deſcend, for the ſame 
Reaſon that it firſt of all began to do ſo, and conſequently will, 
after an infinite Number of Revolutions, fall into the Sun. But 
if, on the other Hand, the Comet be ſuppoſed at B, there the 
circular Velocity bejag greater than that in the Orbit, will car. 
ry it off from the 8un; and becauſe it continues always in 
the ſame Proportion greater, the Comet muſt ever keep riſing 
in ſpiral Revolutions from the Sun. Therefore, in this Law 
of Gravis the preſſe Frame of Nature could not in the leaſt 
exiſt. 

1251. The. came Thing — allo 8055 from what we 
bave ſaid of the Centrifugal Force, for as that Force every 
where increaſes in the reciprocal Ratio bf the Cube of the Diſ- 
tance, which is the very ſame Ratio as that in which Gravity is 
ſuppoſed to increaſe, it muſt follow, thar, if Gravity once pre- 
vail, as in the higher Apſis A, it muſt ever prevail over the 
Centrifugal Force, and cauſe the revolving Body conſtantly to 
deſcend in a ſpiral Orbit toward the Sun. But if, on the con- 
trary, the Centrifugal Force prevail in any Point, as at B, when 
that Force will ever prevail over Gravity, and not only make 


the Body begin, but cauſe it e K to recede a che 
Sun. 


1252. IF the Grivity increaſes in a higher babe thas ; as 
the Cube of the Diſtance decreaſes 5 then will the circular Ve- 
locity inoreaſe in a higher Proportion than the Diſtances deereaſe, 
and conſequently, in 4 higher Proportion than the Velocity in the 
Orbit increaſes from A to B; ſo that, as the circular Velo- 
city exceeds the Velocity in the Orbit at A, it will much more 
exceed it at B, and conſequently, the Body will every. where 
continue to deſcend to the Sun with an accelerated Velocity; and 
the higher the Power of the Diſtance is, to which the Gravity 
is reciprocally proportionalʒ. ſo much the quicker, or in a leſs 
Number of Revolutions; will the Body deſcend to the Center 


of Force, On the other Hand, if once the Body recede from po 


the Center, it muſt continue to do fo for ever. 
' 1253. Again, if Gravity increaſe in the reciprocal Propor- 


tion of ſome Power of the Diſtance between the Square and 


Vor. 1 O | Cube, 
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Cube, the Body will take more than half a Revolution to de- 
ſcend from the higher to the lower Apſis; for it takes Half a 
Revolution, when the Gravity is reciprocally as the Square-of 
the Diſtance, and it has no lower Apſis, when it is recip 
as the Cube of the Diſtance, whence the above Propoſition 5 18 
evident. 
1254. If the Gravity inereaſe in Proportion as ſome Power of 
the Diſtance leſs than the Square decreaſes, the circular Veloci- 
ties will increaſe in a lower Ratio than that, in which the Ve- 
locity in the Orbit increaſes, and conſequently, the latter will 
more eaſily prevail; alſo the Centrifugal Force will ſooner ex- 
ceed the Gravity, and therefore the Body will deſcend to the 
lower Apſis in leis than half a Revolution, and return to the 
higher Apſis, in leſs than a complete Revolution. | 
1255. From all that has been ſaid, it appears, that were the 
Planets, or Comets, affected in their Motions by one attrafting 
Body only, whoſe Power is reciproeally as the Squares of the 
Diſtances, then they would deſcribe what one might call a fixed 
Ellipſis, whoſe Apſides have no Motion at all. But if it bap- 
pens, that any foreign, attractive Force be added to that of the 
Sun, ſo as to make the Sum, or Difference of thoſe Gravitiesz 
vary in a higher or lower Proportion than that of the Squares of 
the Diſtances inverſely, it will occaſion the Apſides to move 
forward or backward, and the elliptic Orbit to. become, as it 
were, moveable. The Excentricity of ſuch an. Orbit will alſo 
be changed, and the periodical Times conſiderably varied; and 
this is really the Caſe with regard to the primary and ſecondary 
Planets, and Comets ; but particularly in the Caſe of our own 
Moon, the gravitating Force of the Earth, added to, or ſub- 
ſtrated from that of the Sun, makes her Phænomena very va- 
riable in all the abovementioned Circumſtances. Alſo the For- 
bes of Jupiter and Saturn will ſenſibly diſturb the Motions of the | 
Comets, in regard to their Velocity, NIN Diſtance, 1 
o ane &c. | 
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CHA P. XIV. ** 


The Method of eſtimating and comparing the Ciiews 
lar, Elliptical, Paracentric, and Angular VELo- 
CITIES; alſo of CENTRIPETAL and CETRIFUs . 
GAL FoRCEs, by which a PLANET is affected in 
the different Parts of its ORBIT. | 


1256. S a farther Illuſtration of the aſtronomical Elements 

of a Planet's Motion, we ſhall next ſhew how to 
eſtimate the real Values of the Velocity of a Planet in its Or- 
bit, and of the Velocity in a Circle at the ſame Diſtance ; alſo, 
of the Planet's Paracentric Velocity, and of the Centripetal and 
Centrifugal Forces for any given Diſtances of the Planets from 
the Sun, It has been already ſhewn, in a general Manner, what 
is to be underſtood by circular Velocity, and by the Velocity of 
a Planet in its Orbit, and how the Ratio may at all Times be 
ſtated, but we have as yet ſaid Nothing of the Paracentric Velo- 
city of the Planet's Motion, by which we are to underſtand its 
Acceſs to, or Receſs from the Sun, eſtimated in a right Line, 
joining the Planet and the Sun. Thus, let a Planet be in the 
three Points of its Orbit, P, N, M, in its Deſcent towards the 
Sun 8, and join SP, S N, and 8 M; on the Center 8, with the 
Diſtance 8 N, deſcribe the Arch N p, and with the Diſtance 
SM, deſcribe the Arch Mn, then it is evident, when the Pla- 
net comes to N, it will be nearer the Sun than it was at P, by 
the Diſtance Pp; and at M it is nearer the Sun than at N, 
by the Diſtance N m; now theſe two Diſtances, or Lines, Pp 
and Nn, are called the Paracentric Velocities of the Planet's 
Motion in thoſe Parts of its Orbit. 

1257. On the Center 8, deſcribe the Arch PV, and from P 
let fall the Perpendicular P v; alſo, from N and M draw the 
Perpendiculars Ng, Mo. Laſtly, draw Mn parallel to the 
Tangent LP, and L M parallel to 8 N, then V v, or 5 g de- 
notes the Planet's Centrifugal Force at the Points Por N; alſo, 
mo denotes the ſame Thing at M: And LM is the Expreſſion 
of the Centripetal Force, as is evident from what we have ſaid 
in the XIIch Chapter. 
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1258. 1 
the Points Pand 
M, draw the 
Lines Pu, Me, 
perpendicular 
to S N; then 
becauſe the Tri- 
angles P 8 N, 
NS M are e- 
qual, (the Times 
being ſuppoſed 

equal) therefore 
( (becauſe the 
Baſe 8 N is 
common to 
both) the Alti- 
tudes Py, Mg 
are equal; take 
Nn= LM, 
then the Tri- 
angles P N , 
M = 0 will 8 and PN Mn and Nv * 723 
again, in the right Line SN (produced) ſince SV = SP, and 
Sm SM, we have NV = SP — SN, and NSN 
SM; and conſequently NV = (Nv)n0o+V v, and Nm= 
Nn+no—om; therefore N V-—=Nm=Vou+mo—Nn 
- 1259. I now we put SP = y, then Pp =, and NV (or 
Pp)—Nm=j5; then becauſe Vyv=pg= mo, therefore 5 = 


2mo—Nn, or Fluxion of the Paracentric Velocity. Now it 


is evident, that while the Paracentric Velocity 5 increaſes, its 
Fluxion j will be Negative or — j =N n»— 2 mo (932) till 
at Length it becomes Nothing, or j= 2mo—Nn=0, in 
which Caſe 2 1 = Nu. After this, the Paracentric Velocity j 
decreaſes, and its Fluxion is affirmative, or 4) = 2mo—Nnz 
till the Planet arrives at B, where it entirely vaniſhes. From 
hence we learn | 

- 1260, Firſt, that in the Deſcent of the Planet en its — — 
lion Diſtance A, toward the Sun, its Paracentric Velocity, be- 


gins ar d increaſes till it arriyes at a certain un _ which it 


de · 


N 
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decreaſes continually, till it vaniſhes in the Aphelion Point B, or 
its Velocity of Acceſs to the Sun is accelerated in the firſt Part 
of its Orbit, and retarded in the laſt ; and vice verſ in regard 
o its Receſs in the other Part of its Orbit. | 

1261, Secondly, the Fluxion of the Paracentric Velocity 
—j = Nn— 2 mo ſhews, that ſo long as the ſaid Velocity con- 
tinues to increaſe, or be accelerated, Twice the Centrifugal Force 
(z no) will be leſs than the Centripetal Force N n. 

1262, Thirdly, when the Paracentric Velocity i is a Maximum, 
or greateſt of all, the Centripetal Force (N n) is equal to twice the 
Centrifugal Force (m 0.) | 

1263. Fourthly, from the Time the Paracentric Velocity 
continues to decreaſe, till it vaniſheth at B, the Centripetal Force, 
or Gravity (Nu, ) will be leſs than twice the Centrifugal Force (m o.) 
But that Gravity N can never decreaſe ſo far, as to become 
equal to the Centripetal Force m o, even in the Perihelion Point 
B, is what we ſhall ſhew by and by. 

1264. Let the Triangles PS N and MS N be equal, or 4 
ſcribed in equal Times; then will N Np= SM x M, 
then it will be Np: Mm: 8 M: SN. Let I K be the Laus 
Reftum, or Parameter of the elliptic Orbit, and L x a be a 
conſtant Rectangle, equal to SM x Mm, Put SM = D, 


win L. orien Mn F ad ae 


D 
L* a M m a* L* 
P see IXI | (1171) = — = Centrif, Force. 


1265. Again, the Centripetal Force, or Gravity LM, is in» 


verſely as D', or directly, as M m*, (1264,) or as + ; 


that is, (dividing by the conſtant Quantity 2 L,) 22 52 is as 


the Force of Gravity. Wherefore Gravity i is to the Centrifus 
gal Force, 2 0 fer or as D to 3 41. That i is, The 
Force of Gravity is to the Centrifuge! Force every where, as the Diſtance 
of a Planet to a fourth Part of the Latus Rectum of the Ellipſit. 
1266. Let IO=ZIS=4L, then in the Point I, Gra- 


vity is to the Centrifugal Force, as I SistoI O, or as 2 to 1, 
and conſequently, the Paracentrie Velocity in the Point I, will 


be the greateſt of all, or a Maximum (1262.) 1267, 


— 7 
— 
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1267. That the Centrifugal Force is always leſs than Gm 
ty, will be evident, when we conſider, that the Perihelion 


Diftance 8 B, does, in an Ellipſis, always exceed 8 O, or 2 of 


the Parameter, becauſe in a Parabola, which lies without the 


Ellipfis, the faid Line 8 B is then but juſt equal to 3 of that 
larger Parameter (742.) 

1268. Hence it will again appear, that a Planet in the A- 
phelion Point A, will deſcribe a Circle A G, when the Force 
of Gravity is there equal to twice the Centrifugal Force. But 
if it be greater, the Planet will deſcend in an Ellipſis towards 
the Sun, and in the loweſt Point B, Gravity, being leſs than 
double the Centrifugal Force, can carry the Planet no nearer to 
the Sun from that Point; therefore, it muſt of Courſe begin to 


- afcend with an increafing Paracentic. Velocity of Receſs, till it 
arrives to the Point K, where Gravity becomes equal again to 


twice the Centrifugal Force. After this, the Centrifugal For- 
ces leſſening much faſter than Gravity, the Latter will prevail, 
and the Paracentric Velocity of receding from the Sun will 
confequently decreafe, till the Planet arrives to its Aphelion A, 
where it will entirely vanith. _ 

1269. And thus we fee, more particularly now, by the Dif: 
ference of thefe two Forces, how the Planet is made conſtantly to 
revolve to and from the Sun, and in fo conftant and regular an 
Order, as to give us the cleareſt Ideas of a Uniformly Vari- 
able, and Perpetual Motion. 

1270. Beſides the Velocity of a Planet's Motion hitherto 
mentioned, there is one other, which is called the Angular 
Velxity of a Planet in its Orbit. In order to eſtimate this, 
it muſt be conſidered, that any Angle is greater in Propor- 


tion, as the Arch deſcribed with a given Radius is ſo. 


And alſo, when the Arch is given, the Angle will be leſs 
in Proportion, - as. the Radius is greater ; and therefore every 
Angle will be in a Ratio compounded of the direct Ratio of 
the Arch, and reciprocal Ratio of the Radius, and far- 


ther we have juſt now ſhewn { 1264,) that in the Caſe of de- 


ſcribing equal Areas, the Arches are inverſely as the Radii; 
therefore, in this Caſe of a Planet's Motion, the Angles deſcribed 
in equal Times will be inverſely as the Squares of the Radii. 

my 1. But it has been ſhewn, that the For orce of Gravity is 


ws i» BW © 
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every where inverſely as the Radius, and conſequently, directiy | 
23 the angular Motion of a Planet in its Orbit; and therefore 
the Latter will be an adequate Meaſure of the . 

1272. Therefore the Impetus, or Sum Total of all the Im- 
prefſions of Gravity, which the Planet acquires in moving 
from A to P, is to the Impetus acquired at M, as the Angle 

ASP is to the Angle ASM. Hence likewiſe it appears, 
+ the Impetus acquired in deſcending from A to I, is juſt 
Half that which is acquired in deſcending from A to B; 2 
therefore the Impreſſions of Gravity upon the Planet, as it 
paſſes from I to B, are equal to all it receives before, in its Paſ- 
ge from A to I. c 

1273. Having thus ſtated the Ratios of the Velocities and 
Forces concerned in a Planet's Motion, we ſhall next pro- 
ceed to illuſtrate the ſame by a familiar Inſtance, where all 
thoſe Quantities will be expreſſed in proper Numbers, and 
therefore be more eaſily comprehended and underſtood. In 
order to this, let A S-repreſent the Diſtance from the Center 
of the Earth to the Circumference H A G, a Circle on the 
Surface of the Earth; it was ſhewn, that a Body revolving in 
this Circle (1190) with a Centrifugal Force, equal to that of 
Gravity, muſt be 8 from A with a Velocity of 2000 
Feet per Second. 

1274. Now, ſuppoſe it was required to find the Velocity, 
with which a Body ſhould be projected from the faid Point A, 
to deſcribe the Ellipſes AE B D; ſo that 8 B may. be equal 
to 1000 Miles. Then as AS 1 equal to 4000 Miles, the 
whole tranſverſe Diameter A B will be equal to 5000, and 
ED will be equal to 4000; and I K will be 3200; ſuch are 
the Dimenſions of the Ellipſis. Then by the Theory in 


(1204,) n = 2 0,63246 
MN. ad 4000 X 2500 wo 
Therefore 1: V:: n : v, or 1: 26000; : 0,63246 : 16444 
Feet per Second, the Velocity required. ä 
1275. Thus, the Velocity in the Circle and the Ellipſis, at 


the Point A, is known, and the Velocity at B in the Cirele 


is to the Velocity at A in the Cirele as AS toy BS, or 
as 2 to 1, that is, the Circular Velocity at B will be at the: 
Rate of 52000 Miles per Hour (1245.) 

2076, But the wad in the Orbit at B will be to that by 


R = 1Wör TEU rTonF 


which it was projected at A, in Proportion as AS to 8 B, dr 4 
4 to 1. Therefore the Velocity of the Planet in B will be 
16444 * 4=65776 Feet per Second, which, as it greatly exceed 
the Velocity in the Circle, will prevent the Planet from revoly. 
Ing in a Circle about the Sun, and carry it off in its own 
Orbit, in the Manner before-mentioned (1247.) 

* 2277. Then, as to the Forces, that in the Ci rele at A is e- 
qual to Gravity, which ſuppoſe to be 100 Pound Weight, and 
we have ſhewn, that Gravity is every where to the Centripetal 
Force of revolving Bodies, as the Diſtance to £ of the Parameter, 
that is, in the Point A, it will be as AS to 8 You or as 40 to 8, | 
or 5 to.1. Therefore the Centrifugal Force of the Body inA Th 
is but 20 Pound. 

1278. In the Point B, Gravity is 16 Times greater than i "MW 
A, or equal to 1600 Pound Weight, and ſince there the Gra- 

vity is to the Centrifugal Force as SB to S O, or as 10 te 8, 

the Centrifugal Force at B will be equal to 1280 Pounds, which T 
tho* it be conſiderably leſs than Gravity, will yet prevent any 
nearer Approach of the Planet to the Sun. 

1279. Laſtly, it appears, that the angular velocity of the 
Planet at A, is 16 Times leſs than that at B, or to an Eye placed 11 
at d, the Space deſcribed in one Second at A will appear 16 Times 
leſs than that which is deſcribed in the ſame Time at B, rer. 
able to (1270.) Since AS 48 B, (1274.) ö 

1280. Thus we have applied the Phyſico- Mathematical Prin- 
ciples of Motion to the Theory of Aſtronomy, as far as it can 
be done without the Aſſiſtance of Orrics; but, as the greateſt 
Part of Aſtronomy, both theoretical and practical, 2 3 
entirely upon optical Principles, nor can by any Means be un- E 
derſtood without them, it will be neceſſaty 120 to deſiſt, abd 


proceed to the Elements of the Science of Viſion; nor will the B 
Principles of common Optics be ſufficient to anſwer our Pur- 5 
poſe, with regard to finiſhing a complete Treatiſe of Aſttono- , 
my. The Doctrine of PexsptCTIVE muſt be well underſtood, 4 
as alſo the general Principles of the Projection of the SPHERE'in D 
Plano, and that too in a different Manner from that in which 1 
they have uſually been treated, theſe will all be found neceſſary in is 
the various Branches of that Science. We ſhall therefore, inthe b 


next Place, proceed to lay down a Series of en con- 


raining the Principles of univerſal Optics, 
; 5 IVS T1 


* 
2 7 1 Lr. 1 "F I - 
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The Phyſico-Mathematical Elzurgrs if Cirops 
TRICS, or V1$ION, by reflected LiGtT; from 
all Sorts of poliſhed SPECULUMS; „ MIkERORS. 


161. Ng IN CE the Particles of Light ate found tf 
de real Matter; they will obſerve the Lawy 
of Motion connnon to all other Bodies 

* 5 riſing from Attraction and, Repulſion; 2: 

* therefore if a Particle of Light proceeds from the Point A to 
B the Plane BE, and ſtrikes it in the Poinl C, it will there meet 
1 with a repulſive Force; by which it will be reflected from the 
8 

if 

0 

6 

7 

| 

| 


* 
„ 
1 


ſaid Plane i the Direction C D, making thefewith the Anglp 

ECD. | Now it is required, to find the Point in the Plane 
BE, ſuch; that the Ray of Light impinging thefton ſhall bg 
refleed to the Point D, ſo that its Paſſage from. the given 
meer 


1282. Let tlie P ) 


AB =, and the Perpendicular” G. 
DEI, BE =4, and BC — ＋ 
= +, Then CE = cw Zr N 


nd AG= , + 775 dll fi 
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Now, ſince AC -+ CD, that is, Ln 
eee, eee eee 


* Xx — 4 
fore its Fluxion 1 


ot 1 J a@atxx 1 
= o, conſequently x + Tec z T TT 
V 2a+xx=0. 1 See, Cen 


=c—x4/ aa I, os BC+ CD=CE x AC, ; 
BC:AC:+CE:+CD., Hence the Triangles AL 
DCE are equiangular (6573) and ſo the Angle of Di 
ACB = DCE, the Angle of ' Refleftim; and that this is 
really the Caſe in regard to the Reflection of Light, we at 


well aſſured from Experiments. 
1283. The Nature 
of the Curve A MD, 
the Diſtance of the lu- 
minous Point B, and 
the Poſition of the in- 
cident Ray BM being 
given, it is required to 
find in the reflected 
Ray M E, the Point, 
or Focus F, where all 
the Rays iſſuing from 
the Point B will be 
united: In order to 
this, let C M be the 
Radius of Curvature to 
the Point of Incidence M, and take the 45 Mm "fi 
ſmall, and draw the right Lines B n, m F; on the Cen- 
ters B and F deſcribe the little Arches M R, M O; and draw 
the Perpendiculars C E, Ce, GG, Cg, to the Rays of In- 
cidence and Reflection; and ſuppoſe the Diſtance B M: = # 
and ME or MG = a; then 'tis evident, that the Triangles 
MR m, MO m, are equal and ſimilar,” and conſequently MR 
is= MO; and becauſe the Angles of Incidence and:Reflec- 
tian are ata (1282,) therefore C E = C G, and C= C 
and conſequently CE — Ce, or R Qtis = to CG 
2G: And becauſe the Triangles B MR, BE F. 4 


* go F 


0.7 
| 


rr Ries“ 1097 
ys are ſimilar, it is, BM + BE(24=a) : BM ( 
WR+EQ, HO AOR: *. or MO: : MG (a) z; 


1284. If the radiant Point B fall on 95 other Side of tis: 
Point E in reſpect of M, or (which is the ſame Thing) if the 
Curve AMD be convex towards the Radiant B, then 4 will 


de negative, or — d; and therefor Ml F. = r 
4 * a 


12 Hence in this Caſe, the Fe ocus F will always Ra *. y 
tive, or on the ſame Side the Curve with the Point Cc; and” 


the Rays after Reflection will diverge. 9.20 * 
1285. When the Radiant B is on the WA Side of the” 


Curve, the Value of MF (= ez] will be poſitive when, 
dexceeds 4; but negative. Foy d is leſs than # 1a; and infi- . 4 


nite, when d = 2 4. 


1286. IF the Radius of Curvature MC be inf then all 


ME = a will be infinite, and MF = —75 wil become 


d. In this Caſe the Curve, 4 Shar Arch M m becomes a 
frait Line. Therefore in both Caſes, when it is — 4 or + 4. * 
the Rays, after Reflection, will N 

1287, If any two of 
the three Points B, C- 
and M be given, the 
Third may be found. 
Thus, if the Curve 
AMD be an EL LIr- 
os, and the Radiant 
Point Bbe in ong Focus, 
tis evident all the re- 
lected Rays MF will 
be united in the other Focus F 772.) whos MF =» 


ad 2 4 
17 — 7 8 . hence a x 7 aan wd | 
kd; E Lf, that is, BM : n 1 T5: 4 


P 2 MF, 
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MF. Hence likewiſe, when a Nun M axe given, 
the Point E or C may be found, for ene Han 


MF:: BM: ME; and a Perpendicular on the Point E 
gives the Point C in à right Line M C, biſecting the An- 
gle B MF. Note, The r Rae ſerves wh * 


Hyptrbola, where a = === A 


1289. In the pan AoA 
AMD, the Focus F is re- 
moved to an infinite Diſtance; | 

and the Radiant being in the 
Focus B as before, tis evident 
the reflected Rays M F 2 
will be parallel to the Axis 

AG; eee 


F infinite, we have 1% 0 or 2 B M 


20 — 
ME. Therefore a Perpendicular ] E C erected. on the Point B 
will aſſign the Point C for the Center 1 Curvature bo the Teig 
M, in the Perpendicular MC. 


8e. If aun be à CIncrx, bes 
f=—=— £2 — We have 2 4 — 4: a::4. 


f If 3 in the Line B M con- 
tinued out, we make MO=2d—a; 
then it will — 8 :M MB: MF, + 
whence the Point F, or * is found. 
1290. Since in the Circle the Radiys of 
Curvature is a conſtant Quantity, a „ A | 
pendicular to the Point E will ever paſs through C the Cen- 
ter of the Cirele; therefore when the Point M is inſimitely 
near to the Vertex D, the Line EM = e, will be equal to 


erklaren, Were 
Focus F, uis. MF = A, will become r =/ 


in this 3 480 er F will by; l 
the Curve, 


Cw, 


S ; p 1 | ; 1255 


— . r 


1 


N CaTorTRICEs,- 
1291. If the Radiant B be at 
an infinite Diſtanee, then 4 de- 


ing infinite, gives 14 —— 24 

„ e ©. WW 
aual to Half the Radius. If ad _ | WW 
be greater than r, the Focus f is . y X. 
pyſitive, or on the ſame Side with | 


the Radiant, If 2 d be leſs than vw 


7, then the Focus will be negative, | 
or on the contrary Side, bs ard to 3 If 4 bo 


negative or — d, that is, if the Radiant be placed on the con 
vex Side of the Curve, the Theorem becomes ———— EL = 


war 


Trey 7 = þ (rays poſitive 25 before {1284.) 


1292, Since dr = 24f + * and conſequently 474 rf 
=dr — df, we have d+r:d::r—f: ; that is, BC: 
BD:;CF: DF. And emiors the. Axia of the Curve, or 
LineB C is harmonicalh divided i in the Points C, F, D, B, as wilt 
appear, when we treat of Harmonical mem | 

1293. Let AMBD 

be a Semicircle de- 

ſeribed on the Dia- N F " 

meter A D, and ex- RANG: "W 
poſed to parallel Rays; / | | \, 
then thoſe Rays which . „ 
fall by che Axis CB ,{ | | 
will be reflected to 5 e D 
the middle Point of | | 
CB (1291,) and thoſe 
which fall at A, as they touch the Curve only, will not be re- 
flected at all; and any intermediate Ray E M will be reflected 
to a Point F, ſomewhere between A and 7; and alſo, ſince ' 
every different incident Ray will have a different focal Point, 
therefore thoſe various focal Points will conſtitute a Curve- 
line A F f in one Quadrant, and 71 * 
Curye is called the Gauſtic by Reflection. | 


1294. 
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1294. . Since d is infinite, we have 


—— MF = 


$ME every where; therefore if we biſet the Radius Fe M 
in H, and drawn I F perpendicular to M F, the Point F will 
be in the Cauſtic Curve; for the Triangles MF H and MEC 

are always fimilar, and give MH: MC:: MF: Mx. 
129g. Alſo, ſince the Angle MF H is a right one by Con- 
ſtruction, the Point or Focus F will ever be in the Ciroumfe- 
rence of a Circle deſcribed on the Diameter MH = : MC. 
Therefore the Cauſtic A F f is a Semi. epicycloid, deſcribed by 
the Revolution of a Circle M F H, on the Periphery of a Cir- 
cle G H about the Center C, whofe Radius CH = = MH, 
the Diameter of the generating Circle. | 

1296. If the Angle ACM be Half a right one, than — 
cauſe the Angle EMCS CMF = MCE, the reflected Ray 
MF will be parallel to A C, and will therefore touch the Cau - 
ſtic A F/ in the higheſt Point F. 

1297. This Theory, with reſpect to the Can/tic by Reflec- 
tion, -is moſt evidently confirmed by Experiment ; for if a cy- 
linder Bowl, or Glaſs, be expoſed to the Sun-beams, or Can- 
dle-light, this Curve A FfID will appear very ftrongly deli- 


neated on any white Surface placed e within the 
ſame. | 


; 
. . , — _—_ 
— , R 


BN 


The pop opular Doctrine of CaTopTRtcs, deduced 
> From the foregoing Theory, 


(Plate 1.) 


1298. A 
FA A the Rays of Light, they receive a threefold Di- 
ſtinction. (I.) They are ſaid to be parallel when they proceed 


in Directions equidiſtant, or parallel to each other; as at A in 
Fig. 1. (2.) Converging Rays are ſuch as tend to one Dea 
F; as thoſe at B. (3.) Diverging Rays are ſuch as proceed from a a | 


Point F, in different Directions, as repreſented at C. 
1299, 


} 


CCORDING to the different Modification of 


CHE ET IH We 


") > 88 


> * > 


any combuſtible Body placed in chat Point” F Qtr: he it is 
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1299. With regard to reflecting Surfaces, uſually called Sp#- 
cvLUMs, or MiRRoRs, there are likewiſe three different F orms, 
viz. (1.) A Plane Speculum, or Looking-glaſs, as AB in 
Fig. 2. (a.) Concave Speculum, which is the Segment of a 
hollow Sphere, foliated on the Outſide AVB, or poliſhed on 
the Inſide, as Fig. 3. (3.) Convex Speculum, the ſame Segment 
of a Sphere, but foliated on the Inſide A = B, or poliſhed on 
the Outſide, as in Fig. 4. 

1300. If we conſider a ſingle Ray of Light DC, falling on 
theſe three Surfaces, as it reſpects but one fingle Point C in 
each of them, ſo the Law. of Reflection will be the ſame in all, 
viz. That the Angle of Incidexce DCE is equal to the Angle of 
Reflection E C F ( 1282,) E C being ſuppoſed perpendicular ta 
the ſeveral Mirrors in the Point C. 

1301. Let AVB (Fig. 5.) be,a Concave Mirror, E the 
Center, V its Vertex, and VG the Axis. Then let G be a 
radiant Point taken any where in the Axis, from whence a Ray 
of Light G C proceeds to any Point C very near to the Vertex 
v, and draw E C, the Perpendicular to the Point C, and make 
the Angle ECF = GCE, and C F will be the reflected Ray, 
meeting the Axis i in 7, which is called the proper Focus, or that 
which reſpects the Diſtance G V only. (See 1283.) 

1302. All parallel Rays, DC falling on the Part CV, ex- 
tremely near the Vertex V, will be reflefted to a Point F, ſo 
that DCE the Angle of Incidence be equal to EC F the 
Angle of RefleQion ; which Point, or Focus F is the middle 
Point between E and V, or VF =; Radius V E (1297. ) 

1303. And ſince this is the Caſe, with regard to the Sun- 
beams, which, by ſuch a Mirror are all reflected or converged 
to the Point F, that Point is called the Solar Focus, or Focus of 
parallel Rays; and is relative to ſuch Objects only a as are at A 
very great or infinite Diſtance, 

1304. Again, as the Point F is that where all the Rays 
of the Sun, falling on the Speculum, are collected into a 
very ſmall Space, they will be there greatly condenſed, and 
their Action on Bodies, with reſpe to Light and Heat, ſo 
very much encreaſed; as to produce 1 or burning of 


con 
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called the Focus, or Burning Place, and all ſuch N 3 
called BuxninG GLASSES, 
1305. What we have ſaid of a ſingle Ray holds good fo 

any Number, or Quantity of Rays iſſuing a a given Point 
and hence ft will follow, that all the Rays which flow from any | 
particular Point of an Objeft on a _refleing Speculum, will all be | 
converged to one Point nearly, or made to diverge from one Point 
atid that Point, therefore, will be a Repreſentation of the 1 , 
Point in the Object, and conſequently, ſincè every Point i [ 
the Object may eaſily be conceived to be thus form'd in ; 
Focus of the Speculum, the whole Object will be there repre: | 
ſented, formed, or depicted in Imagery ; or there will ol. ; 


on formed in the Focus of every diſtant OsJect to 
it is expoſed. 

1306, Toexplain this Matter more particularly, let OB 
any Object placed before any Speculum CVP, (Fig. 13.) 
the Diſtance A in the Axis; let E be the Center 7 al { 
Mirror, through which, from each extreme Part of the Ob; | 
jedt O and B, draw the Lines, or Rays OED and ter wi | 
the Mirror, and as they paſs through the Center E,.th | 
be perpendicular to the Surface in the Points D and 0.5 Alſo 
from each Point O and B draw the s OV, B V, to the | 
Vertex of the Mirror V. Laſtly, join O C and BD. 

1307. Now it is evident, that ſince the incident Ray oy 
on the Vertex on one Side the Axis AV, makes the ſame An- | 
gle OVA, as the reflected Ray VM does on the * b 
therefore the reſpective Focus M will be on the contrary 
of the Axis from the radiant Point O. And the ſame is to by 
obſerved with regard to the other extreme Point B, and its Fo 
cus I. Therefore the Poſition of the Image 1 M before the 
Mirror is inverted with' reſpett to that of the Objett O BB. 

1308. The Points O, A, B, in the Object being repreſen- 


ted by M, a, I, in the Image, it will be found by Computationg 
that the Form of the Image is curvelineal, when the Bperulue | 
CD. is large, tho very little ſo, when it is ſmall in Diamgter, 
The Rule for finding the focal Diſtances M D, a V. TC, top 
the reſpective Diſtances of the Radiant OD, AV, Bey 1 
this. Multiply the Diſtance of the Radiant by the Radius f 
Speculum, and divide that Produd by the Difference between twitt 
the 
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te faid Diflangg and the Radius; the Quotient will will be the 
xal Diſtance required. 

1309. The Wee and Image ſubtend the ſame Angle at the Ver- 
x V and Centre E of the Speculum. For at the Vertex they, are 
th ſeen under the ſame Angle OVB; and at the Centre of the 
ngle which the Object ſubtends OEB= =IEM the Angle 
btended by the Image. 

1310. The Lineal Dimenſions, or Magnitude of the Objett and 
nage, are as their Di flances from the Speculum. For OB: 
M:: AV: a V. 

1311. Therefore when the Diſtance of the Object is equal 
the Radius, (viz. when it is placed in the Centre E) then the 
age there meets it, and is equal to it. 

1312. When the Diſtance of the Object exceeds the Radius 
V, then will that of che Image be leſs; and the Image in all 
ch Caſes will be leſs than the Olject. 

1313. On the contrary, when the Diſtance of the Odject is 
ſs than the Radius, that of the Image will be greater; and 
Image will be in Proportion larger than the Objeet. 

1314. Thus ſuppoſe IM a ſmall Object placed at (a) 
tween the Center and Solar Focus 1291) then will OB 
its enlarged or magnified Image; and this is the Caſe and 
tructure of what is properly called a RzexLECTING Micko- 
cok, by a ſmall Speculum CVD. 

1315. H CVD (Fig. 14.) repreſent the ſame 8 
peculum and E its Center, then if I M be any Object placed 
carer to it than the Solar Focus (or half VE, ) then by the 
ame Reaſoning we ſhall have OB to repreſent its enlarged and 
gnified Image on the other Side of the Speculum (1291); which 
age is in this Caſs erect, or in the ſame Poſition with the Ob- 
ct. And thus it is, that all wh Concaves become Maaniry- 
o'MikrRoRs. . 

e Thus it appears thee a Concave Speculum has a poſitive 
da negative Focus, and will magnify or enlarge the Appearance of 
0% in either. And alfo, that it will dimini/þ Objets in 
he poſitive Focus only. 

1317. If CVD be a Convex Speculum (Fig. 14) then any 
Object O B placed before it will have a Virtual Focus only; or 
Vor. IL WW. the 
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the Rays will be ſo reflected from it as if they came dive 
from a Point behind it (1291) thus the Ray OV will be fo an 
from V toB as if it came from the Point M, and the Ray BV 
will be reflected diverging from the Point I, and the ſame may be 
| faid of all other Rays from the Points 8 and B; therefore 1 
will be the Image of the Qbjedt OB. 
; oy 1 318. With reſpect to this Image we obſerve (1.) I.) That it 
is ways on the contrary Side of the Glaſs from þ Ob- 
ject. (2.) That it is always erect. (3.) That it is ever leſs 
than the Object, the Proportion being that of their Diſtances 
IV to VO from the Vertex, as before. Hence a Convex Mirror, 
when large, will exhibit a delightful Landſcape of diſtaut Objeas, 
which | is its principal Uſe. 
319. As to a Plain Mirror or Common Look IN - Gr.ass, it 
appears from the Theory (1286). (1.) That the Focus is af 
ways Negative, or behind the Glaſs. (2.) That the Diſtanceof 
the Image behind is equal to the Diſtance of the Object before 
de Glaſs. (3. That it is erect, and ſimilarly ſituated with the 
Object. (4.) That it is of equal Magnitude with the Object. 
(5.) Therefore at the Diſtanee of the Object, its Image on 
the Surface of the Glaſs will appear but of half that Length, 
and conſequently a Perſon of fix Feet Height will require a Glab 
3 Feet long to view himſelf compleatly. 


1 1 af. Ko 2 


n 


en Af. Mm 9, 


. Phyfico-Mathematical ELEMENTS. of Dior. 
T RICS, or VISION LIGHT refradted thro" dif- 
ferent Mediums, particularly adopted t to Tang 
9 Op rrexL Uszs. 00 


13320. W E are taught to underſtand, by fi) Ne 
that there is a reflecting and Fase Power which 


acts near the Surface of every Medium, or Body, in ſuch Manner 


as to reflect the Rays of Light at one Inſtant, and at anothet td 
wanſmit and refract them = the Subſtance of the * 


Jr K ac 6s . ad uo i. 65 


ma 5 S 3. t2-..= 
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And tho' the Modus Agendi, or particular Action of the Power 
be not ſo accurately aſcertained, yet that Author has made 
moſt certain by Experiments, that ſuch a Mode of Action there 


is, and that its Effects on the Particles of Light are the Inflec- 
tion, Reflection, and Tranſmiſſion thereof in and thro' different 
Media, And the particular Modifications of Light from thence 


ariſing, he calls Fits of eaſy Reflection, and Fits of eaſy Tranf- 


aiſin. | oi 


1321. Then admit D C were a boil 
Ray of Light incident in one Me- | 
dium X, upon another Y of a 5 
different Denſity and refractiye 
Power, in the Point C; and ſup- H 
poſe it there in a Fit of eaſy Tranſ- ==\ === RS 
miſſion, then if V be the Denſer Me- S — DD = 
dium, or has the greateſt Refrac- =Y =: SAN 
tive Power, the Ray, by the Action == 
of this Power, will be þent or reſrac- — 2 — 
ted from its firſt Direction DCE into another C F, fo as ts 
make the refracted Angle FCB of a leſs Quantity than the An- 
gle of Incidence DCA. The Line AB being ſuppoſed perpen- 
dicular to the Surface H O of the Medium Y in the Point C. 
1322, Theſe Things premiſed, the next, and indeed the fun- 
damental Principle in Diaptrics, is to fkew that the Sine DL of 
the Angle of Incidence AC D has a conflant Ratio to the Sine 
I G of the Angle of Refrattion BC G; and this wilt appear, 
if we conſider that when the Particle of Light arrives at or 
near C it is affected with a new and additional Force from the 
Medium, which Force acting in a Direction perpendicular to the 
Surface H © will cauſe the Ray D C to deflet from its Courſe 
to E into ſome other Direction CG towards the Perpendicu- 
lar CB; which may. he us determined. Let C E be the Space 
deſcribed in a given Time by the Uniform Velocity of Light in 
the Medium X; then will the faid Line C E be as the Force 
which produces that Velocity, (998). From the Point E 
draw E F parallel to C B, and let E F repreſent the new ac- 
quired Force of the Medium upon the Particle in the Point Cy 
and join C F, then will that be the new Diregtion of the Ray 
Q2 4 and 
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and the Space deſcribed in the ſame Time thro' the Medium V, 
reſulting frem the two Forces CE and EF (1028). But CF 
is to CG (or CE) as BF (or K E) is to IG., That is, the 
Sine of Incidence K E or D is to the Sine of Refraftion I G as the 
VehcityC F, in the Medium V, to the Velocity of the Ray C E or DC, 
in the Medium X. But thele Velocities of Light in different 
Media are as conſtant as the Powers of Nature' which produce 
them; therefore ſo is the Ratio of the Sines DL to IG in every 
Inclination of the Ray D C. | 
1323. In the ſame Manner it is ſhewn, that if a Ray of Light 
FC be incident from a Denſe Medium Y upon a Rarer Me- 
dium X in the Point C, then by the ſuperior Force of the 
Denſe Medium it will be deflected towards its Surface H C, and 
conſequently be refrated from the Perpendicular A C into the 
Direction C Dy making DL to IG as FC to CD, as before, 


1324. Let B M be a Ray of Light incident on a RefraQting 


Medium V bounded with a curved Surface A M D, and let MF 
be the Refracted Ray, and F the Focus to which all the Rays 
falling on or near the Point M will be refracted. It is re- 
quired to find the Point F by having given the Nature of the 
Curve AMD, the Radiant Point B, the Ray BM, and the 


Refraction of the Mediums X and Y. 


1325. In order to this, let M C be the Radius of Curvature 
to the Point M, and draw B m infinitely near B M, and join 
mPFandm C; from the point C let fall the Perperdiculars C E, 
Ce, on the Incident Rays continued; and CG, C, on the 
Refracted Rays; and on the Centers B and F deſcribethe ſmall 
Arches MR, MO. And put B M= d, ME=a, ä 
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he little Arch MR = x, and MO = J, and the Sine of Incidence 
CE to the Sine of Refraction C G as m to # (the Radius being 

MC r) then the right angled Triangles ME C, MR m; 
i MOm;.BMR, BUQE, are Similar; becauſe, if 
from the right Angles RME, C M m, we ſubtract the Angle 
EM m, there will remain the Angle RM EMC; and. 
if from the right Angles GMO, CM m we ſubduct the An- 
gle GM m, there will remain OMm= GMC. Therefore 
we have the following Analogies, ME: MC::MC: Mm; 


That bs, ee ne 


9 
* 


8:6: a % Mos! = Then BM:BQ(=BE)::MR: 


Qe; that is, d: d +@a::#: — =Qe. But (1322) Co: 


cg: CE: CG:: :s: :Ce—CE: Cga—CG::Qe:Sg:: 
= 7 = Sar — 2. 28g. Laſtly, the Similar Triangles 

FMO andFSg, give MO: Sg :: MF: S For GF; there- 

fore MO —Sg: MO: :MF—SG, or MG:MF; that 
Im d& —aanz—ands bs | bbmd 


. amd ＋ 71 30 ' 'bmd—aan—and © _ 


M P, the Focal Diſtance S 


Mn; that i is, 3: 3 ; therefore az =bs; and 


5 


1326. If the Curve AMD be a Circle, then CM r is 
conſtant, and the Points E and G will be in a Semicircle de- 
ſcribed on the Diameter MC; and when the Point M is very 
near A the Vertex, then ME and MG are both equal to each 


other, and to MC; that is, 8 = 6 = 7 and the Theorem will 
become 
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become — . — Mi in which Caſe the now's 


qmd— nd -n 
the Axis of the Sphere. | 7 
1327. If the Diſtance of the Radiant B 2 be . o pe 


the Rays parallel, then the Theorem will be == = My 


Focus of the paral lel Rays, | al 
1328. If the Rays fall diverging on the Convex Surface AM D; 0 


then d being Negative, or — 4, the Theorem will become i 
end bbmd. LE] 
—bmd—aan+ 777 $ad—and + an” = MF (Fig: 
to 1 324) and when AMD is a Circle, and * — near 
md 5 
to A, then will the Toe be — . ET = My. 
1329. If the Curve AMD were ſpherically Concave to? 
wards the Radiant B, then will the Radius be N Vegative or — 
erm d 
5 / the focal Dir 
tance; ; which, becauſe m is greater then u, will be Negative, or on 
the ſame Side with the Raidant B, or the Rays after Refraction 
will diverge... 
1330. In the Gale of Parallel Raye falling on the Spherical 


Concave, we have — = M }, Negative alſo, becauſe d is infinite, 


1331. But Converging Rays incident on the ſaid Concave 


rmd 
n 44 n — 41 727 SM. which will be Poſitve or Ne- 


gative, as u * d + XT + 1 is greater or leb hen m4. e 
1332. If the _— 
Surface MiD | 
be a right 
Line, ot the 
Radius. M C __.-— 
r infinite, tha 
then the Theo- 
rem (1325) 


bbd 
will be — =M E;for in thi Ca and bare all infite 


and 


and the Theorem is 


will have 


Nprorr a1 6s. 1 119 


and conſequently ſince aa = , we * — 1 the focal 


Diſtance ; and therefore m d = — =nf, 2 bo n m:: 4: —7 
whence it appears the Ray will be refracted towards the Per- 
pendicular M C, having a negative Focus F on the ſame Side 
with the Radiant B (1321). 

1333- Theſe are the ſeveral Caſes of a ſimple RefraQtian, 
and they are the ſame when we conſider the Ray coming out 
of a denſer Medium Y into a rarer X, only the Ratio of » to m 
is in that Caſe to be uſed inſtead of m to nin this; or in the 
foregoing T heorems, putting for m, and m for. ny inter- 
n and other Things altered as * 85 | 


— 


1 wy 100 


pt 


1334. Thus for Example; Supgule i — ta fins the Fa 
as of Rays paſſing out of a denſer Medium Y into a rarer X in a 


converging State, and refracted at a concave Surfate of the Medium 
X. Then it is plain the Theorem in 1326) will - equally 
ſerve here with the following Alterations, vis. (: [.) Becauſe 
the Refraction is into a rarer Medium, we muſt write n for en, 
and m for #, (g.) Becauſe the refracting Surface is Concave, 
the Radius will be Negative, and the Sign where (r) is found 
muſt de changed. (3-) Becauſe the Rays are couuerging, the 
Diſtance is negative, and the dign where (d) js found muſt be ö 
changed. (4.) Therefore the Sign where d and r are both ö 
found, will continue the ſame. Fhe Theorem therefore, with | 


. "rnd 
a hes Akeigns wil ecome TE TI Dig NP 6 | 


. — --, « — * 


.this Caſe be confidered as Part of is refracted Ray Arras the 
former (1326), then will the. F ocus f in that Caſe be the 
—_— at Paine! in this; and therefore if we ſubſtitute F for d, and 

put 


a. 
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1326) Therefore 


Rays diverging, parallel, or converging can fall. 
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put r for the Radius of EN CD, the laſt Theorem will : 


oO of 
1058 I now we ad the two | refrafting Surfaces an | 
and N D to be very near together, ſo that the Diftance AD 
inconſiderable, then may the Focus f be determined for the ing 
cident Ray B M after both Refractions at M and N; for ts 
a” A 

laſt Theorem gives - Ent == AforDf. (Fig. 1 
r m dvr « I 

ur +nt—mt” S 773% and cons | 
ee Dn. BEEF... er _— 

fequently we have mra—ard+mar—ndr—nrr = £ 4 . 


Df, as embed. ” 
1337. This Theorem may be 3 by putting 


— 24. (or if n= ly and m—TI=0) it will become 


ä r 2 
ard+ard—rr. -f; — Opal 


cal Purpoſes, and far a Lens AMN Dorf any Sort, on which 


1338. Thus if r an the Leas, ben A BA 


being infinite, ke - r ig th i 

- 1339- If the RaysBM are 3 chen 4 being neg 4 
—drr „Arr. 

tive, we have . 


—ard—ard-rr— = dad 


1340 Tf the Lens be equally Convex on both Sides; or re 
then the Theorem for diverging Roy" is ——— — = = fob. 


, 
on ny 
A 
. -v 
F oF 7 4 
$4 - © 


} 


eu Dronnnyes & 1 


& . w 


arallel Rays where & is infinite, = f. And for converging 


| | ; — Or 4 
n where 4 is negative gag ggf = 6 4. 


ays poſitive. 


hen the Theorem for ſuch a Plano-Convex Lens, for diverging 
= f; for parallel Rays - = f; and for conver- 


, - P ar 
9 is ——— : 
dr dr 
ping Rays, rr N 
1342. If one Radius r be Negative, or the Side N D be Con- 
ex towards AM, then the Lens is a Convexo-Concave, or 
r |  —drr 

Meniſcus; and the Theorem for diverging Rays, i fs — 2 


5 w—— * I | : 
=f; for parallel Rays, wet — =f; and for converging Rays 
; ; drr © 4 
* ad r Dad + by 


1343. If r, then for diverging Rays, — d f; for 
parallel Rays, — = f; and for converging Rays, d = fi 
; Ny | 


1344. If both the Radii 7 and r be Negative the Lens be- 
comes a double Concave, and the Theorem for diverging Rays, is 


r | 
* 5 1 21, ny negative, | For paralle Rays 
== 8 f. * negative And for couyerging Rays 

air.” 4 N PIP 3 


adr Tadr r —— 
1345. If one Radius — 1. inkinite; then che Lens is a 


— Adr 


Plano- Concave; & and the Mr become N — 's for * 


verging Rays j = j — =fp, for parallel and 232 = f fo 


converging, bow | | 
1346. If the negative Radii ii are e both equal; it "mates an 
equally Concave Lens; where the Focus of diverging Rays is 
Fol. Ih * © R fouod 


8 


1341. If one Side ND be plane, or the Radius r infinite, 


— —_— 
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found by this Theorem = =f, and of parallel Ray 


de 
— Ef, in each Caſe always negative. W Rays 1 7 
Cu 

of 
| | wh 
1347. Theſe are all the Caſes that ean happen in the Theory the 
of common Dioptrics, and may all of them be very eaſily applied wil 
in PraQtice by ſubſtituting ſuch Numbers for the Ratio of m to rig 
n as we find by Experiments agreeing to Mediums we uſe, LI 
Water, n::4 : 3, whence a = , 3333 7 

Thus in 2 Glaſs, m: n:: 31::20———a = 0,573 Li 
K 22 ——2 281, f. as 

mi 

But for a larger View of this Subject ſee my New PRINCH- ſet 

| PLEs of Orries, lately publiſhed. be 
ar 

ar 

* 

ti 

C 

The Tnzory of DiopTRICs-continued; the Na- - 
ture of the Diacauſtic Curves explained; and the : 
Method of finding a GzoMETRICAL Focus for 
Rays iſſuing from a given Point in the Amis of 6 4 

.. Lens of a Mechanical Figure, | 
12 T has been ſhewn (1325) how the Focus H, F, N. . 
Sc. of any Rays B A, B M, BN, c. falling on F 

the Curve A M D may be found, after Refraction, from pro- 


per Data; and the Curls N F H, which is the Locus of all thoſe 
A is called the DIACAUSTIC, or Cauftis by Refrattion. 


1349 If 


ays 


ays 
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1349. If the Cauſtic HFN 


be involved (ſee 914.) be- 


ginning at the Point A, the 
{aid Point A will deſcribe the 
Curve AL K, the Inrvolute 
of the ſaid cauſtic Curve; 
whence the Tangent LF + 
the Part of the Cauſtic H F, 
will always be equal to the 
right Line AH; that is, 
LF +HF (orKN + HN) 
2 AH. 


1350. Suppoſe the other 


Lines of the Figure drawn 
as directed (1325, and 
moreover the Arch AP de- 


{cribed on the Point B. Then ; 
decauſe theright-angled Tri- 
angles M Rn and MO m,- 


are ſimilar to the Triangles 


MEC and MGC refpec- 


tively, they. give Rm: Omn:. 
CE: CU :: mim | 
1351. Now becauſe R m 
= d, the Fluxion of B M 
= d, and Om = Fluxion 
of LM, and becauſe BP 
S BA is a conſtant Part of 
BM, the contemporary or 


et!) 


* 


J 


4 
7. 


= 


| 
| 
N 


| * 


proper Fluents of the foreging Fluxions are PM and LM; 
and fince in this Cafe, the Fluxions and Fluents in the fame 
Ratio (788) therefore PM:LM::m:n::BM— BA: AH 


—MF — FH ; and conſequently » x BM—BA =mx 
AHR—MF—FH; from which Equation, we get FH 


AH—MF + BA 2 BM, which is the Redifcation 


of the diarauſlic Curve. 


1352. When the Radiant B is at an infinite Diſtance, then 


PA=ZBM; and AP is a right Line perpendicular to thoſe 
R 2 


incident 
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incident Rays, in which Caſe we have the Cauſtic FH—=AH 
—MF, or NH=AH—NE; &c. 

1353. It is evident from the foregoing Theory, that no 
ſpherical Surface (or any other we have treated of) can refract 
all the Rays incident upon it from a given Point B, to another 
given Point F, in the Axis ; and therefore it becomes neceſlary 


to ſhew the Conſtruction of Curves that will do this. Let the 


Curye required for this Purpoſe be A M D, and the incident 
Rays B M, B be infinitely near each other, and M F, F, 
the refracted Rays; and draw the Tangents D mz and MN 
perpendicular to the ſame in the Point M. Laſtly, draw m C, 
in R perpendicular to the incident Ray BM, continued out, and 


refracted Ra e F. Then the Angle M m C —Angle of Inci- 


dence 9 MN, becauſe each being added to the Angle m M C 


D 


m 


LE 
AF 


makes a right Angle ; hs, for the ſame Reaſon, M mR = the 
Angle of Refraction F MN : Therefore if we make Mm Ra- 
dius, MC will be the Sine of Incidence, and M R the Sine of 
Refraction; and as theſe are in a given Ratio m to n (1322) 
we have MC: MR:: : n. But MC is the Fluxion of the 
incident Ray, and MR the negative Fluxion of the refracted 
Ray; the contemporary Fluents therefore of theſe Fluxions 
will be in the ſame Ratio of m to n. On the Point B deſcribe 
the Arches P A and M G, and on the Point F deſcribe the Arch 
ME, then PM and AE are the Fluents mentioned; and con- 
ſequently we have PM or AG: AE::m;n. Which is the 
Property of the Curve AMD. 

1354. Therefore when the reſpective Foci B nad F, and A, 
the Vertex of the Curve required, are given, the Curve may 


be thus conſtructed, Take A G at Pleafure, and ſay m: my 
A 


To” Re tw ON \ "08 


— 
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AG:=AG =AE; then on the Center B with the Radius 
m | 


AG deſcribe the Arch MG; and on F, with the Radius FE 
deſcribe the Arch M E to interſe& the Arch GM in M, and 
the Point M will be in the Curve AM required ; and thus 
all other Points of the ſaid Curve may be found, and the 
Curve AM D drawn thro' them, 
1355. By cauſing the Point B or F to go off ſometimes to an in- 
finite Diſtance, or ſometimes to lie both on the ſame Side the Point 
A, we ſhall obtain all thoſe Oval Figures which Cartſius has 
exhibited in his Geometry and Dioptrics, relating to Refractions. 


1356. Thus if the Rays B M, BA, are parallel, then the 
Arch G M becomes a right Line, perpendicular to the Axis 
BF, and the Curve A M D will be an Elbp/is, whoſe tranſ- 
verſe Axis AD is to the Diſtance between the Foci as m to n. 
For put AF a, AP=MG=y PMS AGS and 
ſuppoſe m: n:: 3:2 (1347) Then GF ga -x, and MF 
Va- 24 ＋ xx +393 and by the Nature of the Curve 
(1354) it is 3 PMT MF = AF, which gives this Equation 
2x + i > arr N =a, And by Tranſpoſition 
and Involution (212) we have a —2ax+x*+y* = a* — 
tax + $x*; and conſequently * =$ax—{xx; and ſo 2yy 
S Fax — *. Put gat = AD, then tx —xx= 25; 


therefore the Curve is an Ellipſis (764.) And v =2, conſequently 

!:p::9:5. Let 4d = Diſtance between the Foci, then “: 15 
* 

9:5, and t —tþ=4&* (768) therefore fs Sd, or 


gif —51*=94*, therefore *: 9: : d.: 9-5 = 4, that is 
| : t:d 


= -- — — 52m ev * — 2 . 
-- 
m 
— — 
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finite Diſtance, or the 


ME becomes a right 
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e:d:: m: n, or, the tranſverſe Axis is to the Diflance le- 

tween be Fry the Sine of the Angle of Incidence to the Sine of the 

tvgle. of Refrattion, as Cartgſus has ſhewn in his p Ur, an 
1357. On the othey 

hand, if the Poiat F 

be ſuppoſed at an in- 


R 


8 * bp — 


incident Rays F M, 
F Ay parallel, then 


5 ; 
\, F 


Ling; then A B = a, NY 
AE=x, and EM=y; PU a AG 12 BM 44 


| 2% 2 and EBY=@ + x; whence (as before) we get "TIF 


ZXR z TH +y*; and thenceax + 5x* V 
and | pytting ta t, we get tx +xx=+4yy, which bes the 


Curye A M in this Caſe is an Hyperbola (765) whence 5 =2, 


and 2. ; therefore t® + 4 = &; therefore 44 + 5t! 
en 94; ſo that e*:4*:: 4:9, which gives t:d::2:3 

n: m. Or, the tranſverſe Axis of the Hyperbola is to the Diſ- 
tance between the Foci of the oppeſite Sections, as the Sine of Inci- 
#nce to the Sine of Neſruction. 

1258. Thus we have ſhewn what Curves will refrad all Rays 
iffuing from any one Point to any other given in a different 
Medium, or by a fingle Refraction. It remains now to ſhew 


ho the ſame Thing may be effected by two Refradtions; in ordet 


to which it will be neceſſary to premiſe the — LX MMA, 
1359. To deſcribe the 
Curve G M, ſuch, that 
from any Point M,two 
right Lines B M, K M 
may be drawn to two 
given Points B and K, 5 
which Jhall be to each other in the given Ratio of m ton, or r that 
BM: KM:: : n. 
Draw M R perpendicular to B K, and put B K =a, BR 
*, and MR g; then becauſe of the right-angled Triangles 


BR AM, KRM, we have i and K M 
| — 


9 
S% ? ” . 
. . >... 
: : 
{1 
— i) =_Y 
 # 
- : * F CS ITO 
- o N 
Jo — 


07 D: rift 667 | 127 
JF —2ax+x* +); and therefore it muſt be / y; 
rr ich ges yy xx ELR2Z 


| mm— nn 


— x x — OO ; and ſince the Co-efficient of the Square 


of the Ordinate (y 5 is Unity, (764) it is evident the Curve | 


GM is a Circle, 


2 aMmns gaben 
1360. Whenzy = ©, then — 


— & — — 


mm —nn N In 


222 on. - =BG x BU(330.) Therefore G Q 


"m+n n —n 


(=BQ—B G) is the Diameter of the Cirele which is the 


Locus of the Point M. 
1361. The Curve A M, the radiant Point B, with the Ratio 11h 


being given, it is required ro deſcribe the Curve N D, that ſhall re 
frat? the firfl refracted Rays MN, and make them converge to ans 
given Pains C. 


Suppoſe FH vids the Cauſtic by Refraftion to A M. the . 


radiant Point being 1 in B; it . that the ſame Curve FH 
will alfo be the Cauſtic by Refraftion to the Curve N D (1352) 


and therefore F H = DH—NF—- DC 2 — N C'= 
AH—MF + {BAL BU which Dunn wil 


I 1 — to n Fa... the 1 N. B, 75 any re- 
fracted Ray A H, take at Pleaſure the Point D, for one of 
the Points in the Curve required. And in any other Ray as 


MF take MK = = BA— = BM BY D, and 
l find 


— — — — — — ̃ — ¶— „ 3 —— — 
” 
* p 
*4 a 


” — — >” 
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e en ov ha NC: 4.5 n, or N 


„N C, and the Point N will be in the Cane reguled 5 320i 


= a ſufficient Number of Points may be found dd whick 
to draw the Curve DN. 

1363. From the foreging T l appears, that it is po 
| ible to determine the- Figure for any Mechanical Lenſes, Ca 
vex or Concave, by which either ſingly or conjointly, Rays 9 
Light proceeding from any one given Point B in the Axis « 
the Lens may be accurately refracted to any other Point 
Focus f, which in this Caſe may be called the Geometrical Facuy 
But certain it is, that no Figure for Glaſſes can be found fa 
ſuch a Focus of Rays proceeding from a Point out of the 
Axis; and therefore it is naturally impoſſible that the Dol 
of Dioptric Viſiam ariſing from the Figure of Glaſſes, ſhould eve 
be reRified by Art. We have here given the Subſtance of al 
that has been publiſhed by KeeLER, DescarTEs, Heng 
Dr. BAR ROw, Sir J. NEwTrox, and Dr. Haxxxr, the greate 
Maſters in this Science. 
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Me popular Doctrine of Drorrxics deduced fro 
the TuzoryY ; with the Rules for finding th 
Foc Al Dierances of all Sorts of LENSESs, all 
"the Proportion, Magnitude, Poſition &c, q 
IMAGEs formed thereby. | "| 


(Plate I. of Orrics and PERSPECTIVE.) 


x 3%4-F AVING thus premiſed the Theory, we now pit 
ceed to make ſuch practical Deductions from it 
will be ſufficient to acquaint our Readers (not verſed iti Ma 
thematics) with all the uſeful Part of Dioptrics, and its Appli 
cation to Optical Inſtruments in every Branch of the Viſual Sciens 
1365. Therefore let A B (Fig. 6.) be the Surface of 720 
fracting Medium B K denſer than Air, as Water, Glaſs, & 
and let D C be a Ray of Light incident thereon in the Point 
th 
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thro! the Point draw E H perpendicular to the Surſace A B,. 
and the Angle ECD is the Angle of Incidence, When the 
Ray arrives at C it is refracted or bent out of its firſt right- 
lined Direction D CK into another C F towards the perpen- 
dicular C H, and the Angle F CH is the Angle of Refraction, 
leſs than the Angle of Incidence K C H by the ſmall Angle 
F C EK, which is called the refrafed Angle. 

1366. On the other hand, if a Ray of Light CF in a 
denſe Medium be incident at C upon any rarer Medium, it 
will be refracted out of its firſt Direction F C into another CD 
which will be farther from the perpendicular C E. And the 
greater the different refrative Powers of the Mediums, the 
greater will be the Difference of the Angles ECD and FCH. 
All which is evident from the Theory ( 1322.) 

1367. If the refracting Surface AC B be not plain, but 

pherical ; then let E be the Center of the Sphere, and VE F, 
the Axis thereof. Let C D be a Ray of Light falling on the 
convex Surface (Fig, 7) in the Point C and parallel to the Axis 
VF; from the Center E draw the perpendicular E CH and it 
js evident the Ray D C will be refrated in the denſer Medium 
towards the perpendicular EC (1365), and therefore can be no 
longer parallel to the Axis, but muſt interſect it at ſome Point 
F which will be the Focus of all the Rays parallel to the Axis, 
and very near it, as was ſhewn (1327.) 

1368. In Caſe of a concave Surface A CB (Fig. 8) a Ray of 

ight D C parallel to the Axis E V, will, at its Entrance into 

e denſer Medium, be refracted alſo towards the perpendicular 

H, in ſuch a Manner to F, that were F C to be produced, it 
would cut the Axis produced in the rarer Medium (ſuppoſe 
Air) beyond F. (1329) The Diſtance of the Piont F from 
the Vertex V in Water, is our Ti Times the Radius of the Sphere, 

mz, VF= 4V E; and in Gloſcit is VF =3VE (1347) 
vr the Focus is diſtant three Semi-diameter of the Sphere. 

1369. If a Ray of Light be twice refracted, firſt into a 
denſe Medium and then into a rare one, its Courſe after the ſe- 
cond Refraction will be variable, according to the Figure of the 
Ourfaces which bound on each Side the denſer Medium, and 
may eaſily be determined by the Theory (1336.) This Caſe 


in practical Dioptrics brings us to the Conſideration of Lenſes, \ 
Vor. II. 8 which 
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which are the eſſential Parts of Teleſcopes, Microſcopes, and all 
other Inftruments of the Dioptrie Kind. 

1370. Let AVB (Fig. 9) be a Plano-convex Lens, then 
Rays of Light DC, DC, which fall upon it parallel to 
the Axis VE will, after Refraction thro? it, be converged to a 
Focus in the Axis at the Point F, which is nearly equal to the 
Diftance of the Diameter of the Sphere V F (from the Vertex V) 
of which the Lens is a Segment (1341.) 

1371, On the contrary, it follows that if Rays of Light 
diverge from a Point F, at the Diſtance of twice the Radius 
VE of Convexity in any Plano-convex Lens AVB, thy 
will, after Refraction thrg' it, proceed parallel to the Axis V E. 

1372. In like Manner, if AVB (Fig. 10) be a double 

and equally convex Lens. Then parallel Rays D C falling 
upon it will be efracled to a Focus F very near the Point E or Ca- 
ter of Convexity, as is demonſtrated (1 340.) 

1373. Therefore on the contrary, when Rays of LightF A, 
FB, diverge from a Point in any Object in the Focus F of an 
equally convex Lens AVB, they will, after Refrattion _ it, 


proceed parallel to the Axis of the Lens V E. 
1374. Let parallel Rays D C, D C, fall upon a Rb 


cave Lens AC B (Fig. 11) then will they be fo refracted thro 
it to f, f, as if they came diverging from a Point or Focus F « 
the Diſtance of the Diameter of the Sphere of Concavity of the Len 
£1945) and the Point F is in this Caſe called the virtud 

vcus. 
1375. If parallel Rays DC fall upon a double and equal 
concave Lens (Fig. 12.) then they will be refracted to f and f diver 
ging from a Point E which is the Center of GY (1346) and 
the virtual Focus of the Lens. 

1376. In each of theſe two laſt Caſes, if Rays f C, f C, con- 
verging to a Focus F or E, are intercepted by a ſingle or 
double concave Lens A B placed at the Diſtance of the Diame- 
ter or Radius of Concavity from the ſaid focal Point, then the 
Rays, after Refraction, will proceed parallel among themſelves, and to 
the Axis of the Lens. 

1377- If the Lens be not equally convex on both Sides, then 


tze Focus of parallel Rays will be found by the e 
N ULE 
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Divide the Prodult of the Radi, by half their Sum, and the 


Nusctient will be the focal Diſtance required. (1338) * 
V Suppoſe one Radius 15 Inches, the other 9; their 
Product is 135, which divided by half the Sum 12, gives 


11 Inches for the focal Diſtance of ſuch a Lens. 


* 1378. If the incident Rays are not parallel, but come diver- 
ging ſrom a diſtant radiant Point in the Axis of a Lens of equal 

ht Convexity, then the focal Diſtance is found by this 

MD | R U L E. 

by Multiply the Diflance of the Radiant by the Radius of the Lens 3 


. and divide that Product by the Difference between the ſaid Diſtanca 
le and Radius ; and the Vuntient will be the focal Diſtance required. 
2 (1340-) | | 
p13 Example. Let the Radius of the Convexity be 15 Inches, and 
the Diſtance of the Radiant 60; then their Product is 900, 
, and their Difference 45 ; therefore 4.5)900(20 = the focal Diſ · 
tance in Inches, for that Diſtance of the Radiant. 
1379, When the Radii of Convexity are unequal, the Focus 
of diverging Rays is found by the following 
b 99; te 
| Multiph twice the Product of the Radii by the Diſtance of the 
| Radiant ; and then divide by the Difference between the Sum of the 
| Radii multiplied by the Diſtance, and twice the Product of the Ratii 3 
| | and the Quotient twill be the focal Diſtance required. (1337) 


Example. Let one Radius be 15 Inches, the otherg; and 
the Diſtance of the Radiant 60; then twice the Product of the 
Radii is 270, which multiplied by bo makes 162003 the Sum of 
the Radii 24. multiplied. by 60, is 1440, from * take 270, 
there will remain 1170 then 1170) 16200013 70 5; Inches, the 
focal Diſtance required. 

1380. If the Rays fall converging on the Lens, then if we 
Civide by the Sum inſtead of the Difference, the Rule will in 
all other Reſpects be the ſame, in each of the two laſt Caſes, 
for finding the focal Diſtance for any given Diſtance to which 
the Rays tend (1339. ) 
| 8 2 1381. In 


This Rule is in general exact enough for Uſe, fince in common 
Glaſs the Value of (a) in (1338) is very little more than (4), 


/ 
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1381. In all that has been hitherto ſaid, it is ſuppoſed that 
the Lenſes are of Glaſs, and that the Sine of Incidence is to 
that of Refraction in Glaſs as 3 to 23 agreeable to (1347.) 
But as there is a conſiderable Difference in the refraRive 
Powers of different Kinds of Glaſs, if we bave Regard to 
that (as in ſome Caſes will be neceſſary) then the Rules above 
will be ſomewhat more complicated, and we muſt operate ac- 
cording to the Theorems referred to, and take in the Value of 
(a) as it is found by Experiment, in each * Sort of 
Glaſs. + 

1382. Let OB be any Object placed at a Diftance from 
the convex Lens CD (Fig. 15.) Then it is evident that a 
Pencil of Rays CAD which flow from the Point A in the 
Axis will all be converged to another Point (a) in the Axis (if 
the Diameter of the Lens C D be but ſmall (by 1336) whoſe 
Diſtance V a may be found (by 1377 or 1378) and this Paint 
(a) will be the Repreſentation or * of the Paint A in the Object 
(1305. ) 

1383. Let O be a Point in the extreme Part of the Objed 
which ſends a Pencil of Rays D O C to the Lens CD; a 
mong theſe one Ray O V will be refracted thro' the Center of 
the Lens, and therefore the Poſition of the refracted Part VM 
will be ſimilar or parallel to the incident Ray OV (as will ap- 
pear from 1332) and when the Thickneſs of the Lens 
CD is inconſiderable (as in moſt Optical Caſes it is) then O V 
and V M may without ſenſible Error be eſteemed one right Line: 
and therefore the Axis of that Pencil of Rays, in which at 
the Point M they will all be united after Refraction, wherefore 
M will be the Image of the Point O in the ObjeR. 

1384. And in like Manner I will be the Image of the Point 
B in the Object, and ſo the whole Object O B will be repreſented 
in its Image I M. And by calculating by the above Rules it 
will be found that the Image I a M will be curvelinsal, more or 
leſs, as the Aperture C D of the Lens is greater or ſmaller. 
1385. The Poſition of the Image, with reſpect to the ſimilar 

Parts of the Object, is inverted. The Reaſon of this is evi- 
dent by Inſpection of the Figure, ſince the Axis of the Pencils 
from each extreme Part of the 0 croſs each other in the 
Center of the Lens. 1386. -The 


+ See my New PRINCIPLES of Or rics, lately publiſhed. 
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1386. The Object and Image ſubtend equal Angles at the Center 
of the Lens. For ſince O M and BI may be conſidered as 
ſtrait Lines, the Angle BV O, under which the Object ap- 
pears, will be equal to the Angle IVM, under which the 
Image is feen from the Center or Vertex V of the Lens. 

1387. The lineal Dimenſions of the Object and Image are ay 
their Diſtances frhm the Lens reſpeftively ; for ſince the Tri- 
angles OV B and IVM are fimilar, we have OB, the 
ih of the Object, to I M the Length of the Image, in the 
fame Proportion as OV or AV the Diſtance of the Object, 
to IV or aV the Diſtance of the Image. Hence their Surper- 
ſcies will be as the Snares, and their Solidittes as ths Cubes of 
the Diſtances from the Lens. 

1388. The Object and Image are reciprocal; for if IM be 
conſidered as an ObjeR, then will O B be the Image thereof ; 
and A, a, are called the conjugate or reſpective * es, for thoſe 
Diſtances of the Obje& and Image. + 

1389. Hence it appears, that the nearer the Object is to the 
Lens, the farther off the Image will be formed ; and when the 
Object comes to the Focus of the Lens, the Image will then 
be at an infinite Diſtance, ſince the Rays from every Point 
will after Refraction be parallel among themſelves (1373,) 
Laſtly, if the Obje& be nearer the Lens than the Focus, the 
Rays after Refraction will diverge, and in this Caſe no real 
Image can be formed of that Object at all by the ſingle Lens. 

1390. There is another Form of a Lens called a Meniſcus, 
which is concave on one Side, and convex on the other (Fig. 16.) 
But tho' it was in great Uſe and Eſteem ſome Years ago, it is 
now entirely uſeleſs, as the Plano-convex Lens is known now much 
toexceed it in thoſe N for which it was then ſo much 
valued. 


SC HO LIU M. 


1391. The Lenſes hitherto conſidered are of a ſpherical 
Form, and will not admit of a Geometrical Focus, not even of 
Rays flowing from a Point in the Axis (1348, &c.) and therefore 
it is impoſſible that any ſuch Lens ſhould form a perfe& Image 
of any Object, not ſo much as in a ſingle Point thereof. We 
have ſhewn indeed from the Theory, (1361) that a Lens 

my 
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may be formed that ſhall have a Geometrical Focus for 


Fe ” 


radiant Point of its Axis, but not for any other; and therefore it 


is plain, no Image of an Object can be formed in any Degree per- 
felt by. any Lens whatſoever 3 and conſequently, that refrating 
Teleſcopes will ever be, in their own Nature, imperfect, if con ſtru. 
ted with a ſingle convex object Lens. But this ImpecfeRion from 
the Figure will admit of a little Correction from the Addition 
of another convex Lens, but will be increaſed by joining there- 
with a concave one, as I have largely ſbewn in my New PRIN ci. 
PLES of OPTics, “ | 


* 


I. 


Of the NaTuRE and STRUCTURE of the Evx; 


and the ELEMENTS of VISION explained fron 
the foregoing THEORY, 


. 392. P ROM the Elements delivered in the preceding 


Chapter we are enabled to explain the true THROR 
or VISION, as it is performed by the moſt exquiſite of ah 
Dioptric Inſtruments, the EYE. For which Purpoſe it will be 


neceſſary 


® Before we leave this Subject it may be neceſſary to obſerve, that 
the Hypotheſis of the Paſſage of a Ray of Light by Reflection, from 
A to C and D (ſee 1282) being a Minimum, or the leaſt Poſſible, i 
not an arbitrary Poſition ; for if we conſider the Reflection of Li 
as an Operation of Nature, and that perfect Wiſdom has eſtabli 
the Oeconomy of Nature's Laws, it is neceſſary to conclude, tht 
every Thing is done in the moſt direct and ſimple Manner, and there- 
fore that the Paſſage of the Ray A C+CD is the leaſt Poſſible from 
A to D, by Reflection from the given Plane B E; for this cannot 
be denied, without aſſerting, that the Author of Nature has not takin 
the moſt direct and ready Way of doing Things; which is inconſiſtent 
with our natural Notion of Deity, and conſequently is irreligious, 2 
well as abſurd. Therefore it ought to be eſteemed an Axiom, ora 
primary Poſtulate in Optics, on which the whole Science depends. 
And notwithſtanding it is a ſelf-evident Principle, it is at the fame 
Time the Reſult of the ſtricteſt Mathematical Theory; it is alſo de- 
monſtrable on the Principles of Mechanics ; and all Experiments teſiiſ) 
that the Angles of Incidence and Reſſection are equal, and therefore 
that the Paſſage of the Rays of Light from one given Point to ano- 
ther, either by R-fledion or Ręfraction, mult be the leaſt poſſible. 
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neceſſary to deſcribe the ſeveral Parts that are immediately con- 
_ in producing this wonderful Effect. | 

3. And here it muſt be obſerved, that Viſion is effected 
% a Refraction of Light thro' the Humours of the Eye to 
the Bottom or Fundus, where the Images of external Objects 
are formed on a fine Expanſion of the Optic Nerve called the 
Retina, and therefore the anterior Part of the Eye muſt ne- 
ceſſarily be of a convex Figure, and of ſuch a preciſe Degree of 
* Convexity as the particular refractive Power of the ſeveral Hu- 
mours require for forming the Image of an Object at a given 
focal Diſtance, viz. the Diameter of the Eye. 

1394. Hence we find, Fir! ; The external Part of the Eye- 
ball CD (Fig. 17.) is a Pellucid, properly convex, and frong 
Subſtance, which, when dried, has ſome Reſemblance to a 
YE; Piece of tranſparent Hern, and is therefore 2 the Cornea, 
On or horney Coat of the Eye. 

1395. Secondly; Immediately behind this . there is a 
fine clear Humour which from its Likeneſs to Water (in a general 
ding View) is called the Aqueous or watery Humour, and is contained 
ORY in the Space between C D and G F E. 
* ah 1296. Thirdly ; In this Space there is a Membrane or Dia- 
l be phragm, called the Uvea, with a Perforation or Hole in the 
far 
that 
ro 


Middle as at F, of a muſcular Contexture for altering the Di- 
menſions of that Hole (or Pupil) for the aqjuſting a due 
Quantity of Light. 
- 1397. Fourthh ; Juſt behind this Diaphragm is placed a 
2 lenticular Subſtance G E, called from its Tranſparency, the 
el Cry/taline Humour, tho' it be not a fluid Body, but of a conſi- 
tha derable Conſiſtence. It is contained in a ſine Tunic called the 
- Arachnsides, and is ſuſpended in the Middle of the Eye by an 
not Annulus of muſcular Fibres called the Ligamentum Ciliare, as at 
ahin Gand E. By this Means it is capable of being moved a little 
* nearer to, or farther from the Bottom of the Eye. 
1398, Fifthly ; All the remaining interior Part of the Eye is 
ds, made up of a large Quantity of a jelly-like Subſtance called the 
8 Vitreous or glaſſy Humour, tho there is not the leaſt Likeneſs to 
70 Glaſs in it, except its Tranſparency; it being moſt like ** 
ore White of an Egg of any Thing. 
ao 1399. Sixthly; On one Side of the hinder Part of the Eye 
as at K, the Optic Nerye enters it from the Brain, and is ex- 


panded 


A L, from the Eye. Then a Pencil of Rays proceeding from? 


which receives the Rays, and is the ſame with the Convexity J 
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panded over all the interior Part of the Eye to G and E A 
around. This delicate Part is by Nature appointed the immes 
diate Organ of SHT. On this wonderful Membrane the 
Image I M of every external Objet OB is formed 7 
to the Optic Laws of Nature, in the following Matiner. ” 

1400. Let O B be any Object, placed at a great Diſtances? 


any Point L will fall on the Cornea D C, and be refracted by tha 
Aqueous Humour under it to a Point in the Axis of that Peneß 
continuedout, Then ſuppoſing the Radins of Convexityofthe Comm 
to be 3,3 Tenths of an Inch; and the Sine of Incidence in Ai 
to that of Refraction in the Aqueous Humour to be as 4 to 3 
(as it is nearly) then if the Object be infinitely diſtant, or thi 
Rays parallel, we ſhall find (per Theorem 1327) that the fecal 
Diſtance after the firſt RefraQtion will be 1 33 Tenths * 1 
Inch from the Cornea. N | 
1401. The Rays thus refracted by the Cornea, fall con 4 
ging on the Cry/taline Humour, and tend to a Point 12, 28 Tent 1 
of an Inch behind it; alſo the Radii of Convexity in the a 
Humour are 3,3 and 2,5 Tenths reſpeRively ; and the ging 
of Incidence is to that Refraction of the Aqueous into the Cryſt 
taline Humour as 13 to 12. Therefore (per Theorem 1 328) they 
focal Diſtance after Refraction in the Cry/faline will be 208 1 
Tenths of an Inch from the fore Part thereof. * 
1402. The Rays now paſs from the Cry ſtaline to the — 4 
Humour ſtill in a converging State, and the Sines of Incidence ſ 
and RefraCtion being here as 12 to 13 (as found by Exper- 
ment); and ſince the Surface of the vitreous Humour is Concave i 


of the poſterior Surface of the Cry/aline, the Radius will 6 
the ſame, viz. 2,5 Tenths of an Inch. Then the focal Di 
tance after this third Refraction will be found (by 133) 
to be 6,1 Tenths from the hinder Surface of the Cornea, _ 
1403. Now the Diftance from the hinder Part of the 
Cryſtaline to the Bottom of the Eye, or Retina, is nearly equal 
to that focal Diſtance ; and therefore all Objects at a great Di 
tance have their Images formed on the Retina in the Fund of the Ee, 

| d 


| ? In 1328 for diverging, read converging. 
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d thereby fine Viſim is produced by this Organ of Opric 
Jenſation. 

— When the Diſtance of Objects i is not very great, the 
cal Diſtance, after the laſt Refraction in the Vitreous Humour, 
vill be a little increaſed, and to do this we can moye the Cryſ- 
line a little nearer the Cornea by Means of the Ligamentum 
iliare (1 397) and thus on all Occaſions it may be adjuſted for 
due focal Diſtance for every Diſtance of Objedts, excepting 
kat which is leſs than fix or ſeven Inches, in good Eyes. 
any, I know, are of Opinion, that this is effected by a . 
n the Eye to alter the Convexity of the Cryſtalline Humour as 
Occaſion requires, but this does not very eaſily appear. | 

1405. By what has been ſaid, it appears that Rays of Light 
lowing from every Part of an Object O B, placed at a proper 
Diſtance from the Eye, will have an Image I M formed there- 
by on the Retina in the Bottom of the Eye; and ſince the Rays 
M, BI, which come from the extreme Parts of the Ob- 
ect, croſs each other in the Middle of the Pupil, the Poſition 
of the Image IM will be contrary to that of the Object, or in- 
verted, as in the Caſe of a Lens (1385.) 

1406. Phe apparent Place of any Part of an Object is in the 
Axis and Conjugate Focus of that Pencil of Rays by which that 
Part or Point is formed the Image. Thus O M is the Axis, and 
O the Focus proper to the Rays by which the Point M in the 
Image is made ; therefore the Senſation of the Place of that 
Part will be conceived in the Mind to be at O; in like Manner 
the Idea of Place belonging to the Point I, will be referred, in 
the Axis I B, to the proper Focus B, therefore the apparent 
Place of the whole Image I M will be conceived in the Mind to 
occupy all the Space between O, B, and at the Diſtance A L 
from the Eye. 

1407. Hence likewiſe appears the Reaſon why we ſee an Ob- 
Jeet upright by Means of aninuerted Image; for ſince the apparent 
Place of every Point M will be in the Axis M Oat O; and this 
Axis eroſſing the Axis of he Eye HL in the Pupil, it follows, 
that the ſenſible Place O of that Point will lie, without the Eye, 
on the contrary Side of the Axis of the Eye to that of the Point in 
the Eye; and ſince this is true of all other Parts or Points in 
the Image, tis evident the Poſition of every Part of the Object 


Vor. II. 'T will 
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will be on the contrary Side of the Axis to every correſponding 


Part in the Image, and therefore the whole Object O B wit 
have a contrary. Poſution to that of the Image I M, er appear up- 
right, 

* 408, The Dimenſions, or Magnitude, of an Obje (0) B 
we judge of by the Quantity of the Angle O AB which it 
ſubtends at the Eye. For if the ſame Object be placed at two 
different Diſtances L and N, the Angles O AB and oA 
Which in theſe two Places it ſubtends at the Eye, will be sf 
different Magnitude ; and the lineal Dimenſions (viz. Length and 
Breadth) will be at N and at L as the Angle „A is to the An- 

le OAB. And the Surfaces and Sghdities of the Objects wil 
4 as the Squares and Cubes of thoſe Angles (670, 695, 1 357). 

1409. It is found by Experience, that two Points O, L, in 
any Object will not be diſtinctly ſeen by the Eye till they are 


near enough to ſubtend an Angle O A L of ene Minute. Hence 


when Objects, howeyer large in themſelves, are fo remote az 
not to be ſeen under an Angle of ene Minute, they cannot pro- 
perly be ſaid to have any apparent Dimenſions or Magnitude 
at all; ſuch as is the Caſe of the large Bodies of the Planets, 
Comets, and fixed Stars. But the Optic Science Has ſupplied 
Means of enlarging this natural ſmall Angle under which moſ 
diſtant Objects appear, and thereby enereaſing their apparent 
Magnitudes to a very ſurpriſing and delightful Degree in that 
noble Inſtrument we call a TELEsCoPE, as we ſhall elſewhere 
explain;* 

1410. On the other hand, we' find in the Creation an Infinity 
of Odjects, whoſe Bulks are ſo ſmall, that they will not ſub- 
tend the requiſite Angle (1409) if brought to the neareſt Limits 
of diſtinct Viſion, viz. 6, 7, or 8 Inches from the Eye, as found by 
Experience; and therefore in order to render them viſible at a 
very near Diſtance, we have a Variety of Glaſſes, and Inſtruments 
of different Conſtructions, which we uſually call Mxcroscopss, 
by which thoſe minute Objects appear many Thouſands, yea 
Millions of Times larger than to'the naked Eye ; and thereby 
enrich the Mind with Diſcoveries of the ſublimeſt Nature, in re- 
| gard to creating Power, Wiſdom, and Oceconomy. 1411. f 
* The practical Part of Optics containing the Deſcription and Uſe 


of TELESCOPES, MrcroscorEs, and other Optical Inſtruments, the 
Reader will hereafter find in the Young Gentleman and Lady's Phily/epby. 
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1411, If the Convexity of the Cornea C D happens not 
exactly to correſpond to the Diameter of the Eye, conſidered 
as the natural focal Diſtance, then the Image will not be form- 
od on the Retina, and conſequently no diflinft Viflon can be of 
fecled in ſuch an ye. 

1412. If the Corned be too convex, the focal Diſtance in the 
Eye will be leſs than its Diameter, and the Image will be form- 
ed ſhort of the Retina, Hence the Reaſon why People having 
ſuch Eyes are obliged to hold Things very near to them, to 
lengthen the focal Diſtances (1340) and alſo-why they uſe con- 
cave Glaſſes to counter- act ot remedy the Exceſs of Convexityz 
in order to view diſtant Objetts diſtinctiy. 

1413. If the Eye has 4% than a juft Degreeof — or is 
oo flat, as is generally the Caſe with old Eyes, by a natural De- 
ficieney of the Aqueous Humout, then the Rays tend to a Point 
or Focus beyond the Retina or Bottom of the Eye; and to 
ſupply this Want of Convexity in the Cornea, we uſe "convex 
Lenſes in thoſe Frames we call Spectaclis, or V1sUAL GLassts.F 

1414. Since the Rays of Light O A, B A, which conſtitute 
the viſual Angle O AB, will, when they are intercepted by a 
Lens, be refracted ſooner to the Axis, (1380) the ſaid Angle 
will thereby be enlarged, and the Object of Courſe become 
magnified; which is the Reaſon why thoſe N are called 
Magniſiers, or READING GLASSES, 


: 5 e CHAP, 


+ Theſe Viſual chi: are very Ae from Space in two 
Particulars ; for '(1.) They are made with oe pertures to ad- 
mit of no more Light than what is requiſite. (2.) They are bent to 
an _— that the Rays may fall directly and not obliquely on the 
E — th which Precautiohs are neceſſary for eaſy and diſtin Vi- 


hon, 
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CHAP. VII. 


07 the different Refrangibility of Light; and the 
' DocTRINE of CoLouRs from thence explained 
by the PRISM, and applied to reading Trz- 


( SCOPES, 


1415: HE Wette en 2 Is one ef the an 

delightful Parts of Phyſics ; is but of modern In- 
vention; depends entirely on Optical Princeples 3. and is the Life 
of all painting and pictureſue Arts, both Natural and Artificial, 
Therefore it will be A here to 8. down. the B. 
which explain it. 

1416. We have already Wen the 1 Nature of 25 Be. 
fraction of Light in different Mediums, (131 2) from which it 
appears that when the two Surfaces of a refracting Medium are 
parallel, the Ray after Emergence will proceed in a Direction 
parallel to that which it had- at its Incidence ; 4 and farther, 
we have taken for granted, that all Rays of Light are equally 
refrangible, or uniformly refracted by any Medium. But when 
we conſider that the Rays are really very differently refrangible 
in the ſame Medium, and that the Direction of the Incident 

and emergent Rays will be different alſo, when the Surfaces of 
the refräcting Medium are not parallel, but inclined to each 
other, I ſay, when theſe Things are conſidered, we ſhall find 

Matter for new Speculation, and ſoon unfold the Dycirine if 

 Colaurs. | 

1417. The Form of a Paton, it is preſumed, 46 well, 
conſiſting of three plain Sides inclined to each other in certain 

"Angles ; and therefore if a Beam of Light, as D C (Fig. 18) 
fall on one Side A B of the Priſm in the Point C, it will leaye 
its firſt Direction, and be refracted to the other Side at E (1312) 
At its Emergence into the Air at E it will be refracted from the 

| Perpendicular P E to the Side of the Priſm, and therefore make 

ſtil] a greater Angle with the Direction of the incident Ray D C. 
(1323-) 1418. And 
This is evident from the Th in (1337) by making r, and r 
r 
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1418. And becauſe it is found by Experience, that the Rays 
of common ſolar Light are differenth refrangible, that is, ſome 
Rays are more and others leſs refrangible by the ſame Medium, it 
will follow, that at the firſt Refraction at C, and at the ſecond 
at E, the Beam of Light will be dilated, and rendered of 2 
different Form from that of the incident Beam DC. Thus 
for Inſtance, - at E the Part of the Beam which is leaſt refrangi- 
ble, will be refracted to (r) making the leaſt Angle EP with 
the Perpendicular EP; and thofe Rays in the Beam which 
are moſt refrangible will be refracted to (u) making the Angle 
E the'greateft of all; ſo that the Beam by RefraQtion at 
E, is dilated or diflipated intd the Form v F r, very different 
from that of the incident Beam. 
1419. And moreover, we obſerve the different Rays of the 
Beam at r, o, y, &c. appear of a different Colour; thus the 
Rays at r are Red; thoſe. at 2 are Orange; thole at y, Yellow 
at g, Green; at b, Blue; at i; Indieo; and at v, Vialet-colour'g, 
Now its evident, that the different Colours of the Rays muſt be 


Nerve. 
1420. Tbat the Senſation of Cubour is the Effect of Light 
alne, is manifeſt from hence, that no Sort of Object on which 


and in which it is refracted does ever change the Colours peculiar 
to the ſeveral Parts of the refracted Beam. They are more or 
leſs intenſe, according to the greater or leſſer refractive Powers 
of the Mediums, but till the Colours of the ſame Parts of the 
refracted Beam are always the ſame. 

1421. Hence then it follows, that the Senſation or Idea of 
Colours is excited in the Mind by the Action of (Light, as the 
efficient Cauſe 3 and that the different Phenomena of Calsurs ate 
the Effects of different Rays of Light, varying in ſome Pro- 
perty or Quality, which perhaps we do not certainly, if at all, 
comprehend. Sir Iſaac Newton ſuppoſes, with great Reaſon, 
that this colorific Quality of the Rays depends on the different Sings 
er Maognitudes of the Particles of Light which compoſe them; but to 

this Hypotheſis: there are ſome Objedtionsz. 7 we know of 
none without any. Wy 
a, 1% au, un wh £ 1422. It 


owing to ſome _— * . 4 in them, on the Optic 


the refracted Beam falls, nor any Difference in the Mediums by, 
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1422. It muſt ſuffice therefore. to know, thet Light i is th 
Cauſe of Colour ; and that where there is no Light tere can bens 
Colour ; and as Darkneſs, or total Shadow, is nothing more than 
the Abſence, or Privation of Light, ſo BLackxEss is ne other 
Thing in itſelf than a Want of the natural Operation of. Light ; 
and with reſpect to us, it is the Want of all Colour in Bodies. 
Hence Black is, properly. ſpeaking, no Colour at all. 

1423. Since all the various colour-making Rays E, o E, y E, 
c. before they are ſeparated by the Priſm A B, compound one 
common Beam of Light, whoſe: Colour is White; we may 
eaſily thence inſer that WIT ENxSs is not a ſimple Colour, 
but — the Reſult or Compound of all the ſimple Colours be- 
fore mentioned (1419) blended together. 

1424. Therefore. ſuch Bodies which imbibe all the Light i in- 
cident upon them, or reflect none, will appear abſolutely black, 
or colourleſs. And thoſe which reflect all the Light which falls on 
them, will appear I bite; and the ſame i in regard to Refraction. 

1425. But ſuch Bodies as reflect or refract one ſimple Sort of 
Light only, will appear of the Colour peculiar to that homoge- 
neous Ray; thus if any Object reflects or refracts only the 
Rays Er, its Colour will be Red; if the Rays E g, it will be 
Green; and the Ray Eu will, when reflected or refracted alone, 
ſhew the Odject of a Violet - colur (1419) and ſo of the reſt, 

1426. Again, if Bodies reflect one ſimple Colour, and re- 
frat another, they will appear of one Colour by Reflection, 
and another by Refraction; as is the Caſe of Leaf-gold, De- 
coction of Lignum Nephriticum, &c. 

1427. Rays of Light are alſo differently refleible, and thoſe 
which are mo/t or leaf? refrangible, are alſo moſt or leaſt reflexible ; 


therefore Bodies will appear of different Colours in the ſame Part, 


if made to receive the Beam of Light under ſuch Angles of 
Incidence as are proper to each reſpective Sort of Rays, for 2 
given Poſition of the Object and the Eye. 

1428. Thoſe Objects which refle& or refract two or more 
of the homogeneal Rays will appear of a Colour compounded 
of them ; and it is obſervable, that of three different Rays 


(next to each other) the two extreme ones produce nearly the 


Colour of the middle One; thus Red and Yellow made an Orangt3 
Tellow and Blue make a Green; Blue and Purple make an Indigo- 
colour; 
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colour 3 and from hence all the Phenomens of Colowry in natural 
Bodies ariſe, and are eaſily confirmed by Experiments. | 
1429. The Image of any Object, formed by reflected or re- 
ſracted Light, myſt be of the ſame Colour in every Part with 
the Object; for the Rays of Light which proceed from the ſe- 


veral Parts of the Object are not altered or changed in their 
Nature by Reflection or Refration; and therefore whatever 


Colour they excite in the Object, the ſame muſt they ſhew 


in the correſponding Part of the Iqtage; the whole Image will 
therefore be variegated and painted with the fame Colours in 
every ReſpeRt as we view in the ObjeR itſelt. 

1430. J think, then, it deſerves to be conſidered, a 
PicTuRE formed by an Optic Glaſs, ought to be looked upon 
as the Partrait of Nature itſelf, and conſequently deſeryes a much 
greater Regard than we uſually pay to it. The Per- 
formance of Titian's Pencil being as much inferior to the Pa lx r- 


INGs of NATURE, as a created Bring is below the CREATOR. 


1431. For the ſame Reafon that a Priſm ſeparates the Beam 
of Light into its original or ſimple Rays, ſo likewiſe does a 
Lens, viz, becauſe its Sides are inclined to each other { 1369) and 
therefore the Image in the Focus of a ſingle Lens muſt be as 
compounded as Light itſelf, and conſequently in ſome Men- 


ſure confuſed ; for each particular Species of Rays does in 


Reality form a diſtinct Image In its own peculiar Focus. And 
of Courſe, when this compound Image is viewed with a deep 
Magnifier, it will appear both coloured and confuſed, as we find 
by Experience in all our Microfoges, N Oc. of the 
refracting Sort. 

1432. But Images formed by reflected Light are not wobec 
to either of thoſe Imperfections, becauſe there is no different 


Reflection of Light while the Angles of Incidence are the fame z 


and therefore only ane ſimple Image is formed in the Focus of a 


Speculum; and ſo perfect, that it will bear to be magnified a fe- 


cond Time with ſufficient Diſtinctneſs; and conſequently a double 
Power of magnifying in a REFLECTING TELESCOPE will have 
the ſame Effect in a ſmall Length as we have in a very great 
Length by Refraction; aud this is the Reaſon of that noble In- 
vention, 


1433. There 
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1433- There have been Methods invented tb remedy, 
rather to palliate, the Imperſections of a refracting Teleſchp 
which I have conſidered at large in my New Element: of Optics] 
to which I refer the Reader, as being à Subject tos prolix fork 

Syſtem of elementary Principles only. In that Treatiſe I preſumy 
it is demonſtrated, that as there are two DefeQs/ih refraCting 
Teleſcopes, viz. one from the different Refrangibility of Ray, 
and the other from the Figure of Glaſſes, ſo the very Mean 
correcting the former will Inevitably augment the latter; f aff 
in thoſe very Teleſcopes where this Correction has been applic] 
by joining 4 Concave with a corivex' Object Glaſs, the Rays as 
afterwards made to paſs thro? a ſingle convex Lens before the 
Tmape is formed, and therefore if the Colours were tak" 
away by the two Glaſſes, they muſt be again ptoduced by ds 
firſt of the five next the Eye. And therefore we have not g 
any ſuch Thing as an achromatic Refractor, or one that W 
Odjects entireꝶ free from Colours, 17 

1434. But as in the abovementioned Treatiſe J had en 
one or two Particulars, relative to this new Refractor, and alſo lord 
the Sake of the Inquifitive, I ſhall here give the following Diſſeb⸗ 
tion of the compound Un Glaſs as I found it in one of tho 
Teleſcopes I purchaſed for 3 Guineas, and was three Feet long 

1435. The convex Lens was of Crown-glafi, doubly and equi. 
Ty convex on both Sides; and its ſolar focal Diſtance wig? 
preciſely 9/4 Inches. The concave Lens was of White-flint, or Cry&- 1 
tal; it was a Plano-concave, and its focal Diftance by Refleb- 
tion was four Inches from its Surface. The focal Diſtance i 
both theſe combined together, was juſt 29 + Inches. 
1436. The Radius of the convex Lens was 10, 1 Inches, as 
will appear from (1340,) for in Crown-glaſs, a = 0,532, 1 
2@ = 1,064; then1:2a::f:r, or 1: 1,064 : :9,5 : 10%. 
But with regard to the Plano-concave of White-flint, ſince the 
Radius is double the ſolar Focus by Reflection, (1291) it is in 
that 8 Inches. The two Radii, therefore, in theſe two Ob- 
ject Glaſſes, are as 10,1 to 8, or as 160 to 127 nearly: That 

| _ 


| This is to be underſtood of a convex. and a concave Lens of the 
fame Sort of Glaſs ; and how little the Caſe will be altered, by Hav. 
ing — of Cryfal and the other of Crown-gl/aſs, will appear bye 
and bye. 
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js (if R be put for the Radius of the Plano- -conchve) r:R:: 
160: 127. 

1437. Now it is known by Experience, and is by all cohfeſs'd, 
that two Lenſes, one a Plano-convex of Crown-glaſs, and the 
other a Plano-concave of Funt, muſt have their Radii of Spheri- 
city very nearly as 2 to 3, in order to prevent the Error of Re- 
fraction ariſing from the different Refrangibility of the ſame 
Beam of Rays, and that in ſuch a Caſe, we haveR:r::3:2::8: 
5,35; therefore in a double and equally convex Lens of Crown- 
glaſs to produce the ſame Effect, the Radius muſt be r = 10,7 3 
but that in the Teleſcope is only 10,1 and therefore too convex 
to prevent a coloured Image, when compounded with a Plano-con- 
cave of Flint whoſe Radius is 8 Inches, 

1438. Then if the Sine of Incidence be to the Sine of Re- 
fraQtion (of the ſame Ray) out of Crown- -glaſs into Air as u to 
n, and out of White flint into Air as à to M; it is demonſtrated 
by Sir Jſaac Newton * the . of Refraction ariſing from the 


m?* y 2 


Figure of the Lens is ———; br, ——inCrown-glaſs; or in Whites 


flint, in a Lens of a Nas Form. In 2 Expreflions, 
(y) is the Semi- aperture of the Lens. 

1439. Becauſe there is the ſame Refraction, and Error from 
thence ariſing, in an equally Plano-concave Lens, and being 
made the coritrary Way, therefore when the Errors are equal in 
a Plano-convex of Crown-glaſs, and a Plano- concave of White- 
flint, they will deſtroy each other; or when two ſuch Lenſes are 
combined together they will correct each other, and prevent any 
Aberration of Rays from the Figure. 


| + OW. + 
1440, Is APR. 775 = TK * 


E. or this Analogy M:R::mnir; but by Experi- 


ments it appears, that M: n:: 160: 153 in Crown and Cryſtal. 
And therefore ſuppoſing, the Radius R of a Plano-concave to 
be 8 Inches, (as in the abovementioned Teleſcope) then 160 : 

153::8:73=r, the Radius of a Plano-convex Crown- lens 
that combined with the other, ſhall prevent any Error from the 
ſpherical Figure, | | 
Vol. II. U I441, Now 


© See alſo Philoſothia Britannica, 2d Edit. 


from whence we have 
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1441. Now ſince the Effect or Refraction is the ſame in a double 


and equally convex Lens, of a double Radius, vis. r =" 52 
Inches; therefore ſuch a Lens only, combined with a Plano- 


concave of White - flint, whoſe Radius is 8 Inches, can cauſe 


the Aberration of Rays from the Figure of the Glaſſes to 
vaniſh. But that in the Teleſcope has a Radius of 10 2 In- 
ches only ; whoſe Sphericity is therefore much too great to an- 
ſwer this Purpoſe, 

1442. Therefore ſince in a Plano-convex of Crown- . 
and a Plano-concave of White flint, the Radii for preventing 
the Error from the different Refrangiblity of Rays muſt have 
the Ratio following, viz. R: :: 3: 2: : 160: 107; and for 
annihilating the Error from the Figure, the Ratio muſt be R: 
:: 160: 1533 it appears to be impoſſible, that the ſame 
two Glaſſes, viz. Crown and Cryſtal, which correct one 
Error, ſhould at the ſame Time correct the other; and farther 
it appears, that the Ratio of the Radii of the Object Glaſſes in 
the Refractor under Conſideration, being in a Ratio different 
from either of theſe (14.36), can correct neither of the Errors. 

1443. But we are told, That the Surfaces of ſpherical Glaſ- 


| ſet admit of great Variations tho“ their focal Diſtances be limited, 
Wich regard to parallel Rays on a Plano-convex, or a 


cave, we have ſhewn (1341, 1345.) the focal Diſtance is f= 


and ſor=f a; but ) is limited or given by Suppoſition, *. 
(a) is the Hesel en of the particular Species of Glaſs (1347) 
and therefore is given of Courſe; how then does it appear, that 
the Radius (7) or ſpherical Surface of the Glaſs can admit of 
ſuch great (or indeed any) Variation at all ? Tis true, the ſame 
Degree of Sphericity may be divided and variouſly proportioned 
between the two Surfaces, but while the focal Diſtance is limited, 
the Refraction, and the Error occaſioned thereby, will be ſill 
the ſame. 

1444. Therefore the «+ Poſſibility of making the Hberratios of 
any two Glaſſes equal, is a Thing that does not appear ;” no more 
than how, a © Perfect Theory for making Object Glaſſes can be 
obtained, from any Principles of Optics hitherto publiſhed;” A 
Demonſtration of theſe great Poſitions, i is a Satisfaction we have 
yet 
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yet to come, and which the Public has long, and with great 
Impatience, waited for. 

1445. In the mean Time it may not de unacceptable to ma- 
; ny Perſons to be informed and directed how to make this 
compound Object Lens for their own Uſe; and fo procure at 
an eaſy Rate a Teleſcope, which they have been told is of in- 
finite Service to Mankind, For this Purpoſe, take a double Convex 
and a Plano-convex of Crown- glaſs, and a double Concave of 
IWhite-flint, all ground upon the ſame Tool, and let the Con- 
cave be put between the two Convexes, and place them in the 
End of the Teleſcope with the Plano-convex outwards, and they 
make the triple compound Lens for taking away Colours in RefraQtprs 
of a ſmall Length. 

1446. But if the Teleſcope is to exceed the Length of 18 
or 24 Inches, then two Glaſſes will do, viz. one Convex of 
Crown-glaſs, and the other Concave of Flint, whoſe ſolar focal 
Diſtances are to each other as 3 to 4 f very nicely ; and they 
will form an Image without Colours, for the Teleſcope propoſed, 
If theſe two Lenſes are held together in the Sun-beams, they will 
converge them to a Focus, and thereby ſhew the focal Diſ- 
tance of the compound Obje& Glaſs, and conſequently of the 
Teleſcope itſelf, 

1447. But as to the Error from the Figure of the Glaſſes, I 
confeſs it is not in my Power to give any Directions for preventing 
or extenuating the ſame in any great Degree. If any Perſon 
can find among the different Sorts of Glaſs, or any tranſparent 
Mediums, any two, which being formed into Priſms, Hall have 
their refracting Angles, which take away Colours, reciprocally pro- 
portioned to their Sines of Refrattion into Air, reſpeftively ; then 
he may be aſſured of a perfect Theory of making Olject Glaſſes. —— 
And he that ſhall do this, erit mihi pluſquam Magnus Apolle. 
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+ For let - = in a Plana-convex of Crown-glaſs, and 5 =F, 


in the Plano-concave of White-flint, Then F: F: IF NN K 


: 7 053. 
86 : 0,376 : o, 5 :: 3 2 4, as in the Preſcript above. 
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PERSPECTIVE: 


CONTAINING 


The Mathematical Tu EORY thereof deduced from 


, OPTICAL PRINCIPLES, and applied toa General 
PRAxIs, 


- 


CM. AN L 


The Optical ELEMENTS of Lineal PERSPECTIVE, 


1448.8 N 15 E are now prepared to treat of the Elements, of 
| t Ne firſt Principles of PERSPECTIVE, the moſt de- 
155 lightful and neceſſary of all the Mathematical 
#9 Sciences, Theſe Elements are immediately 

derived from Optics for the Art of deline- 
- ating Objefts as they appear on a given tranſparent Plane, or Super- 
fies, to an Eye at a given Height and Diſtance, is the true Dx- 
'FINITION of PERSPECTIVE. 

1449. The Want of theſe preliminary Principles has rendered 
the Treatiſes on this Subject defective in the moſt eſſential Part, 
and the Art of Perſpective itſelf very difficult to be underſtood : 
In ſhort, it would be abſurd to ſuppoſe any Man can underſtand 
Perſpective, withput being acquainted at leaſt with as much of 
the Optic Theory as we have premiſed, and ſhall here ſuperadd 
in this Chapter. | 

1450. It appears by the above Definition, that in order to 
delineate the true Appearance of an Object on a given Plane, it 
will be firſt neceſſary to know the Law according to which the 
apparent linear Dimenſions of Object increaſe or decreaſe 3 
and here we muſt obſerve (1.) That the viſual Angle, or the 
apparent Magnitude of a Ling will be leſs at a greater Diſtance | 
and Vice verſa. (1408) 44 ) That i it will be leſs as the ſaid _ 

viewe 
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viewed more obliquely. (3.) Therefore the Law of Diminution will 
be nearly in Proportion to the Diſtance and Obliquity of the View 
conjointly. 

1451. It is true, the Diminution of any Line viewed direct- 
ly increaſes with the Diſtance, but not exactly in Proportion 
thereto, unleſs the Diſtances be yery great. Let QB (Fig. 19) 
be an Object viewed directly by an Eye at C. On the Center 
C, with the Radius C B deſcribe the Semi- circle A D B, and 
join CO; then will O C B be the Angle under which the Object 
O B appears at C. Again, ſuppoſe the Eye at A, and draw AO; 
then the Angle OA B is the viſual Angle under which it ap- 
pears at A, Now AB is double the DiſtanceB C, but the An- 
gle OA Bis more than half the Angle OC B; for the Angle 
O A; or EA is juſt half the Angle O CB or ECB (642.) 
But at great Diſtances, the differential Angle E A O will be- 
come inſenſible; and therefore in ſuch Caſes, the Diminution will 
be directiy as the Di/tance of the Object. 

1452. When any Object as BD (Fig. 23) is viewed oblique- 
ly (that is, when the Angles A-D B and A BD are not equal) 
then a Diminution of its apparent Magnitude will enſue ; for 
in all ſuch Caſes, the Length B D i reduced to B O, which 
ſubtends the viſual Angle DAB at the Diſtance AB. There- 
fore the Propoſition is evident. (1408) 

1453. It is further evident, that if the ſame Object B D were 
removed to twice the Diſtance of A B, then the Angle of ap- 
parent Magnitude O A B would be but one half ſo large (642); 
and therefore the apparent Magnitude of any Object on Ac- 
count of its Obliquity, is alſo diminiſhed in Proportion to its 
Diſtance; and therefore the whole Diminution of Magnitude 
on Account of its Diſtance and oblique Poſition jointly, is pro- 
portional to the Square of the Diſtance. : 
1454. But we have a more direct Demonſtration of this 
fundamental Propoſition in Perſpective, in the Diagram of (823) 
which we ſhall here inſert. 

If TP be any Object viewed oblique- T. 
ly by an Eye at C, at the Height of CO PCT 
above it, then the viſual Angle is PCT, 2 
and its Meaſure the Arch Bb to the 
Radius C B, or P Q to the Radius CP. D 
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And becauſe TP:QP::CP :CD; and PQ: BB:: Cp. 
CB—CD; therefore (ex Equo 652.) it is TP: BB:: CP*: 
CD*. But when T P is a given Quantity, then (ſince Radius 


1 : 
CD = 1) we have Bb: p. or the viſual Angle B b of apparent 


| Magnitude is ever in the inverſe Proportion of the Square of the Di- 
Zane CP. 4 

1455. Hence it appears, that in any Line AF (Fig, 20.) 
equal Parts AB, BC, CD, DE, E F, are ſeen by an Eye 
at C under ſuch Angles, whoſe Meaſures g h, hi, ik, 4% Im, 
are reciprocally as the Squares of the Diſtances A C, BC, CC, 
CD, CE. Therefore the Circle I K may be called the Line of 
Meaſures in Optical Perſpective, or ſuch Delineations as are mad: 
on ſpherical and cylindrical Surfaces. | 

1456. If the right Line GH be parallel to the Line A F, 
then will the viſual Rays AC, BC, c. divide the Line G H 
in a ſimilar Manner to that in which they divide the Line AF; 
that is, if the Diviſtons in A F are equal, they will alſo be equal 
in GH ; but if they are unequal in AF, they will have the 
very ſame Ratio of Inequality in G H. For the Triangles 
FCEand F Ce, alſo EC D and e C d, are ſimilar; which give 


theſe Analogies /: EF: : C:: EC; and ed: ED: :e C: 


E C; conſequently f: d:: EF: ED; and fo of the 
Reſt. 

1457. If any Objects AB, CD, (Fig. 21.) are ſeen by the 
Eye at C under equal Angles a, and c d, then will they be as the 
Squares of their Diflances from the Eye direfily. For in the fore- 
going Figure to (1454) we had TP: BY :: CPR: CD; and 
therefore ſince in this Caſe B band C D are conſtant Quantities, 
TP will be directly as CP* ; that is (in Fig. 21.) AB: C D:; 
REAC | | 2 

1458. The Object B D (Fig. 22.) of a given Length, placed 
at a given Height AB will be ſeen by the Eye at C in a right 
Line perpendicular to A B, under an Angle B C D, which will 
be of a variable Magnitude as the Eye approaches to, or recedes 
from the Point A; and there is one Diſtance A C where that 
Angle of apparent Magnitude will be a Maximum, or greatelt 
of all others; and is determined jn the following Manner. 


1459. Every 
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1459. Every Angle PC Q (fee Fig. to 1454) is as- the 
Arch P directly, and the Radius P C inverſely or as 
TP CD 


a ButT C:CD::TP:PQ= = we 


he PC D DE. Therefore the viſual Angle 
TPx CD 

PCQiis as 

TCXyY/CD* + DÞ* 

we put Ab =a, B D = , ADS + b= > and ac 


x; then will the Angle BCD be as 8 

Vi Xx Haff 
then by taking the Fluxion thereof (800) and making it equal 
to Nothing (818) we ſhall get * = ac, whence#:x::x: or 
the Diſtance A C is a geometrical Mean between A B and A C, 
when the viſual Angle BCD is the greateſt poſſible. 

1460, If any Line (Fig. 25) O B appears to an Eye at A, 
under the ſame Angle with another Line C D, then at any o- 
ther Point E, the two Lines will have the ſame apparent Mag- 
nitude (however the viſual Angle C A D may vary) if the Diſ- 
tances of the Eye from each Line preſerve the ſame Ratio. For 
leto b be equal and parallel to O B, and draw CE and DE; then 
by ſimilar Triangles, we have A H: A K:: CH: OK; and 
EH: EL: : CH: L= OK; therefore AH: AK:: EH: 
EL. Alſo a right Line paſſing from the Eye to thoſe Lines di- 
vides them in the ſame Ratio; for it is G H: HD:: OK: 
KB:: OL: Lö. — 

1461. The Appearance of any diſtant Line or Object O B 
upon another Line or Plane C E given in Poſition, will in- 
creaſe or decreaſe with the Diſtance from the ſaid Line or Plane, 
tho” not in the ſame Ratio; for at the greater Diſtance A it will 
occupy the Length CE, but in a leſs or nearer Diſtance at D, 
it ocoupies only the * ce, much leſs than before, as is evident 
by Inſpectioͤn. 1 

1462. Having thus vremiſed ſuch Optical Principles of ear 
Perſpective, or the Appearance of Lines among themſelves 
with regard to their: Poſitions, and Diſtance of the Eye; we 
ſhall now proceed to a generally THEORY of wniverſal PER- 
WPECTIVE, and demonſtrate the ſame from its genuine Prinei- 
ow And tho' the common Metheds of making Perſpective 

Draughts 


That is, if (in Fig, 22) 


ceſſary or fundamental Part of his Art, in any of the Books hither 
to publiſhed z it is preſumed, the following new Method of 


5 1 a 
The Tatory of PERSPECTIVE demonſtrated from 


. QbjeQ-planes are principally to be conſidered. And; faulty; 


. 
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ights are very eaſy, and in every ones Hands, yet as the ju 
clous Archite?, Deſigner, Painter, & c. will find it no eaſy Mathe 
to come at a conciſe and plain Theory, or eaſy Rationale of this 1 


monſtrating the Reaſon. of ſuch uſeful and common Rules wil 
not be unacceptable to the ingenious Artiſts of all ſuch Prof 
ſions, as require the Aſſiſtance of this excellent Science. 
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CHAP. II. 
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the PrtNcteLes of O IS and GEOMETRY, 


S 


[Prat II. of PERSPECTIVE. ] * 


1463·P ROM the Definition of Perſpective, ( 1448) i ap 
| pears, that in order to give a Rationale of the e 
mon Practice, we muſt premiſe a Theory of the Viſion of * 
on a tranſparent Plane at a given Diſtance and Height of thy 
Eye. Thus ſuppoſe the Eye of the Spectator at I, and E F Gl 
the Plane on which it obſerves the Appearance of Object 

(Fig. 1.) This is called the Perſpective Plane. 1 
1464. As the Appearance of ObjeQs will be variable 
cording to the Situation of the Planes in which they are poſits 
in regard to the Perſpective Plans; theſe particular — 


is evident, that any Plane paſſing thro' the Eye cannot be ſeal 
as a Plane, but as a Line only on the perſpectivs Plane 35K 
the Eye having no Elevation above ſuch a Plane, can ſee 0 X 
Part of its Surface; the Edge or bounding Line of ſuch a 
being all the Appearance it can have to the Eye. 

1465. Of theſe Ocular Planes, there are two of pri 10 
Note, v:z. the horizontal Plane O K LM parallel to the! | 
zon; and the vertical Plane N RQ, which is o 
thereto. The firſt interſects. the perſpective Plane in the 1 
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| K, which is therefore called the horizontal Line; and the other: 
n the Line QP, which is called the vertical Line, on the per- 
pective Plane. 

1466. Secondly; thoſe Planes which do not paſs thro' the 
| Je, will have a direct or an oblique Situation with reſpect thereto. 
If it be a direct Situation, it will be parallel to the perſpective 
plane which is ſuppoſed to be placed directly before the Eye. 
hus the Plane AB C Dis a direct one, and parallel to the per- 
pective Plane H F. And among all Planes ſituated obliquely to 
he Eye, that which is in the Plane of the Horizon, as A E H Dj 
the moſt conſiderable; and is called the Ground Plane; This 
js perpendicular to the perſpective Plane HF. a 
1467. From what has been ſaid, it appears, that Objects in in 
he Surfaces of the horizontal and vertical Planes cannot be ſeen 
at all by the Eye at ; and therefore they are not to be regard- 
ed in Perſpective. We muſt therefore conſider of Objects in 
and upon the direct and oblique Planes, and the Appearance 
they make on the perſpective Plane. 

1468. Thus let O B be an Object in the direct Plane; . | 
from the extreme Points O and B draw the viſual Rays OI, BI, 
to the Eye at I. They will pals thro' the perſpective Plane in 
he Points o and 5; and by joining thoſe Points with the 
right Line o ö, that Line will be the Picture of the Line 
or Object O B, upon the perſpeCtive Plane. Thus alſo the 
Perſpective of the Line O A is 0a; and the Proportion of 
Objects and their perſpective Appearances is the ſame in this 
direct View, viz. that of theit Diſtances from the Eye; for 
OB hi: OA:: Ol: ol, by ſimilar Triangles, 

1469. Thus (br) and (an) will be the Perſpectives ofthe Lines 
B Rand AN in the object Plane; and rban will be the Per- 
ſpect of RB AN of half the Plane A C, and ae the Per- 
ſpective of the whole Plane A B C D. And all Lines parallel to 
AB or CB in the object Plane, will have their perſpective Lines 
parallel to ab and cd in the Picture on the perſpective Plane. 
And in what Manner ſoever the object Plane A C is divided by 
Lines drawn upon it, their Repreſentatives will divide the Pic- 
ture (ac) in a ſimilar Manner. (1456.) 

1470. Any Point B in a direct Plane has the ſatne Ratio of 


Diſtance from the horizontal and vertical Plats, as. its perſpec- 
Vol. I. X tive 
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tire (5) has from the horizontal and vertica Lines, viz. that of 
= r of the Planes from the Eye. For BR: br: : BO: 
:TIO:Io::Iz: Ii, from the Nature of ſimilar Triangles 
3 it is eaſy to delineate the Appearance of any Odjects, or 
form their Pictures on the perſpective Plane when they are pre- 
ſented in a direct View; as in the Front of Buildings, Sc, as 
will be exgnplified hereafter. | 
-1471. The laſt Sort of Plane, in and upon which we are ſup- 
poſed to view Objects, is that of the Horizon itſelf, as A D H E, 
above which the Eye has an Elevation, more or leſs, as i = 
IV. This is therefore called the ground Plane, and its Inter- 
ſeftion I E with the perſpective Plane, is called, the ground 
Line. And this is the moſt conſiderable of all others, as being 
the common Table or Plan of all perſpective Views, Land- 
ſcapes, and pictureſque Draughts of every Kind, - 
: 1472. With regard to this horizontal Plane, it has been ſhewn 
(2469) that the two remote Angles thereof A and D are repreſent- 
ediby a and d, in the perſpective Plane; and the other two Angles 


E and H, are in the ſaid Plane alſo, as being common to both; 


therefore by drawing the Lines 4 E and 4 H, there will be form- 


ed the Figure E and on the perſpective Plane which will be 


the true perſpective Appearance of the ground Plane A DH E. 
1473. Hence it follows, that à E is the Perſpective of A E, 
„P of NP, and 4 Hof DH. Whenee it appears that Lines 
which are parallel in the ground Plane, and perpendicular to the 
perſpective Plane, are not ſo in their perſpective Picture, but 
they all converge to a Point i, which is called by the Point of 
Sight in the perſpective Plane as being exactly oppoſite to the 
Eye, or that Point in which a Perpendicular en Ws _ fall 
on the Plane. 
1474. In the ground Plane draw V W oaralle) to A D; its 
mice: n will be parallel to à d, in the Picture; and 


a d i v will be the Perſpective of the Part AD WV in the 


original Plane. But for a Demonſtration of what relates to forming 
the Picture or perſpective Appearance of the ground Plane and 
Objects upon it, and conſequently, of the common Practice of 


Perſpective, we muſt have Recourſe to the following Method of 


Repreſentation, which is the moſt natural, conciſe, and. per: 
1 of any I have 9 to think of. | 


1475. Let 
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1475. Let ABCD be a right-lined Figure in the ground 
plane VG K T, contiguous to and at right Angles with the 
perſpective Plane Y Z SR; F H the Diſtance of the Plane; 
and H I the Height of the Eye at I. HE is parallel to G B or 
C K and biſects A D and BC in the Points Fand E. On the 
point E raiſe the perpendicular EM = H I, and draw the Lines 
BM, CM, GI., KI. 

1476. Draw the viſual Lines I A, IB, and IM, which js 
called the principal Ray, and is perpendicular to the perſpective 
Plane in the Point . Then it is evident the Plane IG B M in- 
terſects the perſpective Plane in the Line Az, and the Ray BI 
being in the ſaid Plane & M, mult inerſe the Line A i in ſome 
Point ( 5) which is therefore the Perſpective of the Point B; 
and of Courſe A 6b is the Perſpective of the Line A B, 

1477. In like Manner it is ſnewn, that as the Plane IK C M 
interſects the perſpective Plane R Z in the Line DI; and the 
Ray I C being in that Plane and interſecting the Line ID in the 
Point (c), that Point (c) will be the Perſpective of the Point 
C; and De the Perſpective of the Line DC. And j joining the 
Points ö, c, the Line bc will be the Perſpective of the Line BC 
in the ground Plane. 

1478, Let AB= DC, then B C will be parallel to AD, 
and ſince in this Caſe Ab =D c, therefore bc will be parallel 
toA Dalſo. And hence it appears, that all right Lines, as B C, 
in the ground Plane which are parallel to the ground Line. A D, will 
alſo be parallel to the ſame in their Picture on the perſpectiue Plane. 
1479. Hence alſo it is evident, that the Perſpectives Ab, F e, 
Dc, of all Lines AB, FE, DC, which are perpendicular to the 
ground Line A D, da converge or tend to the Point of Sight (i) in 
the perſpective Plane. | 


V, then ſuppoſing the Point B to move along that Line con- 
tinually, the viſual Ray BI, will keep riſingon the Plane IG BM 
towards I M making the Angle BI M {till leſs and lefs, till 
the Point B arrives to an infinite Diſtance, and then the Ray 
IB will coincide with I M; z and conſequent]y the Line A i will 
be the Perſpective of A B continued to an infinite Length. 
Thus alſo D 7 will be the Perſpective of the Line DC infinitely 
continued towards T. And therefore the Triangle A i D will 
X 2 on 


1480. If the Line A B be continued out in Inſmnitum, towards 
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n the perſpeftive Plane be the Picture, ar true Pexſpetive, of 
the Plane A BCD continued out upon the Plane of the Horizon to t 
infinite Length. 5 
1481. Henge the Line Y i Z, is the Perſpactive of the Harizm, 
or Boundary of the Sight at an infinite Di/lance ; and therefore al 
Objetts on the Plane of the Horizon, will, in their perſpectiye 
Appearance, or Landſcape, keep rifing from the ground Line, 
or Baſe AD, towards the Point of _—__ ) ; and leſſen in 
their Dimenſions as they are more remote, till at laſt they vaniſh 
in the horizontal Line V Z. ie rd | 
1482. We have ſeen how Lines parallel or perpendicular to 
the ground Line AD are to be delineated or drawn in PerſpeQtive; 
and we are next to ſhew how thoſe right Lines appear, or are to 
de drawn upon the perſpective Plane, which lie oblique to, or 
make any Angle with the ground 'Line A D, or any other 
parallel to it. In order to this, make AL = AG = 17, and 
draw Ap to make any Angle pA R or p AD with the Base 
A D, acute or obtuſe. Then in the horizontal Line V 2, 
take i X Lp; and draw y X and IX; and the Plane I XpA 
will interſect the perſpective Plane in the Line AX. ' Draw the 
viſual Ray I p which as it is in the Plane I X A muſt gothro 
the perſpective Plane ſomewhere in the Line AX, which ſuppoſe 
at (7), then is the Point (r)] the Perſpective of (p) ; and fince 
while the Point p is ſuppoſed to paſs from A to p in deſcribing 
the Line A p, its Perſpective (r) will move in the Plane A T 
from A to r, and deſcribe the Line Ar; which therefore will 
be the Perſpective of the Line Ap. | 
1483. If the Line A p were continued out to an infinite 
Length, and the Point ( p ) ſuppoſed to move conftantly therein, 
its perſpectiye (7) will appear to move towards X, till at length 
the Point (y) being at an infinite Diſtance, the Point (7) ar- 
rives at, and coincides with X, in the horizontal Line; the Li 
AX is therefore the Perſpective of the Line A p infinitely continued ; 
and X is called the accidental Point, to which the Per ſpeftives of ail 


Lines parallel to A p tend. 


* 
* 


1484. Let LP be taken equal to AL; and iZ equal to 
11. and then joining A, P, and I, Z; we have the Triangles 
APL, and 1 Z I, equal to each other; then will the Plain 
IAP E interſect the preſpective Plane in the Line & Z, 1 


1 


Eb — 
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will be the Perſpective of the Line AP continued out to an in- 
finite Diſtance. | 

1485. But fince AL=LP, and LP is parallel to AD; 
therefore AP is the Diagonal of a Square, and contains an An- 
cle DAP of 45 Degrees with the ground Line AD; there- 
fare the Point of Diflance Z is that to which all Rays parallel to AP 


tend in the perſpectiue Plane. 
1486, Let AB=AD, thenis ABCD a geometrical 


vaniſh Square, and its Diagonal A C, of which the Perſpective is Ac; 
wh and the Point (ę) is therefore that in which. the perſpective 
diagonal A Z interſects the Ray or radial Line: D. Make 
iY iZ, Sil; and join D V, then will that Lino DV be 
the perſpective Diagonal of D B, (the other Diagonal of the 
Square A C) infinitely continued, and D 6 the Perſpective of 
the Diagonal DB determined by the Interſection of the Lines 
DY and Az, as before, 
1487. Thus it is demonſtrated that A b c Don the hats 
Plane AS Z Vis the true Pickure or perſpettive Delineation of 
the original Square A B CD, on the ground Plane, as required. 
And from hence is deduced the Rationale of the common 
Method of drawing the Perſpective of a given Square or any 
Figure inſcribed therein; as alſo of a ſtill more univerſal Me- 
thod of aſſigning the Perſpective of any Point, Line, Superficies, 
or Solid, on the Plane or perſpective Table, which we — 


next proceed to explain. 


pe Ig 
— 


CHA P. III. 


The Rarioxaty of the common Mernops of 
drawing the PERSPECTIVES of OBJECTS, ex- 
plained from the preceding Theory. 


[Prarz II, of PERSPECTIVE. } 


1488, HE common Methods of Drawing in PER5PEC- 
: TIVE are much better known than the Reaſon of 
* them; ; we ſhall here give both together, and then our Endea- 


oh your will at leaſt have the Face of Novelty. Let T G (Fig. 3.) 
| SIO be 


\ 
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be the Baſe or ground Line, in any perſpective Plane or Tat 
TGY Z. The Method of drawing the perſpective Appearang 
of any Object on this Table is as follows. 

1489. Let it be required to draw the Perſpective of the given 
SQUARE A BCD and all its Parts, in a front View. The Square 
is ſuppoſed to be contiguous to the Perſpective Table, and there- 
fore its Side A D will be in the ground Line. As the View is 
direct, or in Front, the Eye muſt be ſuppoſed directly againſt 
the Middle of the Side AD; and therefore in the Perpendicular 
E F continued out, take F I equal to the given Height of the 
Eye, and (I) will be the Point of Sight (1476) ſet off the given 
Diftance of the Eye from the Table each Way from I, to Y 


and Z; and theſe will be the Points of D Mares (1406) in the 


ee Line Y Z. 

1490. From the Points A and D draw the Radial I A, ID; 
and the Diagonal A Z, and D V, interſecting the Radials in the 
Points b, and c; then draw bc; and the Figure A bcD is the 
Perſpective of the given Square AB CD as required. For Ac 
is the berſpective of the Diagonal A C, and D 6 that of D- (by 

1486); therefore Ab and De are the Perſpectives of the Sides 
AB and DC (1479) and bc of the remote Side B C (1477.) 


Alſo the Point n is the Perſpective of N the Interſe tion of the 
| . in the Square; and o 9, Fe are the Perſpectives of 


OQ and F E which biſect the * orthogonally, 1478, 
1479.) 

= It is not neceſſary to FE: uſe of more than one Point 
of Diſtance, Z; becauſe one Diagonal A Z, gives the Point 
(e) in the Radial I D which determines the Perſpective of 
the Diagonal A C; and then by drawing thro? the Point (c) 
the Line bc parallel to the ground Line A D, the Perſpective 
of the Square AB CD is compleated as before (1477. 

1492. From hence we may derive a Demonſtration of an 
univerſal Rule for putting all Objects into r from 
given Point therein. The Rule is this. 

_ From the given Point in the ground Pla ne, let fall a Perpendicular 
on the ground Line, from whence draw a Radial to the Paint of 


Sight ; then from the Radial ſet off that perpendicular Diflance in 


the ground Line, and from thence draw a Diagenal to the. Point of 
Diſtance, the Interſllion of the Radial and Diagonal will give the Seat 
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or Place of the Perſpective of the given Point. Aud thus the Per- 
ſpuftives of any Number of Paints may be found, which, being con- 
nefted will form the Perſpective of the given Figure which they ter- 
minate. 
1493. To exemplify this Rule; let C be any given Point in 
the ground Plane, from which let fall the Perpendicular C D to 
the ground Line T G; and from the Point D draw the Radial DI 
to the given Point of Sight I. Then in the ground Line make 
DAS DC, and from the Point A draw the Diagonal A Z o 
the given Point of Diſtance Z, which will croſs . Radial in 
the Point (c) the Perſpective of the Point C as required. This 
is evident from the common Method beforegoing ( 1476), be- | 
cauſe A C is the Diagonal of a Square, » * ay 
1494. Suppoſe B any other given Point; let fall the Per- 
dicular B A, and draw the Radial AT; then make AG = AB, 
and drawn the Diagonal G Z, it will alſo interſect the Radial 
in the Point (5) the perſpective of B as requited. To prove 
which, let us ſuppoſe BC ADS DCS AB. Then j join; 
ing ( bc ) that muſt be the Perſpective of B C, the ſame as be- 
fore determined by the commen Method; and ſo it will prove. 
For in theſimilar Triangles AID, b Ic, we have AD: e:: LA: 
10 (656,) according to the common Method; alſo from the 
ſimilar Triangles Z G A, ö c, we have Z G: Z 5: 
AG: be, accbrding to the Rule; ; but from the ſimilar Triangles 
bGA and 5 ZI, we have TA: IB :: Z G: Z 5; and therefore 
it is AD: e:: AG: le; but AD = AG, by ſuppoſition ; 
therefore the Line” (bc) is the ſame in both Caſes _ 
1495. Hence we have eaſy Methods of drawing the Perſpec- 
tives of any ſuperficial Figures whatſoever ; for if they are cic- 
cumſcribed with a Square, and Lines drawn thro' their termina- 
ting Points and Angles to the Sides of the Squares, then by 
taking the Perſpective of the Square you will at the ſame Time 
have the Seat of every Point or Line therein which bounds 
the Figure propoſed, and theſe being connected, the PerſpeQive 
of the Figure is formed as _required. | 
1496. Thus ſ ſuppoſe any Line B K were to be plas | 
ſpeQtive, then one Extreme being placed on the ground Line at 
K, let the Angle B of the Square be placed on, the other; then 
the Points K and (5) being connected in the Perſpective, will 
give 
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give K h, for the Perſpective of the Line K B required. Or 
from the Point B you let fall the Perpendicular B A, and ma 
AGS AB; then drawing the Radial AI, and Diagonal G 2 
they will interſect each other in the Point (5), which thereforg' 
is the Seat of the Point B, and ſo K & is of Courſe the Seat 
the Line K B, according to the Rule (1492.) 4 
1497. Since any right Line is ſo eaſily put into PerſpeRive | 
there can be no Difficulty in finding the perſpective Appearance 
of any given right-lined Figure, Thus the Perſpective of Þ 
Parallelogram CEF D is ceF D; the Perſpective of the; 1 
Square DFN Qis DF ng, and the Perſpective of the remote 
Square CEN Q is ceng, all determined by inſcribing them] in 
the geometrical Square RB CD. 
1498. If the Figure be not right-lined, but bounded by a 
Circle or ſome other Curve, yet if they are properly circumſcribed 
by a Square, the InterſeCtions of the Diagonals and other Lines 
with one ancther in the ſeveral Parts of the Perimeter of the. | 
Curve, will give a ſufficient Number of Points in the Perſpes« 
tive Table, thro' which to draw the Perſpective of the Circleor: 
Curve propoſed, Thus for Example (Fig. 4), if in the Square 
AB CD you draw the Circles O FQE, and TV WS; they 
by drawing the Diagonals of the Square and other proper Lines 
GH,IK, LM, RP, OQ, EF, Sc. their Interſe&ions 
in the Periphery of the Circle, being all found in the Perſpecs 
tive Table, and a curve Line drawn thro them; ſuch eur} 
Lines are the Perſpectives of the Circles, as required. 
149% The Square O FQE with an Angle F in Front, E 
its Perſpective F beg at the ſame Time determined. Alſo the 
Triangle X VZ, is projected by the viſual Rays into its Pers: 
ſpective æ v on the Table; and the Perſpectives of its ſeveral 1 
Parts (which are ſix Triangles and a Trapezium) are formed by. | 
the Lines which divide it; all which is evident by Inſpection # 


of the Fi uy. 
1500. If it be required to A dene the PerſpeQive of a 


Square AB CD viewed obliquely (as in Fig. 5.) then the 
Obliquity of the View will determine the Poſition of 
Point of Sight I in the horizontal Line, and the given Dun 
being ſet off from I to Y ; then if the Radials F A, ID, are 


drawn, and one Diagonal D Y to interſect the Radial I A in(b) 1 
that 
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t will de the Perſpective of the Point B; bc drawn parallel 
o AD, will be the Perſpective of BC; and A bc D will be 
he Perſpective of the Square A BCD as required. The 
heory (1475) being in this Caſe the ſame as in a direct View, 
he Practice muſt be conducted by the ſame Rules of Courſe. 
1501, We muſt not quit this Subject without a Remark on 
the Abſurdity of ſeveral Writers on Perſpective, viz. that 
by they give the practical Rule of drawing the Perſpefive of any 
uperficies right, yet they place the Perſpective itſelf wrong, Or 
hey place that Part of it neareſt the ground Line, which is in 
Reality moſt remote from it; for Example (in Fig. 4.) che 
perſpective vz x of the Triangle VZ X, they place contrary 
o its Poſition here, viz. with its Baſe z x towards the ground 
Line A D, andits Vertex v towards the Point of Sight I. In 
ort, they give the ſame Poſition to all the Parts of the Per- 
ſpective, which the Originals themſelves have in the ground 
Plane, contrary to what really appears to the Eye viewing thoſe 
Odjects thro” a tranſparent Plane, as we have ſhewn. This er- 
neous Repreſentation of Gardens, Fortifications, &c. gives 
uch an unnatural Idea thereof as muſt be very diſagreeable to a 
ice Genius. Many Inftances of this you will find in the 
egvITs PERSPECTIVE. And even Pozzo himſelf has puzzled 
is Readers with this Piece of Nonſence. 
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CHAP. IV. 
be TuzorY of the PERSPECTIVE of Cikcrxs, 
and circular ArzAs, demonſtrated ; with the 


Solution of fome very uſeful PRoBLEMs relative 


(PAN I. of Orries and Pttobective, ) 

1502. A 5 there is ſomething very curious in the Speculation 

of the Penpective bf a Circle, and very little known, 

a5 being rarely found in Treatiſes on this Subject; I preſume it 

ill de agreeable to the ingenious Reader, if I employ a Page 

or two, in order to fet that Matter in a clear Light. : 
Vor. II. | Y 1503. In 


— 
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1503. In the firſt Place, then, it is to be conſidered, that 
the Rays which proceed from a Circle to the Eye (in any Ele. 
vation above the Plane in which it lies) do form a Cone ; whoſe 
Baſe is the Circle, and whoſe Vertex is in the Eye. (625.) 

1504. If this Circle be viewed thro' a tranſparent Plane 
parallel to the ground Plane of the Circle, then its Perſpe&ive 
will be a CIRCLE alſo ; becauſe in this Caſe, the viſual Cone 
is cut by a Plane parallel to its Baſe, and therefore the Figure 
of the Section will be the ſame as that of the Baſe, in any Fo- 
ſition of the Eye above the perſpective Plane. 

1505. If the perſpective Plane paſs thro? any Part of the Cir- 
cle or Baſe of the Cone, and the Poſition be parallel to either 
Side of the Cone, then that Part of the Circle's Periphery which 
is (cen through, or under the Plane, is projected on the ſaid 
Plane in the Figure of a PAR ABOLA, (by what has been ſaid 
of the Geneſis of that Curve in (740); for the Eye at F wil 
view the Point e at Ron the Plane, and the circular Periphery 
B eB will by the viſual Rays of the Cone be depicted in the Curve 
of the Parabela B R B, which will therefore be the true Per- 
ſpective of that Part of the Circle in this Caſe. * 

1506. If the perſpective Plane paſſes thro? the circular Baſe 
of the viſual Cone, in a Poſition not parallel to either Side, and 


yet ſo as not to paſs thro' both in the ſame Cone if they were 


continued out beyond the Circle or Baſe, then ſo much of the 


Circle as could be ſeen thro the Plane would be projected there- 


on in the Form of an HyPERBOLA (by 765) ; for the Eye at 
C will project the Point e on the Plane at V, and the circular 
Periphery Be B into the hyperbolic Curve BVB on the Plane, 
which therefore will be its perſpective Appearance. 
1507. In all other Poſitions of the perſpective Plane with re- 
to the Sides of the Cone of Rays, the Perſpective of the 
Circle will be an Ellipi therein (by 763.) For ſuppoſe the 
Plane to cut the Cone in the Line T V, then to an Eye at the 
Vertex L, the Point F will appear at T, and the Point P at 
V onthe ſaid Plane; and of Courſe the whole circulat Baſe will 


be projected in the Ellipſis T BV B, which is therefore. its per. 
ſpective Appearance. 


1508. If a Circle E D be placed on an horizontal Plane AE, 
and viewed thro'a perpendicular tranſparent Plane DG (F Ig- 2 


. See the Figures of the conic Seftions here referred to. 


mn mm AC =. wm = 
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an Eye at F at the Diſtance D B, and Height BF; then its 
Perſpective DC will be an Ellipfs alſo. But becauſe the viſual 
Cone EFD is in this Caſe in an oblique Poſition (and what 
they call a ſcalenous Cone), and as the Obliquity of the Cone, 
or its Inclination to the Horizon, will vary with the Diſtance 
and Height of the Eye, fo it will be cut in a various Manner 
by the Plane D G, producing as many different Elliples by thoſe 
Sections in ſome of which the Diameter ED of the Circle will 
be the longer Diameter of the Ellipſe, in others it will be the 
ſhorteſt ; conſequently between both there will be one Cafe 
were the Ellipſe will become a Circle, or have all its Diameters 
equal on the perſpeCtive Plane. 

1509. Now this will happen when the Cone E FD is cut in 
a ſimilar Manner by bath the Planes, viz. the ground Plane 
AE, and the perſpective Plane D G, or when the Angle 
G DF is equal to the Angle DEF; for it we ſuppoſe the 
Eye to move thro? the Arch of a Circle G FA from the ver- 
tical to the horizontal Plane, it is evident, when the Eye is at 
G the Angle DE C will be of ſome Quantity leſs than a right 
Angle; and the Angle FDC will be Nothing. But as the 
Eye departs from G, the ſaid Angle F DC begins, and en- 
creaſes to a right Angle when the Eye arrives at A; on the 
other hand, during all that Time the Angle DE C decreaſes, * 
and at laſt vaniſhes ; and therefore at ſome Moment of that In- 
terval the two Angles muſt be equal, which let us ſuppoſe to 
happen when the Eye is in the Poſition F. 

1510. Then are the Triangles E FD and D C F ſimilar; 
for the Angle CDF = DEC, and the Angle CFD is 
common to both ; therefore the Angle EDF=DCF, and 
conſequently the viſual Rays of the Cone make ſubcontrarily 
the ſame Angles with each Plane A E and D G; therefore the 
Section of the Cone made by each Plane muſt be of the ſame 
Figure, and conſequently ſince E D is a Circle its N 
D C will be a Circle alſo. 

1511. From hence ſome curious Problems will ariſe of the 
laſt Importance in Perſpective. The firſt is, To determine the Po- 
fition of the Point F, or Point of Sight, from the given Diameter 
of the original Circle D E, and Diſtance from the Table D B. 
In order to this, let DE D, DB = 5; alſo put the Height 
Y 2 of 
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of the EyeBF = þ; the Diameter of the perſpeRive Cirel 
DC=4; and let E F ad DF =f. Then Then D: e::4:f 


(160) let D+s=7; then e=V/r + Þ + * and fs 


r (636) allo D. 47 b, therefore 7 
Whence P. — 21 1 FFP 1 *: Irm 


we get h =r:=D+ eee 
= BF, the Height of The Eye at F required. 

1512. The above Equation gives this Analogy, D + 5:h:, 
5:5, whence it appears (645, 660) that the Locus of the Point 
F is the Circle EF A. Hence AB BD =S; AFS DF; 
the Diameter AE D + 25; and the Radius AN z 


2 L — . from whence the Conſtrucdion of 


the Problem is evident, 
1513. The ſecond Problem is, the Diameter of the Cirel DE, 
and Height of the Eye B F being given, to find the Diflance DB 
the perſpectiue Table. The Solution is thus; hþ*= Ds + 5, 

(1511); let the Square be compleated (338) then 5 þ : 4 
35 +Ds + D, and therefores +44 DNT 
ſequently N TIB DS DB the N re- 
quired, 

1514. A third Problem, is to determine the Di/lance D B, at 
which the Perſpective D C of à given Circle D E ſhall bea Circh, 
and its Area be to the Area of the given Circle in any given Propur- 


tien 2 toy. To ſolve this Problem, it muſt be conſidered that 


ſince DB=BA, (1512) we have DF = FA; and ſinee the 
Areas of Circles are as the Squares of their Diameters (840) 
we have DE*: DCG*::EF*:DF* = FA*®(1512) but EF; 
FA“: : EB: AB, (660) therefore DE*:D C*®:; (y: 2::) 
EB: AB(;;D + 5:5) whence we have ye=azD+25; 
ny -E Ab, therefore -*: 3: D: 15 
P B, the Diſtance required, | 
1515. The Center of the original Circle will not be projece 
ted into the Center of the perſpective Circle ; neither will the 


Diameter 


2 K e. © ® = 3 
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Diameters of the latter be the Perſpectives of the Diameters of 
the former. Nor will any right-lined Figure (as a Sguare, Ni- 
angle, Pohgen, Cc.) inſcribed or circumſcribed about the original 
Circle have its Perſpective in, or about the perſpective Circle of 
the ſame Kind or ſimilar to it; for that of a Square will be 2 
Trapezium ; that of a Triangle a diſſimilar Triangle, that of a 
Pentagon will be an irregular Polygon ; and fo of others. All 
which the Reader will be eaſily aſſured of by drawing this Caſe 
jn the uſual Manner and Form. as directed (1492.) 


= 4.4 — 8 1 ae Dd oa w@lo#:tt Sa MCC Loi Set —_ m Py _ —_ * . 3 


* — 


CHAP. v. 


The Theory of CA Tor rRIC PeRSPECTIVE; or the 
perſpective Appearance of Objects on a REBLEc= 
TING PLANE, | 


. 


LPrArx I. 7 orries and PERSPECTIVE. ] 


1516, E have conſidered the Diqptric THEORY of PzR- 
| SPECTIVE fo far as it relates to Lines and Super- 
ficies ; and before we go farther it will be proper to conſider the 
perſpective Appearance of the ſame Objects by Light reflefted 
from a poliſhed Plane; in as much as we ſhall find the Perſpectiue 
of any Line or Superficies is identically the ſame on the Catqptric 
or reflecting Plane as it is on the Dioptric or refracting one. 
1517. Preparatory to a Demonſtration of this Poſition, let 
HD (Fig. 26) be a Line or Section of the Speculum, perpen- 
dicular to the ground Line A F, and B the Place of the Eye at 
the given Diſtance A D, and Height AB; from any Point E 
in the Line A D, let a Ray of Light proceed to the Speculum 
in the Point C, and be reflected from it to the Eye at B; then 
continuing the reflected Ray out beyond the Speculum, it will 
interſect the Line A F in the Point F, making the Line DF = 
DE; and conſequently, the Point E by refle2ted Light will ap- 
bear upon the Spetulum in the fame Paint C with another Point F 
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viewed by the Eye thro a tranſparent Plane H D, and placed at thy 


| ſame Diftance behind it. 


1518. The Demonſtration is eaſy; let C G be perpendicularto 
the Plane H in the Point C, it therefore will alſo be parallel to the 
Line A F; then becauſe the Angle GCB=GCE (1282) and 
GCB=—=CFD, and GCE=CED (631) therefore we 
have the Angle CED = CFD; and therefore the Line CE 
CF, and conſequently the Line DE DF. Wherefore th 
apparent Place of the Point F, by Reflection, is the Point F at an equal 
Dr/tance beyond the Speculum. 

1519. Proceeding in the ſame Steps of Demonſtration here az 


in Dioptric Perſpective (1475), we ſhall find the ſame Appearance 


alſo of Lines and Superficies on a reflecting Plane as we did there on 
the refracting one. Let AYZD (Fig. 27.) be the Speculum, 
ABC D be a Square placed before, and contiguous to it; ex- 
tend the Sides A B, and D C indefinitely on each Side, and 
draw E H between and equidiſtant from both. Let I be the 
Place of the Eye at the Diſtance F H, and Height H 1; take 
FE FE; and thro' E and H, draw BCand GK; alſo on 
the Point E ere the Perpendicular EM = H I, and draw IM 
paſſing thro* the Speculum in the Point i; and join 1 G, IK; 
MB, MC. 

1520. Then becauſe the Point B of the Square is in i the 
Plane IG BM which interſects the reflecting Plane A Z in the 
Line Az; and becauſe the incident and reflected Rays are in the 
ſame Plane (1282) therefore the Ray of Light which proceeds 
from the Point B and is by the Speculum reflected to the Eye 
at I, muſt imping on the Speculum in ſome Point (5) in the 


Line Ai; and the reflected Ray will be 5 I. If this Ray be 


continued out, it will meet the Side of the Square A B produced 
in B, making A B AB. (1518) 

1521. Now becauſe the ſame Thing is demonſtrable of my 
other Point in the Side of the Rectangle A B, therefore the 
Perſpectiue of the Line A B by Reflection i is the Line A b, or that 
very Part of the Radial A i which is the Perſpeftive of the equal 
Line A B by Refraction thro' a tranſparent Plane (1476). 

1522. In like Manner it is demonſtrated, that the Perſpective 
of the Side D C by Reflection is De, the ſame Part of the 


Radial as is that of the equal Line D C by tranſmitted Rays. 
By 


= I T 
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By joining 6 c, the Line (bc) is the Perſpective equally of B C 
by reflected, and B C by refracted Light. And conſequently, 
AbcD is the perſpectius Appearance of the Rectangle A BCD by 
Reflection, and every Way the very ſame as it was ſhewn to be of an 
equal Refangle A B C D beyond the pellucid Plane (1487). 


1523. Therefore whatever was demonſtrated relative to the 


perſpective of Lines and Superficies any how poſited or formed 
with reſpect to a common tranſparent Plane in the Sequel of the 
Dioptric Theory, will hold equally true bere in Catoptric Per- 
ſpective, And tho” this Part of the Science has been the leaſt of 
all conſidered by Writers on this Subject, yet when compared 
with common Perſpective it will be found not only more delicate 
in its Nature, but alſo more adapted to Uſe. This we ſhall 
illuſtrate more particularly when we come to treat of Pictu- 
reſſue Perſpectiue, or that Part of the Science which treats of the 
PrINcCiPLEs of PicTUuREs or LLanDSCAPEs formed by 
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CHAP. VI. 


Of Inverse PERSPECTIVE ; where the Nature ana 
Principles of the AxAMokrhos is or Deforma- 
tion of Figures, and their Recłißcation, are ex- 
plained. | * 


1524. H E inverſe Method of Perſpective is not leſs pleaſant 
than uſeful, nor is it in the leaſt Degree difficult, 
as it is only going backwards in the ſame Steps we took in the 
direct Method; and it muſt be obſerved, that with regard to 
any Science, unleſs the Student can go backwards as well as 
forwards, he makes but an imperfe@ Proficiency. + 
1525. Inverſe Perſpeftive ſhews how from a given Piece of 
PerſpeRive to determine the Original or Prototype thereof under 
the Circumſtances of Size, Situation, Diflance, Cr. And 
here, as in the ditect Method, we muſt begin with finding the 


Original of a Point, then of a Line, and laſtly of a Super ficier; 
and 
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and being able to determine theſe, there will remain no Dil. 
keulty with reſpec to Solids, becauſe the PerſpeRive of a Solid 
is only the complex Perſpectiue of its ſuperficial Parts; and for 
this Reaſon, we think this the moſt proper Place to treat of 
the Inverſion of a perſpective Piece, and the Nature of Anamur- 
Nie or the Deformation of Pictures, which mann reſults 
from thence. 

1526. For by the dire& Method it pee that the Per 
ſpeQtive is very. diſſimilar to its Original, and therefore if the 
latter be formaſe and regular, the former will be diform and 
irregular, of in the uſual Phraſe, deformed and diftorted. 80 
on the other Hand, if any natural and well-formed Picture be 
conſidered as a Piece Perſpadi us, formed on a perſpeQive Plane, 
"ur then when it is reſolyed into its Prototype, that muſt be a very 
1 unnatural, miſhapen, and ill · proportioned Figure ; al which 

ö will be evident from the following Proceſs. 
1527, Let TVW be a PerſpeRive Table (Fig. 26) 
4 | ſtanding on the ground Line SV. Alfolet I be the 3 of 
4 | Sight, and X the Diagonal Point. of Diſtance ; and then ſup- 
14 poſe it required to find in the ground Plane the Seat of the 1 
of Original of a given Point P in the Perſpective Table. You 
1 proceed thus; from the Point of Sight I, draw thro' P the p 
MH Radial I K, and on K in the ground Line erect the Perpen- 
dicular K G; then from V draw thro' the given Point P, the p 
M Diagonal Y L to meet the ground Line in L. Laftly, on the 0 
n 
L 


4 Point K, with the Diſtance K L, deſcribe the Arch I H to in- 
1 terſect K G in H; and ee eee the Point 
1 P, as required (1476, 1493.) 

. 1528. In the ſame Manver any other Point Qin the Table 


| 1529. To find the — pngrmge of a given Line P Qin the Per- 
i ſpective Table; nothing is required but to determine the 
\f Original Seats H and C of its two extreme Points P and Q 
(1494) then by connecting the Points H, C, the Line H Cs 
229 — Plane and is the Original of oo 


1 will have its Prototype determined in C; and the Diſtances x 
„ af any of thoſe original Points H, and C, from the ground p 
1 Line 8 V will always be equal tothe Diſtances K L and LS coo fl | 
is! nne of the re- . 
4 ſpective Radials and Diagonals. 5 
U 
J 
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tive PQ, as required. The Diftance of this Original at 
each Extreme from the ground Line, as alſo it's Magnitude 
or Length, is meaſured on the ſaid Line 8 V, in Inches, Feet, 
Kc. according to the Meaſure by which that Line is di- 


vided. 
1530. In the ſame Manner any other Perſpective Line OP is 


found to have it Prototype B C, on the ground Plane; and thus 
any Perſpectiue Angle O PQ on the Table VX, will have its 
original Angle B CH determined on the ground Plane ; whoſe 
Quantity is there alſo meaſured in the uſual Manner. 

1531. Therefore, to find the Original or Prototype of any given 
Perſprclive Figure or Superficies, OP QR on the Table, nothing 
more is neceſſary than to find the original Seats E, B, C, H, 
of it's angular Points O, P, Q, R, (1493) for theſe being 
connected, from the Figure EB CH, which is the true Origi- 
nal of the Perſpective given; whoſe Diſtance and Dimenſions 
will then be eaſily known by common Geometry. 

1532. As in the direct Method, the Perſpective of every regu- 
lar Figure is irregular and diſſimilar, (1487) ſo in the Inverſe 
Method, the Original of every regular Piece of Perſpective, muſt 
itſelf be irregular and of a different Form; and therefore, if the 
Perſpective Figure OPQ R be a Square, the Original EB CH 
is a Trapezium, (1531) and if that Square be divided into equal 
Parts, by Lines drawn thro' the equidiſtant Points 7, e, d, the 
Original will be divided very unequally by correſpondent origi- 
nal Lines drawn thro? the original Points a, 5, c, at unequal 
Diſtances in the Line HC, the Original of PO. | 

1533. Therefore it will follow, that if any Portrait, or other 
Picture be drawn on the Perſpective Square, it will, when pro- 
jected by the viſual Rays in the original Trapezium, be there 
deformed, or appear of a monſtrous Shape. For the natural 
Form and juſt Proportion of Parts in the Portrait, which de- 
pend on equal and ſimilar Spaces which they fill in the Square, 
will be all deſtroyed, when projected on the Trapezium into 
unequal and very diſſimilar Spaces. And this Diſtortion of the 
Figure is called, an Anamorphoſis, Deformation, or monſirous 
Projection. 

1534. The Anamorphe/s is eaſily effected in any Degree by 
the Rules of Art, For if the Perſpectivo Squme P N be divided 

Vor. II. 2 inte 
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into a Number of ſmall Squares, or other equal or ſimilar Spa- 
ces; then ſince by the Rules above the Original of the Square 
and all its Parts are to be found, and drawn on the ground 
Pianc, it remains only to draw the ſame Parts of the Picture in 
each irregular Space of the Trapezium, as you ſee in the cot- 
reſponding Part of the Perſpective Square; and the Deformation 
will be compleated, as required. r 
1535. The Diſtortion or Deformation will be in Proportion 
to the Height and Diſtance of the Eye from a given Perſpective 
Figure O PAR. For iſ the Diſtance of the Eye IV continue 
the ſame, the Breadth of the Projection at each End, viz. E H 
and B C will leſſen as the Height of the Eye W V increaſes, 
and conſequently, the Deformity of the Picture will be the 
greater, as its Length continues the ſame nearly. 2 
1536. Alſo, if the Height of the Eye be the ſame, but the 
Diſtance greater, then will the Deformation or Trapezium vaſt- 
ly encreaſe, both in Length and Breadth, in all the remote 
Parts towards B C, in Compariſon of thoſe towards H E ; and 
therefore the Deformation becomes greatly augmented in this 
reſpect alſo; and, indeed, much more than by altering the 
Height of the Eye at the ſame Diſtance, 
1537. Hence it appears, that there is a certain Poſition of 
the Eye, in which it will view any given artificial Deformation 
or monſtrous Picture E BCH, fo that it ſhall appear perfectiy 
natural, or in a juſt Proportion and Symetry of all the Parts of 
the Object it is intended to repreſent. For it is evident, from 
the foregoing Theory, if the Deformation EBC be placed 
on the Horizon, at the Diſtance ME, from the Perſpective 
Table V X, then an Eye placed at I, at the Diſtance I Y, and 
Height TX, will view that monſirous Projeftion on the ground 
Plane, as a regular and perfect Square on the Table; and the di- 


farmed Image contained in it; as @ well-proportioned and natural | 


Portrait or Pifture, | X | 

1538. Now, becauſe the Image in the Eye is every Way 
ſimilar to the Obje& it views on a Plane placed before it, and 
parallel to the Fundus or Bottom of the Eye; therefore, ſince 
this Image on the Retina in the Eye is the ſame as would be 
formed of a Picture well drawn or deſigned on the Plane 


or Table VX, and ſince it does no ways depend on - 
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gaid Table, but on the peculiar Peneil of Rays paſſing through 
it only, which is ſtill the ſame when the Table VX is removed; 
it follows, that the Eye in the Poſition aſſigned at l, will view, 
by itſelf alone, the Deformation contained in B E H C, as a juſt 
and well drawn Picture. 

1539. This Invention has given Riſe to thoſe common Ana- 
morphoſes of King Charles's Head, St. George and the Dragon, &c. 
on long Slips of Paper (like Fig. 30.) fold at the Shops, which 
being held in a Pofition parallel to the Horizon, and viewed at 
the proper Diſtance ED, and ſmall Height of the Eye at I, do 
very agreeable ſurprize the Spectator (inconſcious of the Deſign) 
with a regular and beautiful View. of thoſe Objects, of * in 
the Deformation they ſaw ſcarce any Appearance, 

1540. From what we delivered in the Theory of Catoptric 1 
ſpective, it is evident, that if TV WX be conſidered as a re- 
fetting Sheculum, and E BCH a Deformation placed before it, 
then its Appearance OPQR, in the Speculum, will be a regu- 
Jar Picture; for that will be the true PerſpeRive of the Figure 
on the ground Plane, in the ſame Manner by a reflected, as by a 
tranſo1.tted Pencil of Rays (1522.) 

1541. Since the Law of Reflection is the ſame in Surfaces of 
every Figure (1300) it will follow, that if we conceive the Spe- 
lum T VW AX tobe pliable and formed into a Cylindrical Sur- 
face, as ABCD (Fig. 31.) There will ſtill be a regular Per- 
ſpective Picture formed by Reflection from a proper Deformation 
EFG H; the greater Divergency of Rays in this Caſe, cauſing 
only a greater Diſtortion in the Anamorphoſis, and a Diminution 
of the Picture in the Speculum. 

1542. Hence ariſe all thoſe Experiments of pol:;hed Cylinders, 
Cmes, and other figured Speculums, which rectify the Appear- 
ance of thoſe ſeemingly unmeaning and ludicrous Deformations 
painted round about them, on the Planes on which they are 
placed; any of which are eaſily drawn by any Perſon ſkilled in 
the Theory of Catoptrics ; but thoſe who are not, may very ſue- 
ceſsfully uſe the following practical nn which is univerſal 
tor all Speculums. 

1543. Let a ſquare Hole be cut in a Piece of Paper, Paſt- 
board, Vellum, &c. and fine Threads paſted on the Paper 
oyer the Hole, horizontally and perpendicularly, fo as to divide 
„ the 
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the ſquare Hole into a proper Number of leſſer Squares; they 
paſt this Paper with the Lattice-Square on the Surface of your 
poliſh Cone, Cylinder, Looking-Glaſs, &c. and place a Can- 
dle at a proper Diſtance and Height (ſuch as you intend the Eye 
ſhall have to view the Picture) then will that polliſhed Lattice 
be reflected on the Table in the Form of the required Anamor- 
phoſis, with the Shadow of the Threads, dividing it in a pro- 
per Manner for drawing the Deformation of any propoſed Ob- 
je, whoſe Picture is drawn in a Square, of the ſame Size with 
that on the Speculum. | 
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it O ScenoGRaPHIC PERSPECTIVE; or tbe Mr. 
THOD of drawing FiGUREs of THREE DIMEN» 
SIONS in PERSPECTIVE, 


1544. 73 Superficies which terminate or bound a Solid, 

conſtitute its Form, or external Appearance and 

therefore the PERSPECTIVE of 4 SOLID, is nothing more than 

the complex Perſpective of all its ſuperficial Parts; fo that, pro- 

perly ſpeaking, there is nothing beyond fruper ficial Perſpetirue in 

Nature, for that rightly applied, gives the Perſpective of every 

1 Figure or Form of Solids, or rather Figures of three Dimen- | 

N ſions *; as will appear in the following Articles. | 

10 1546. We ſhall begin with the moſt regular and ſimple Form | 
Wo of a Solid, vis, that of a CUBE, whoſe Sides are fix in Num- 
Þ ber, and all equal; but if a Cube be placed direct before the 
1 Eye, only one or two of the ſix Sides can then appear. Fr if 
Fig. 1. (Plate II.) be conſidered as a Cube, then, becauſe its 


Height 


We have thought proper here to make a Diſtinction between a 
Solid, and a Figure of three Dimenſions ; for though every Solid has 
always three Dimenſions, yet a Figure of three Dimenſions may not 
be a Sid, but a hollow or concave Body ; thus there may be a Jer 
ficial Cubic Inch, as well as a Solid one, but the Perſpective of both is 

the ſame ; for this Art is not concerned with the Solidity or internal 
Parts of Bodies that do not appear to the Eye. | 
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Height QP exceeds the Height of the Eye IV, it will be im- 
poſſible for the Spectator to ſee more than the Side in Front, 
EG. For Rays of Light proceeding from any Point in the two 
ſide Planes EB, HC, and that on the Top GB, can never 
come to the Eyeat I; and the Bottom E D, and fartheſt Side 
DB, are precluded from the Sight by the Solidity of the Cube, 
ſo that one Side only can in this Caſe appear. 

1546. But if the Height of the Eye IE (Fig. 4.) exceeds the 
Height of the Cube A B, then not only the Front- ſide AB CD; 
but likewiſe the Top or uppermoſt Side will appear to the Eye. 
And only theſe two can appear for the Reaſons before-mention- 
ed (1545.) The Perſpective of the Side AB CD of the Cube 
in Front, will be ſimilar to the Side of the original Cube, and 
therefore a Square, as is evident from (1468, 1469, 1450.) 

1547. But ſince the Top, or upper Side of the Cube isbelow 
the Eye, and parallel to the Horizon, it may be conceived as 
placed on a ground Plane at the Height of the Cube above it; 
and its Perſpective on the Table, will therefore de the ſame as 
of any Square AB CD for the Height I F, and Diſtance I Y 
of the Eye, (4487) that is, Abc D will be the Perſpective of 
the upper Side of the Cube; and conſequently, the Perſpective 
of the whole Cube, viewed in Front, will conſiſt only of thoſe 
two Sides, a in the Figure. | 

1548. A Cube of a leſs Height than that of the Eye, placed 
with one Side parallel to the perſpective Table, but removed 
from the direct Ray IF towards either Side, to more than half 
it's Width AF or F D, will difcover a third Side to the View; 
and in a ſolid Cube, three Sides are the moſt that ever can be 
ſeen; this is called a View in Profile. 

1549. Therefore to give the moſt general and eaſy Idea of 
the Perſpective of a Cube (or any folid Body) it will be beſt to 
fiveſt it (as it were) of its Solidity, and repreſent it as hollow, 
4 conſiſting only in Form, or the external Sides or Super- 

cies, 

1550. Wherefore (Fig. 7.) let ABCD be the Side of a 
hollow Cube, placed contiguous the perſpective Table, and 
viewed in Profile. Then will the Perſpective of the Baſe be 
BbcC (by 1487.) This is called ICHNoGRAPHY or perſpectius 
Plan of the Cube, The Perſpective A a d of the Top of the 

| Cube 


174 INSTITUTIONS 


Cube is determined in the fame Manner, by ſuppoſing AD the 
ground Line in regard thereto. The Perſpective of the Front 
ABCD, as it coincides with the Table, is the very Side itſelf, 
And the Perſpective of the Oppoſite or remote Side, as it i; 
parallel to that Front and to the Table, will be of the ſame Fi. 
gure, viz. a Square abcd (1468, 1469.) 

1551. Therefore the ſame Part Ag of the Radial AI which 
bounds the Perſpective of the Top of the Cube, terminates alſo 
the upper Part of that Side of the Cube which is in View, as be- 
ing the common Interſection of both thoſe Sides or Planes. For 
the ſame Reaſon B 5 terminates the lower Part of the viſible Side 
of the Cube on the Table; therefore the Perſpective of that 
Side of the Cube is AB. And ſince the Cube is hollow, and 
the Sides open, the other Side will appear ene 4. and its 

perſpective Profile will be D4cC. 

1552. All we have ſaid is evident from the Conſideration of the 
mutual Interſection of Planes, as indeed from the Figure itſelf; 
for if we turn the Figure Side-ways, and look upon C D conti. 
nued out to M as a ground Line, then will the two Sides; 
which are now perpendicular to the Horizon, be parallel to it, 
or they will be the Bottom and Top of the Cube, and the Height 
of the Eye above thoſe Sides or Planes will be I M, as it is now 
CM. And CedD, AabB, will be their Perſpectives, drawn 
by the , common Rules: (1489, 1492. ) as BbcC, Ad, 
are for the lower and upper Sides in the-preſent Poſition of the 
Cube. 

- 1553. If the Baſe of the Cube be divided by Lines n to 
the ground Line, like the Square in Fig. 5. then by ſetting off 
thoſe equal Diviſions in the ground Line from B to 4, 5, 6; and 
from them drawing Diagonals to the Point of Diſtance Z, they 
will cut the Side Bb in the Points I, O, G, thro' which the 
Lines IK, O Q, GH, are to be drawn for their Perſpectives 
in the ichnographic Plan BbeC (1478, 1479. ) and they 
will be all ir to the ground Line BC, as in the original 
Baſe. 
r554. In the 1 * anner, if CD be conſidered as a ground 
Line, and the equal Diviſions in the Side CD, be ſet off from 
D towards M, then Diagonals drawn from them to the proper 


— of Diſtance 1 in this Caſe, will interſect the Side Dd in the 
Points 
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Points F, 9, K, through which the Lines F K, 9Q, H4, be- 
ing drawn parallel to DC (1552) will be true Perſpectives of 
the original Lines in the Side of the Cube, 

1555. Hence we ſee that the perſpective Parallels IK, OQ, 
GH, on one Side, contain right Angles with the perſpective 
Parallels KF, Qq, H K, on the other adjacent Side, and are 
therefore perpendicular to each other, as in the original Cube. 
And conſequently, the perſpective Sections of the Cube through 
thoſe Lines, viz. EIK F, oO Qgq, /GH4k, will be all of 
them Squares, and parallel to the Side AB CD, as they are in 
the Cube itſelf, 

1556, If each Side CB, CD, be divided by perpendicular 
Lines in the Points 1, 2, 3; then if from thoſe Points, Radials 
are drawn to the Point of Sight I, they will in the Plains Bbc C, 
Ce D, be the Perſpectives of the original Lines in the Sides of 
the Cube reſpectively (1552). And thus it appears, that to put 
a Cube into a Perſpective, is nothing more than to find the Per- 
ſpective of a Square for its ſeveral Sides ſeparately, and that 
thoſe ſix perſpective Plans together compleat the Perſpective of 
the Cube, which is uſually called the SCENOGRAPHY of it. 

1557. The Cube having an Angle placed in Front, or in 
ſuch Manner that a Diagonal of its Baſe may be perpendicular 
to the ground Line, is put into Perſpective by the ſame Rules, 
and with the ſame, Eaſe, as the other; in this Caſe we ſee the 
upper Side of the Cube, and have an equal Profile of two of its 
Sides. Thus Fig. 8. is the Scenography of a Cube, whoſe Side 
is equal to the Square EOFQ in Fig. 4. Then 46 is the 
Perſpective of the upper Surface (the ſame as Foeg in Fig. 4.) 
and EOF Q is the [chnography of its Baſe, found as directed 
(1485) for the Height EI, and Diſtance IZ, of the Eye. 
Having theſe two Plans, the Perſpective of the Cube is com- 
pleated by drawing the Lines à E, 50, þbF, g Q. | | 

1558. Becauſe the Sides of the Cube, or parallelopiped in this 
Caſe, make an Angle of 45 Degrees with the ground Line, 
therefore their Perſpectives ag, eq, will converge to the Point of 
Diſtance Z, (as in the other Caſe they converged, to the Point 
of Sight I.) As will all other Lines drawn parallel to them on 
the Sides of the original Solid. (1495) 


* 
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1559. If on any one Part, the Solidity of the Cube be ſuppo- 
ſed to be uniformly continued for any given Length Ee, then 
the Cube becomes a Parallelopiped, the Perſpective of which is 
ſtill determined by the ſame * as is evident from the 
Figure. 

1560. And if any Side of the Parallelopiped be dividedby 
parallel Lines perpendicular to the Baſe ; then by ſetting off the 
Diſtance of thaſe Lines from e to C in the ground Line to the 
Points 3, 2, 1, reſpectively; if a Ruler be laid from each of 
thoſe Points, to the Paint of Sight I, it will give the Points in 
the Line eq of the perſpective Baſe, through which, if Lines 
are drawn parallel to ae, the Side of the Perſpective of the 
Cube or Parallelopiped, will be divided in the ſame Manner as 
the Prototype. All which is evident from the Figure, and what 
we have before taught (1552). For the Radials divide the Baſe 
Lines in this Caſe, as Dzagonals did in Fig. 7. where the Cube 
was viewed by the Side. Butthis Diviſion is to be made equally 
by Radials or Diagonals at Pleaſure, as the” Reader will ny 
underſtand from the Theory. 


CHA P. VIII. 


The RATIONALE of the prafical MzETHoDs of Ser- 
" NOGRAPHTC PERSPECTIVE, with the THEORY 
of Perſpective MEASURES Jer that Purpoſe. 


| 1561. Af in ſuperficial Perſpective there are two practical 
Methods of putting any plane Figure in Perſpective, 
uin. one by. inſeribing _ in a Rectangle, (1488) the other 


by given Points (1492). So in like Manner we here proceed to 


draw the Perſpective of any Upright, Solid, or ſuperficial Figure 
of three Dimenſions, two different Ways, viz. The frft by 
inſcribing the given Fi e if regular, in a Cube, or proper Pa- 


rallelopiped; the Second, is by finding the Perſpective of the ſe- 


veral Lines which are formed by the Interſection of Planes, com- 


G > Xt Go mp K. S. ww = © 


en A... a. > a > + nh my a”. nd 


4 * 


dem. 
< 


AA 2 8 S 3s AF F F 


LAS * * 43 nn a E mm ww” 


Of PERNBTXTCST IVE 1 177 


g the Superficies of the given Figure; and theſe Lines con- 
nected, from the Scenograpby thereof. This ſecond Method! is 
general for all figured Bodies, regular, or irregular. 

1562. As a Specimen of the firſt Method, let it be required 
to put a PRISM into Perſpective; to do this, we may conceive 
it circumſcribed by a hollow Parallelopiped, whoſe Baſe and 
Height are equal to thole of the given Priſm; then draw the 
Scenography or Perſpective of this Parallelopiped, which let be 
AB badc CD, the Baſe of which Bb c C is alſo the Perſpective 
of the Baſe of the Priſm; and ſince the Edge of the Priſm tou- 
ches the Surface of the Parallelopiped, let the Diſtance thereof 
be meaſured, and ſet off on the ground Line from B to 43 then 
a Ruler laid from Z to the Point 4, will cut the Side B in 11 
Draw I E parallel to A B, and it will be the Perſpectiye of the 
Perpendicular let fall from the Edge or Angle of the Priſm on 
the Baſe. Therefore drawing E F parallel to AD, it ſhall be 
the Perſpective of the Edge of the Priſm, Then drawing the 
Lines BE, 6 E, and C F „F, they compleat the Perſpective 
of the Priſm in the Figure B E bc F C which 3 is ſhaded for the 
Sake of Diſtinctneſs. | 

1563. After the ſame 3 a Pyramid, Cone, Globe, Kc. 
may be drawn in Perſpective, which cannot be difficult to thoſe 
who underſtand the foregoing Principles. What I here ſpeak 
of relates to Matters merely Perſpectiue; but ta giye a natural. Re- 
lers to conical and ſpherical Figures, whether Convex or Con- 
cave, requires more a ferlful Management and Dijpeftien of Lights 
and Shadows, as we ſhall hereafter ſhew, _, 

I 504. The ſecond Met bud for determining the — of 
Solids, is by finding the Perſpective of Lines which are formed 
by their interſecting Planes. To underſtand the Reaſon of this 
Method, the following Theorem muſt: be premiſed. Let I D be 
a given Line, placed an the gramm Line CD (Hk. 10.) then from 
am two Points A, B, in the horigonmtal Ling, draw the Radials 
AD, AI; BD, BI; and parallel ta C D drawany Line LK,. 
cutting the Radials ADs; B D, ia G and E en theſe Paint: 
daw G H, E F, cutting the \ Radiah Al, BI, in H and F. | This 
dne, 75 the Line G H is equal to the Oo hl The Demons. 
{tration is from ſimilar Rar oro 1.801 
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For AG: AD:: GH: DI. - 
And BE:BD::EF:;:DL . is f 
Alſo AD; BD:;: AG: BE. 21 


Therefore AD xBE= BD x AG, 
Therefore alſo DI X EFS DIL GH. (652.) 
Conſequently EF = GH. ©. E. D. hs 


1565. If FD (in Fig. q.) be made equal and parallel to ID = 
(in Fig. 10.) and from the Point of Sight I, the Radials IF, ID, 
be drawn; then if any Line LM be drawn parallel to the common 
ground Line DC D, interſecting the Radials ID, AD, in the 
Points L and M]; and LG and M O be drawn parallel to FD 
or I D, they will be equal to each other alſo, as is demonſtrable 
in the ſame Manner as the above Theorem, 

1566, Therefore let BL K I be the Perſpective of the Baſe 
of the Solid (Fig. .) drawn for an oblique View; and neither 
Side or Angle in Front. Then when the oppoſite Sides of the 
Solid are equal and parallel, and one Angle placed in the 
ground Line at B; if A B be the Height of the Solid, then 
through L draw the Radial ILD, meeting the ground Line in 
D; on the Point D draw D F equal and parallel to A B, and 
join IF; on the Point L erect the Line L G parallel to DF in- 
terſecting the Radial I F in G; and join AG; then is A BLG 
the Perſpective of one Side of the Solid. In like Manner you 
find the perſpective Lines IE, K H; and drawing AE, EH, 
and G H, the Perſpective of the whole Solid is compleated. 

1567. Or thus more univerſally, let ID be the Meaſure of 
the Solid's Height, and placed on the ground Line at D (Fig. 
10.) and make any Triangle AID at Pleaſure, whoſe Vertex 
A'is in the horizontal Line; then from the Angles of the per- 
ſpective Baſe I, L, K, (Fig. 9.) draw Lines 1 C, LM, KP, 
 InterſeRing the Radial A D in C, M, and P, on which Points 
erect the Lines CN, MO, PO, and they will be the perſpec- 
tive Heights of the Solid at the Angles I, L, K; that is, CN 
IE, MO=LG, and POS EKH; (by 1564) which 
Heights are all determined by the parallel Lines EN, G O, 
and H Q, (in Fig. 9, 10.) | | 
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1568. Hence it appeats, that if any Line be perpendicular to 
the ground Plane, and its Diſtance from the ground or” - 
=, eight, 
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Height, be given; then its Perſpective may be eaſily drawn. 
por the perſpective Seat of any given Point on the ground Plane 
is found by (1492) and the Perſpective of any given Height 
or Line is found for that Seat or Point, by (1494.) 

1569. If the given Line be perpendicular to the ground Plane, 
but placed above it, at a given Height; then that Height is to 
be added to the given Length of the Line; and both conſidered 
25 one Line; whoſe Perſpective is to be found for the Whole 
frſt, and then for the lower Part or Height above the Plane; 
then this latter ſubducted from the Whole, leaves the Perſpective 
of the given Line, 

1570. A Line of a given Length, Poſition, and Indlination * 
to the ground Plane, if placed upon it, is thus put into Per- 
ſpective. Firſt let the Perſpective of its Seat on the ground 
Plane be found (1492) then from the elevated End let fall a 
perpendicular to the ground Plane, and find the Perſpective of 
that Perpendicular (1494). Laſtly, draw a Line from the 
perſpective Seat to the Top of the perſpective r ths and 
that will be the Perſpective of the given Line. 

1571. For Example; ſuppoſe (c) the Seat of the Line in the 
perſpective Plane (Fig. 7.) and K the Seat of the Perpendicular, 
then through K draw the Radial I C, cutting the ground Line 
in C; upon the Point C erect CD equal to the Perpendicular, 
and draw I D; and from the Point K draw K F parallel to C D, 
and it will be the Perſpective of the ſaid Perpendicular; then 
join c F, and it will be the Perſpective of the Oblique 1 as re- 
quired. 

1572. If the Line be wholly elevated above the ground Plane, 
then its Perſpective may be drawn two Ways; for, firſt, you 
may continue the given Line to the ground Plane; and then 
inding the Perſpective of the Whole, and its Parts, that of the 
given Line will be known of Courſe. Or, ſecondly ; from each 
End of the elevated Line let fall a Perpendicular to the ground 
Plane, and then find the Perſpective of thoſe Perpendiculars, the 
dummits of which being joined, 9 the Perſpective of the 
Line, as required. 

1573. Having thus ſhewn how all * may be drawn in 
erſpective of any given Length, Poſition, or Elevation on, or 
dove the ground Plane, it follows, that all Bodies of what Form 

| Aa2 or 
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or Figure ſoever they may be, are drawn in Perſpective at the 


ſame Time, and by the ſame Rules. Since the Lines formed 
by their various interſecting Planes will be given in Length,” P. 
ſition, and Inclination from the Nature of the Solid; their Per. 
ſpectives therefore are eaſily. drawn by the Rules above (1492 to 
1495) and the Extremities of thoſe perſpective Lines being 
joined, give the Scenography or err of the * 
quired. 

1574. It farther appears how, by the menſural Triangl AID 
(Fig. 10.) the perſpective Heights of Men, Houſes, Trees, 
Beaſts, Birds on the Wing, &c. may all be duely adjuſted and 
meaſured ; and their proper Niminutions proportioned to their 
Diſtances from the ground Line in Landſcapes, Prints, and all 
perſpettive Views, Thus ſuppoſe I D were a Tree on the fit 
Ground of a Landſcape, then the Radials A'T and A D deter- 
mine the Diminution of Trees of the ſame Height in all remote 
Diſtances from the ground Line. So that at C the Height is 
CN; at P, it is PQ; at G, it is GH, and ſo on, till it u 
niſnes in the Horizon at A. 

1575. But by ſimilar Triangles we have C N: ID: Ac. 
AD; and PQ: ID:: AP: AD; and GH: ID:: AG: 
AD, Sc. Therefore C N: GH:: AC: AG ; or the Liner 
Dimenſions of Objects, in a Piece of Perſpective or n 
are direftly as the Diflances from the Point of Sight. | 

1576. Again, the Diminutions of the Heights of Objects in 
a- Landſcape, will always be as the Diſtances from the fore 
Ground, or ground Line; for AD—AC:ID — NC:: 
AD — 2 ID — HG (649.) Fuat ia, ng 5 
GH:: CD: DG. 

1577. , it appears, that while Objects are at the ſame 
perpendicular Diſtance from the perſpective Plane, their per- 
ſpective Appearance or Magnitude will always be the fame; 
and therefore if a Bird, or any other Body aſcend or deſcend in 
a perpendicular Direction through any Height, it will ſtill have 
the ſame Dimenſions in every Part of the Aſcent or Deſcent on 
the perſpeCtive Plane, and muſt be ſo repreſented in Drawings 
as we obſerved before. And thus we have premiſed every 
Thing neceſſary in the THEORY and PRACTICE of common 
en. We -now- proceed to illuſtrate the ſame by 3 
Variety 
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Variety of uſeful e with Obſervations thereon; as 
er requires. 


1 3 * 


CHAP. IK. 4 . 


The RuLEes of nn allufrated by. 4 2 
 riety of uſeful Ex AMPLES,! with proper Objeres- 
| tions thereon relative: to a general PRAXIS, | 3 
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NY 8 we have given the fundamental Rules for drawing 
all Kinds of Superficies and Solids in Perſpective z it 
remains now, that we illuſtrate the ſame by proper Examples, 
with ſuch farther Obſervations and Inſtructions as may tend: to 
facilitate the Practice of thoſe Rules to the young Deſigner, 
1579. In Fig. 1. we have Inſtances of a long Parade, gravel 
Walks, graſs Plats, à Canal, &c. all put into Perſpective ac- 
cording to the Rules laid down. (Chap. IH.) by drawing the pro- 
per Radials and Diagonals from the Point of Sight (i) and Di- 
ſtance (z); as alſo the Svenagrupiy of a whole Row or Strea of 
Buildings on one Side, and of Trees on the other, by the Rules 
contained in Chap. VII. Here we may obſetve, that in order 
to preſerve Uniformity, and Identity of Meaſures, in any Per- 
ſpective or Landſcape, there ought to be but one Point of Sigòbt, 
and Diſtance; for if the Breadth or Diſtances of the Houſes were 
determined from the Point of Diſtance (z) and the Diſtances of 
the Trees from another (y) there could be no Meaſure found, 
* any Judgment Gm of =y eber at all in fuck 2 
ce. | 

1580. To the fanny Point of Sight () 90 ſame Rules ot per- 
ſpective are applicable for Objects on all Planes in any Situation 
about the Eye; for the Elevation of the Plane above the Bye, and 
the Elevation of the Eye above a- Plane, are the ſame Thing in Pee- 
ſpective ; and conſequently. the Diminution of Objects int the 
Air follow that ſame Rules as thoſe on the ground Plane. Thus 
Birds 


pe * 
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Birds (Fig. 1.) diminiſh as they recede from the fore Ground of 


the Sky (if we may uſe that Expreſſion) to remoter Diſtances, 


and at Length vaniſh at the Point of Sight in the horizontal 
Line. 

1581. Thus alſo (in Fig. 2.) which is a direct perſpe&ire 
View of the Inſide of a Room, the CI ELIN OG above, the Flur 
below, and each Side, are. to be conſidered as ſo many Planes 
put into Perſpective from the given perpendicular Diflance of the 
Eye from each (called the Height of the Eye) and the given Di- 
ſtance (iy) from the Front of the Room. For ſince the Inter- 
fections of the ſide Planes with the Cieling above, and the Flor 
below, are ſuppoſed perpendicular to the ground Line, or per- 
ſpective Plane, they will converge to the Point of Sight (i) ac- 
cording to (1479) and thereby terminate the Perſpective of the 


whole inſide View; which, indeed, cannot be difficult, as it 


contains the plaineſt Caſes of direct, ſuperficial, and Scenograpbic 


Perſpective. 
1582. In Fig. 3. you bs a ſide View of the PeDESTAL of 


a Pillar, whoſe Front being formed by the Meaſures proper to 


the Order, you proceed to form the Perſpective of its Baſe and 


Capital for the given Height and Diſtance of the Eye, as in the 
Figure. Then the Scenography of the Whole is finiſhed bythe 
Rules in Chap. VII. and VIII. 

1583. This Figure is added to ſhew hew the Pillar is to be 
placed on its Pedeſtal in Perſpective; for it is eaſy to obſerve, 
that the Axis or central Line of the Pillar muſt be perpendicu- 
larly over the perſpective Center (c) of the Baſe, and conſe- 
quently the Perpendicular (cd) is that Axis or Line which de- 
termines the perſpective Poſition of the Pillar on its Pe- 
deſtal. 

I 584. Fig. 4. contains the Perſpective EP two Purans 
or Cor uus in Front; one in a Dire#, the other in a Side 
View; the geometrical circular Baſe (a b d) being given, the per- 
ſpeative elliptic Baſe of each is determined by (1498) and then the 
Pillars themſelves are drawn or defined by the two parallel Lines 
which are perpendicular to the ground Line, and touch the E- 
lipſis on either Side. 

1585. Hence it appears, that a Colmade of Pillars, viewed in 


Front, will not have all an equal perſpective Magnitude, or they 


muſt 
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muſt not be drawn all of an equal Size ; but that which is near- 
eſt to, or directly before the Eye, has the leaſt perſpective Mag- 
nitude; and others appear larger on the perſpeQive Plane, as 
they are farther removed from the Eye or Line of direct View. 
However paradoxical this may ſeem, it is thus eaſily demonſtra- 
ted— The Ellipſis (ge) of the ſame Circle on the ſame 
ground Line is greater or leſs in Proportion to the Obliquity or 
Diſtance of the View, as is evident from the Figure here, but 
more ſo in Fig. 4, 5. of Plate II. And ſince the Sides of the 
Pillars are Tangents to thoſe Ellipſes, and perpendicular to the 
ground Line, they muſt be at a greater Diſtance in an oblique 
than in a direct View, and therefore give a greater perſpective 
Magnitude of the Pillar. 

1586. It may be proper alſo to give an optical Demonſtration 
of the Truth of this Poſition; let (ad) be the Diameter of the 
geometrical Baſe ; this in thedire& View ſubtends the greateſt 
Angle (a i d) under which the Baſe of the Pillar (gc) can 
appear, and the perſpective Diameter is gh; but ac and gh are 
the fame in both Views, and a Pillar on that Diameter would 
be the ſame in both Caſes. But the apparent Magnitude of a 
Pillar is in Proportion to the Angle which is ſubtended by that 
Diameter that is perpendicular to the viſual Ray (i c.) Suppoſe 
(ef) to be that Diameter, and draw the Rays (i e) and (i HD 
which produce to the ground Line at (n) and let (i e) croſs it in 
(!) then it is evident the Diameter (2f) will eclipſe from the 
Eye a Part of the ground Line equal to (/m) in the oblique 
View; and therefore the perſpective Magnitude of the Pillar 
will be as much greater here than it is in the direct View, as 
In) is greater than (a d.) 

1587. Hence it appears, that though it is always the Prac- 
tice of Architects to repreſent all Pillars in a front View of an 
equal Size, yet the Abſurdity of ſo doing is as great as it would 
de to give the ſame Objects the ſame Heights at different Di- 
ſtances from the ground Line. And thoſe who vindicate ſuch a 
Proceedure, muſt be looked upon as either very ignorant, or elſe 
prevaricating with the Rules of Art in a moſt licentious De- 
Free, 

1588, The Axis of a Pillar in a dire& View is equidiftant 


for either Side z but i it is not ſo in the oblique View]; for as it 
riſes 


184 INS TI T,UT\LONS 


riſes fromthe Center of the elliptig Baſe, it will, in that Caſe, 
be nearer to that Side next the Eye than to the other, as as is evi- 
dent by Inſpection of the Figures. The ſame Thing i is to be 
underſtood of any other regular Body in an oblique View. 
1589. In Fig. 5. we have two PARALLELOPIPEDS, or ſquare 
Columns, put into Perſpective, on their proper Baſes (a bed 
7 ef gh) which are ſuppoſed to be ſquare; one in a direct View, 


in which only one Side can be ſeen; the other in an oblique View, 


ſhews the ſame equal Side in Front, and a Profile of the other 
Side (defh) next the Eye at (i) the Point of Diſtance being 
(2). | Theſe are Caſes ſimilar to thoſe before obſerved of the 
Cube (1 546 to 1549) in the ſame Points of View. 

1590. The Manner of placing a SpIRR or STEEPLE on the 
Top of the Tower of a Church, c. in PerſpeRive, is ſhewn in 
Fig. 6. The Spire is ſuppoſed to be a ſquare Pyramid, the Per- 
ſpective of whoſe Baſe is (a b de) (being a ſide View, like that in 
Fig. 1.) Here alſo you. can ſee only two triangular Sides (viz, 
bg dand agb) ſo far as they riſe above the Top of the Tower. 
If from the Center (c) of the perſpective Baſe a Perpendicular 


| be raiſed, land its perſpective. Height (c proper to the perpens 


dicular Height of the Pyramid, than (g) will be the Vertex of 


the Spire, which will be much nearer to that Side of the Tower 


next the Eye, than to. the ther, for the Realon, ebene. 
tioned. | gi 
1591. To place a TaBLE, Crain, &e, on a Floor, as 
(a hc d,) in true Perſpective, is no difficult Thing by the Rules 
preſcribed. For Example, let a d be 10 Feet, and ſuppoſe the 
Table 4 Feet long, and to ſtand 3 Feet from the Side of the 
Floor (a b) and 1 3 Foot from the ground Line (a d) as in Fig. 
7. is evident; let the Height of the Table be 24 Feet, and its 
Width 16 Inches, then on (a) erect the Perpendicular (am) 
and from (a) to (e) ſet off 2 !, the Height of the Table, and 
draw (ei) to conſtitute the menſural Angle (ei a). Then draw 
Parallels to the ground Line at the Diſtance 1 3 „ and 3 Feet; 
they will cut the Radial (i a) in (g and h then che Perpendicu- 
lars g f, #1, will be the perſpective Heights of each Side of the 
Table; all which, with every other Circumſtance, is directed 

by be Rules in Chap. YL e 
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1592, As to the CHAIR, if the Perſpective of its Baſe be 
found, then the Height of the Seat and Back are in the ſame 


Manner determined by an Angle of Meaſures, or by the com- 
mon Rules. The Bottom or Seat of the Chair not being a 


' Square but a Trapezium, will have its Perſpective determined by 


the Point of Sight (i) and accidental Point x (1483) with re- 
gard to the two vides which are parallel ; but the other two which 
are inclined converge to a Point before they arrive at the hori- 
zontal Line, which is ſuppoſed at an infinite Diſtance from the 
Eye, and where only parallel Lines can me nor my neither 
but in Perſpective. 

1593. If a Box is to be opened in perſpective, then the Poſi- 
tion with regard to the ground Line is to be conſidered. If the 
End be parallel thereto, then the Corner of the Lid, in opening, 
will deſcribe a Circle in Perſpective, as (a df) Fig. 8. (1469, 
1504) and therefore if a Circle be deſcribed on each End of 
the Box, with a Radius equal to the perſpeQtive Width of the 
Box, and the given Angle to which the Lid is opened, be ſet 
off from (a) to (5); then you will have the four angular mou. 
of the Lid by which it may be drawn as required. 

1594. But if the Side of the Box be placed parallel to the 
ground Line, then the angular Point of the Lid, in opening, will 
deſcribe a Semi- ellipſis in Appearance on the perſpective Plane, 
as (ab df), ſuppoſing the End of the Box contiguous to the Side 
of a Room. Here the elliptic Angle (ac b) is determined from 
the given circular Angle in which the Lid of the Box ſtands 
open, as directed (1498), or if the Angle (6) has its perpendi- 
cular Height meaſured, and its Perſpective found (1570) the 
Perlpective of the Lid or Cover is thereby determined. : 

1595. Again, if Doors, Windows, &c. are to be put into 
Perſpectiye as they ſtand open in any given Angle; the Rules 
for doing it are ſtill the ſame. Thus ſuppoſe the Door be 2 
Feet wide = AC (Fig. 9.). then on the Center C deſcribe the 
Semicirele A D F, upon which the angular Point of the Door 
moves ; ſuppoſe the given Angle to which it is opened be AC B; 
then if on the perſpective Floor (hd) you find the Nee 
of the Semicircle AD F; and therein make the elliptic Angle 
(acb) correſpondent to the given Angle A C B in the Proto- 
type; you will have the Poſition of the Point (5) on which you 

Vol, II. ä B b raiſe 
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raiſe the perpendicular perſpective (bo) of the given Height of 


„ 


— PR - 
——— — 7 — 


the Door (1568) and then, laſtly, by forming the Ferſpeſlin 

of the Door-place or Aperture (a m nc) in the Side of the 

you will have the four angular Points of die Door determined 

þy which it may be readily drawn in the Poſition required, 
1596. In the ſame Manner the Windows on the upper Part 


of the Room may be drawn. But it is to þe obſerved, that fince 


the Angle is given in which the Door or Window is opened, 
and alſo the Diſtance on, and Height, above the groung Plane, 
the Angles of the Door, or Caſement, may be moſt eaſily de- 
termined by the Method of Perpendiculars as directed in 
(1567.) 

1597. If a Perſon in a Room, on one Side of a Street, views 
through the Windows the Buildings on the other Side, the 


Window then becomes the perſpective Plane or Table for the 


orthographic Nelineation of whatever appears in Front on the 
other Side of the Way, (1649,) as is here repreſented in Fig, 
10. 

1598. The whole Scenography or perſpective View of the In- 
ſide of a Shop is preſented in Figure 11. in order to compare it 
with the Picture made thereof by a Speculum or Lens which we 
ſhall hereafter have Occaſion to ann Notice of. | 


_ 
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CHAP. X. 


The PRINCIPLES of Catoptric and Dioptric Pe- 
SPECTIVE confidered with regard to Views, Pic- 
TURES, LANDSCAPES, Gc. formed by M1RRoRs 
and LENsEs ; with the RULEs for exbibiting them 
in any required Proportion to the OBJECTS, 


1 1599 WII E have already conſidered ſo much of Catoptric Po- 
ſpectiue as relates to reflelting Planes; but it was 

neceſſary to treat of Scenographic Perſpeltive before we could pro- 
perly handle the Doctrine of Optical Perſpective univerſally as con- 
dern ' d in the F ormation of * Pictures Land{cape'y and all 
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Kind of Views by reflected and refracted Light front and through 
Convex and Concave Glaſſes of every Kind. 

1600. The Subject we are now entering upon, though the 
moſt eſſential and exquiſite Part of the Science, has not (that 
we know of) been touched upon by any Author on Perſpective, 
and therefore we ſhall be the more particular and explicit on this 
Head. In order therefore to determine how far the Piure/que 
Imaces of OPTICAL GLASSES agree and coincide with the 
Drawings made by the Rules of common Perſpectiue, it muſt be re- 
membered, that the Linear Dimenſions of an Object and its Per- 
ſpective are proportioned to their Diſtance from the Eye (1468) 
that is (in Fig. 1. Plate II.) RN:rac:1IZili::AB:ab 

:AD: ad. 

1601. Now ſuppoſe A G were an open Cube or other rectan- 
gular Body whoſe oppoſite Sides are equal, and let the Side E G | 
in Front be called the Preſcene; the hinder Side A C the Poft- | 


ene; the Sides E B, HC, the Lateral Scenes; the ground Plane 


AH, the Primary SCENE, and CB the Erial Scene, if placed a- 
bove the Eye; or Secondary Scene, if below it. Then conceive a 
perſpective Plane placed contiguous to the Proſcene, on which 
the whole Scenography of the Body will be viewed in Perſpective 
by the Eye at I 

1602, Put the linear Dimenſion of the Proſcene E H or EF 
P, and the Perſpective of the Peſſſcene ad or ab = þ; alſo 
let their Diſtances from the Eye be Ii = D, and IZ = d. 
Then we have P: p:: 4: D. And this Analogy will hold for 
any dituation of the peripeQive Plane, between the E ye and the 
given Cube. | 

1603. If inſtead of the Eye, 2 Convex or Concave Speculum 
were placed at I, then an Image will be formed of the ſaid 
Cube or Body, and the linear Dimenſions of every Part will be 
proportioned to the Diſtance from the Glaſs, as we have 
ſhewn (1310) Then, if we call AB or AD = an Ob- 
ject, and put it equal to O, and its Image = i; we ſhall 
1 O:: 4: F = focal Diſtance of the Image; and therefore 


= eh in all Kinds of Speculums. 


E b 2 „ 
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a 1604. In a Convex Minkon, we had — +7, =#(1291) i © 
| dr i d 


therefo from whence we get Or 2 2144 


| ives this Analogy, O: i:: 2d T. Or, th ce 
Proportion of the Length or Breadth of the Poſiſcene is to that of th fe 


\ "3p | Image thereof, as twice the Diflance added to the Radius, is to the 
: Radius of the Speculum. 3 


tl 
1605. The Proſcene being equal to the Poſtſcene (1601) its * 
Length or Breadth E F or E H will {till be denoted by O, but t 
| its Diſtance being leſs, let that be = D; and becauſe the Image 
| will be larger in Proportion, put it = I, and proceed as be. 
F fore; we have Or = 2 ID + Ir, and the ſame Analogy O: b 
1:: a D -:. 
1606. But becauſe in both Caſes O r is the ſame, therefore 
we have 21d + ir =2ID + Ir, and therefore I: 3:: 29 
'+r7:2D fr. From hence we have the Ratio of the linear 
Dimenſions of the Proſcene to that of the Poſtſcene; and con- 
ſequently the Optic Scenography of the Solid is thereby determined, 
and its Difference from that in common Perſpective. 
Þ 15607. In the Concave Speculum, becauſe 22 — þ 
1 (1291) we have Or ir- 2di = Ir — 2 DI; whence 
$ I: i:: - 24: r 2D. From whence it appears, that when 
the Radius of the Speculum exceeds twice, the Diſtance of the 
Objects, then the Images will be poſitive or behind the Glaß; 
but otherwiſe negative or before it, agreeable to (1315, 1316.) 
1608. In Caſe of a Lens, it is every where O: ii: 4: f, and 


5 F (1340). Alſo for a double and equally Convex Lens we 


have f = — = 5 (1387) and therefore Or = id 
—=ID—1Ir; whence we have I: i:: I-: D; orn 
the Scenography of the Image of ſuch a Lens, the linear Dimenſem 
e the Proſeene and Poſtſcene are as the Differences between the Di- 
Nances and Radius of the Lens reſpectiuely. 
1609. After the ſame Manner the Scenography of Images for all 


diſterent Forms of Lenſeg may be found, and compared - 
5 = 
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thoſe of common Perſpective. And ſince, in all, the Terms of 
Compariſon conſiſt of the Sums or Differences of the Radius 
and Equimultiples of the Diſtances ; therefore while the Radius 
of the Glaſs bears any conſiderable or ſenfible Proportion to the Diſlan- 
ces of Object, the optical SCENOGR APHY of their IMAGEs will dif- 
er more or leſs from the common Perſpective thereof. 

1610. But it is evident, when the Diſtances are ſo great that 
the Radius of the Glaſs bears no ſenſible Proportion thereto, it 
will then vaniſh out of the Terms of the Compariſon, and then 
the Analogies | | 


Convex Mirror, I: i:: 24: 2D::d:D. 
become in the. Concave Ditto, I: i:: - 24: — 2 D:: 4: D. 
= Lens, I: #:: d: D. 

1611. Conſequently, in all ſuch Caſes the optical Scenogra- 
phy of the Image is the very ſame with that of common Perſpec- | 
tive on the tranſparent Plane ; for by all the Glaſſes, we have | | 
I:i::d: D, and on the perſpective Table, we have P: :: | 
J: D (1468) therefore I: i:: P: p. Whence it appears, 1 
that all the Parts in the optical and perſpectiue Scenography are per- | l 
fecth ſmilar, and that, therefore, the IMaGEs of OPTICAL | | | 
GLAssks in ſuch a Caſe, are PiCTUREs, PROSFECTS, or 
LANDSCAPES in true Perſpective. 

1612. Hence the excellent Uſe of a Convex Speculum, in exhi- 
biting to the Eye a genuine perſpedtive View of all diſtant Objects, 
as a perfect Copy for the Artiſt to draw by. [t preſents 
him with an inſtantaneous Conſtruction of the perſpective Sceno- 
raphy of the interior Parts of a Room, and all its Furniture, 
Tables, Chairs, Scrutores, Book-caſes, Pier-glaſles, Pictures, 

Ec. juſt as they ought to be drawn. An Inſtance of its Uſe 
in this reſpect, is Fig. 11. Plate III. which is a perſpective View 
of a Mathematical SHOP, with its Counters, Spheres, Globes, Air- 
pumps, Teleſcopes, Glaſs-caſes, Sc. actually delineated from the 
perſpective PICTURE of a Convex MIRROR (1598. ) 

1613. Another great Uſe of ſuch a Speculum, is to exhibit the 

all true Perſpective of an Object diminiſhed in any given Degtee. 


th For, becauſe Or = 2id + ir (1607) it is Or — ir = 
| 2 id, 
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2 id, and therefore d = == =, For Example, ſuppoſe 
it required to draw a Microſcope, Air-pump, &c. 4 Times lek 
than the Life; then O: i:: 4: 1; and let the Radius of the 
Speculum be 7 = = 12 Inches; then d = — = 18 lu. 
ches, the Diſtance from the Mirror to make the en 
than the Object. 


1614. Since the Image is larger in Proportion as the Radius 


of Convexity is ſo, it appears how excellently well adapted ſuch 
Mirrors are, when very large, for exhibiting the moſt perſed 
LaAnD8CAPEs of diſtant ScENES, whether Gardens, Fields, Lawn, 
Words, Mountams, Fairs, Rivers, Sea, &c. with all the natunl 

CoLours, LIoRTSs, and Snaps, Morton, and every other 
Incident which can tend by this perſpective Miniature, to improve 
and out- vie even NATURE itſelf, 

1615. The ſame Things may be ſaid of a Concave Mirn, 
with regard to the Form and Proportion of the ſeveral Parts of 
the Image, and the juſt Perſpective of the Whole, but then the 
inuerted Poſition of the Picture before the Glaſs, and the Incon- 
venience of obſerving it, renders it not ſo uſeful in the Arts of 
drawing and deſigning, as that of the Convex Form. 

r616. But then it has this moſt entertaining Property of te- 
ſolving the perſpective Picture, or Landſcape formed by the Con- 
ver Mirror into its Original or Prototype, and gives each Part 
Diftances, Size, and Situation. In this Caſe it is ſuppoſed that 
the Radius in both Speculums is the ſame. Thus, for Illuftra- 
tion, ſuppoſe a View of 7 Miles round Sr. Paui's were draw 
from a Convex Mirror of 10 Feet Radius, that Drawing held 
at the ſame Diſtance before an equal Concave Mirror as it appeat- 
ed to be behind the Convex One, the ſaid Concave would revert 
the Landſcape, and preſent the Eye with a delightful View of the 
large City of London, and County about it, as large as the Lift, 
and at the ſame Di/tance in every Part, as appears to the naked 
Eye. The Reaſon of all which, is very evident from the Theo- 
ry we have above premiſed. Hence the great Uſe of Concau 


Mirrors in viewing * 1 in the de CAMERA 
OBscura, 


> ; 1617 
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1617. From .the ſame Theory (1608) it appears, that a 
Convex Lens does alſo preſent us with the ſame perſpectiue Figure 
or Image of diſtant Objects in the Focus, which as the Radius 
is longer, will be larger in Proportion; and therefore, in a 
real Camera Obſcura, When ſuch a Lens is applied in a ſcioptric 
Ball and Socket, you view upon a Screen, at a proper Diftance, . 
the Scenography of Buildings, and a LANDSCAPE of every rural 
Scene, ſo heightened by Colours, -and animated by Motion, as 
juſtly excite our Admiration, and we readily pronounce. the 
Pencil of Nature perfeR, andall her Paintings inimitable. 

1618. Upon the Whole we may conclude, that as all artifi- 
cial Paintings are but Copies of Nature, the more they ap- 
proach to, and are regulated by the Artof PerſpeCtive, the more 
natural and valuable they will be, and Beauty and Harmony will 
ſo much the more evidently appear; for we have ſhewn in the 
Theory (1292) that in all Nature's Painting the ſtricteſt harmo+ 
nical Proportion is obſerved; and conſequently NATURE is all 
PERSPECTIVE and HARMONY. 4: 


C HAP. XI. 


Of the PER&PECTIVE APPEARANCE of OBJECTS 
on INCLINED PLANES. 


[PLATE IV. Of PERSPECTIVE. ] 


1619, WE have hitherto treated of ſuch perſpective Views as 
are ſuppoſed to be taken on Planes perpendicular 
to the ground Plane; but as it will, on many Occaſions, be ne- 
ceſſary to conſider them on Planes or perſpective Tables inclined 
in any Angle thereto, I ſhall here deliver the Theory and Rules 
for that Purpoſe. . _ | 
1620. Let AD N R be a perſpective Table inclined to the 
ground Plane B CG K in a given Angle (Fig. 1.) ABCD is | 
a Rectangle viewed upon the Table by an Eye at I, at the Height 
IH, and Diſtance from the ground Line HF. Biſect BC in 
| E, 
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E, and draw EH, and 1 parallel thereto, then will (i) be the 
Point of Sight on the Table, and RY, drawn throu gh it paral. 
lel to A D, will be the harizontal Line, in the Kit Manner a 
ade "Le Plane (1465). | 

1621. Produce CK and EF indefinitely, and ks the An. 
gle IMH = Angle of the Plane's Inclination; then will I 
be parallel to i F. Draw the Radials ; D, A; make K L 
H M, and join IL, which is then parallel to i D. From the 
Points B and C, draw the viſual Rays IB, IC; they will in- 
terſect the Radials i A, i D, in the Points S and P, then join. 
ing SP, the Arta A SPD will be the Perſpective of the Reg. 
angle \BCD ; the Demonſtration i is pope age: Was We fot 
the upright Table (1475, &c.) 

1622. But for a practical Method, the following Fheoremir in 
this Caſe may be preferable. In the ground Line A D produ- 
ced, take DO DC; and in the horizontal Line R V, take 
iD il, the Diſtance of the Eye from the Table; draw YQ 
parallel to i D, and draw Y O,; which will interſect the Radial 
4D in 5, the ſame as the Point P found by the other Theory. 
For in the ſimilar Triangles LCIand DCP, we have IC: 
DC:: LI: DP; and in the ſimilar Triangles YOQ and 
pO Q, we have QO: DO:: YQ: Dp. But the three firſ 
Terms of each Analogy are feverally equal to each other; for 
LCS LDT DCS QD ＋50 = QO] and DC 
DO, by Cooſtruction; alſo LI =! DS Y Q. © Therefore, 
alſo DP = D p, -and conſequently the Points P and þ coincide 
or are the ſame, Q: E. D. 

1623. Whince the practical Rule for finding the Perſpe&ive 
of a given Point C on the > ground Plane, upon a given inclined 
Table is this. From the given Point draw a perpendicular C D 
the ground Line, and draw the Radial i D; in the ground Line AD 
produced, take DO = DC, and iV S il, and draw YO, 
which will cut the Radial i D in the Point * the Seat 6 or Per ſpell 
of the given Point C, as required. 

15624. The Diſtance of the Eye from the Plane is equal toits 
perpendicular Diſtance from the ground Line, together with 
the Cotangent of the Plane's Iiclination'; for i $52.5 M= 
FH+H M, but I om is the Tangent of the Angle my 


its 


th 
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che Complement of the Inclination H MI ta the Radius TH the 
Height of the Eye, 

162 5. Hence it will be ah to a the Perſpective of. any 
given Object upon an inclined Table BCTV (Fig. 2.) Let 
the Object be a hollow Cube whoſe Side is MN OP]; ſuppoſe it 
to touch the Plane on its upper Part; and that the Inclination is 
equal to the Angle WCV, I is the Point of the Sight on the 
Plane, and X, Z, the Points of Diſtance, as in the upright Plane, 
Then, becauſe the Diſtance of the Cube from the Table at Bottom 
is CP, if we dtaw the Radials I C, I B, and the Diagonal Y P, the 
Point of Interſection F will be the Seat of the Point P; and 


| drawing the Line Y O, it. gives the Point H for the Seat of the 


Point O. Therefore drawirig EF and GH parallel to the 
ground Line B C, the Area EF GH will be the Perſpective of 
the Square Baſe of the Cube, by the Theory (1487.) 

1626. The inclined Table being juſt the Width of the Cube, 
we have AD = MN ; continue ADto S, which is now to 


| be conſidered as a Sound Line, for the Top of the Cube; there- 


fore taking A R = MN, and drawing R it will cut the Ra- 
dal 1A in K; and then drawing K L parallel to AD, it will 
give AK LD for the Perſpective of the Top of the Cube. 
Laſtly, by joining AE, FD, GK, and HL, the whole Sceno- 
graphy of the Cube will be compleated. 

1627. From this Procedure for the Cube, I preſume the Me- 
thod of finding the Perſpective of any Points, Lines, Super ficies 
and Solids, will not be difficult to the young Drafts-man ; for 
this one Example includes them all, either contiguous to, or at 
a Diſtance from the Table ; and parallel, and rr to 
the ground Plane, ground Line, &c. ä 

1628. I need not obſerve, that the Sides of the Cube i in Front, 
are not Squares in the Perſpective, as they are in upright Planes, 
but Trapeziums; for E F is leſs than AD; and GH leſs than 
KL. And this will be the Caſe of all a Superficies not. 
parallel to the perſpeRive Table. 

1629. The Inclination of the Plane may be ſuch that the Per- 


Hective of a Circle on the ground Plane ſhall be a Circle alſo. Let 


DE (Fig. 3.) be the Diameter of the given Circle; HD the 

Diſtance, and HI the Height of the Eye; draw the Rays ID, 

IE; and let the Plane HF cut them ſubcontrarih in e and 4; 
Vor. II. Cc . (1510) 
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(1510) then ſince all the Angles in the Triangles DHI, and 
E HI, are known; and by Suppoſition the Angle H D e= 
H AE, and the Angle HEd = HeD; therefore ſince H- 
= IH- + Hle; we have HeD — Wk = I He, the Incli- 
nation of the Plane H F required for that Purpoſe. , 

1630. Hence alſo it is eaſy to aſſign the Inclination of a Plane 
wherein the Seat or Perſpectiye of a given Point ſhall be the 
ſame as in the perpendicular Poſition, Thus (Fig. 2.) ſuppoſe 
CV the upright Plane, the Eye at V views the Point O thereon 
at (a); on the Center (C) with the Diſtance C a, croſs the Raj 
YO in (5, ) and through that Point draw CQ which is the Po- 
ſition of the Plane required, ſince Ch Ca. 

1631. Let CW be perpendicular to the Ray Y O, then is 
the Angle VCW = aOC; and conſequently the Angle aC6 
= 2aOC. 

1632. Since the right Line C O occupies the ſame Space C, 

C a, on the inclined and upright Planes, it will follow that any 
Line CP at a leſs Diſtance will take up a leſs Space, and any 
Line CX at a greater Diſtance will take up a greater Space on 
the inclined Plane, than on the ſame in the ere Poſition. Much 
more might be ſaid on this Head, which we ſhall leave to the 
Reader's Invention, having premiſed the Principles, which is 
here all that is propoſed, 
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| 
Of Theatrical PERSPECTIVE ; or, the RULES of PER- 
SPECTIVE applied to the SCENERY of @a THEATRE. 


[PraTE IV. Of PersPECTIVE.] 


1633. * 5 HE whole Artifice or Deſign of a THEATRE, is 
ſounded in PERSPECTIVE, For as we are to be 
entertained with an Imitation of ſome memorable Actions paſſed, 
ſo in order to render the Performance more natural and pleaſing) 
the Scenes on which they were tranſacted ought to be 5 
ted as they appear to the Eye of a diſtant Spectator, that is, in 
Perſpective. For whether there be a tranſpare nt Plane, or m 
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between us and the Scene of Action, the Image in the Eye is 
equally in Perſpective, and excites the ſame Idea in the Mind, 
as if the whole Affair were viewed on a perſpective Plane. 

1634. Hence it Is, that the whole HovsE, internally, is only 
one large Scenography, or perſpective View of an hollow Paral- 
khpiped, or large Rooni, about three or four Times as long as it 
is Wide or Deep. Hence it is, that you ſee the Body of the Houſe 
ſo contrived, as to repreſent the Perſpective of the firſt Part of 
ſuch a large Room, the Ceiling, Sides, and Floor, all Converge, 
by the Rules of Perſpective, to a Point of Sight at the fartheſt 
End, which is the remoteſt Part of the Stage. 

1635. For the STAGE is only the Floor of the other Part of 
the Scenography of the large Room, ſuppoſed to have been the 
Scene of Action; and therefore alſo the Sides and Ceiling, Pro- 
ſcenes, and Poſtſcenes, are all in regular Perſpective. But in or- 
der to give a more exact Idea of this Matter, we muſt have Re- 
courſe to perſpective Repreſentation alſo. 

1636. Therefore let ABCD (Fig. 4.) repreſent the ground 
Plane or Floor of a long and large Room, on one Part of which 
toward A B, ſuppoſe ſome great Action or Converſation to have 
happened, and the ſame to have been obſerved by the Eye Y at 
the other End of the Room. + Then it is evident, if in any in- 
termediate Part a tranſparent Plane E F G K had been erected, 
the Obſerver would have viewed the Whole tranſacted perſpec- 
tively on the Plane E G, in that Part acE K which includes 
the Scene of Action AE K B. (1487.) | 

1637. Now though we have ſhewn how ſuch an Event may 
be truly repreſented in a perſpective View, yet this is ſtill but a 
Picture of it; there, it is true, we ſee the Place, the Perſonages, the 
Manner, the Time, and ſome other concurring Circutnſtances, 
that altogether, give ſome Idea of the Thing; but real Life, 
Ada, Voice, and Variety of Scenes, Attitudes, Paſſions, &c. 
are wanting to animate and realize the perſpective View, or 
Picture. 

1638. Now all this is effected by the Ax TIrIcE of aSTAGE 
or THEATRE, For let Y X be, the Height of the Eye placed 
over the middle Line of the Room, and drawing VI parallel to 
HX, the Point of Sight will be I in the horizontal Line (/m) of 
he petſpective Plane. And now, inſtead of the upright Plane 
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E G, we ſuppoſe another Plane fEK g placed on the fame 


| Line EK, and ſo far inclined, that its Elevation i L be juſt 


equal to the Eye's Height V X, it is evident, the perſpeQtive 
Horizon (Im) will coincide with the End fg of the inclined 
Plane; the perſpective Scene a c E K will be projected into the 
large One E K 4, and all above it on any other perpendicular 
Plane at (e) or (a o) behind. 


1639. This new inclined perſpective Plane f E K g is the 


Stage or Theatre we ſpeak of, and is a Scene of real Action in a 


| perſpective View at the ſame Time. The Area eE K | is here 


tae perſpective Scene of Action (or Scena Dramatis ) and inſtead 
of Men and Women in the Picture acE K, we have ſufficient 


: Room for real Perſons ( Perſona Dramatis) to act the ſeveral 


Parts of the intended Repreſentation (or Drama) ; here now ate 
the Proſcene, the lateral Scenes, the Paſiſcene, Ic. all in Per- 


ſpective, and moveable to the moſt convenient Situations. Not 
only the whole Scenography of the Stage is by this Means formed 


and adjuſted by the Rules of Perſpective, but the very Actors 
themſelves, as. they advance or retreat, have their Appearance 
encreaſed or diminiſhed to the View of the Spectators {eſpecially 
thoſe remote in the Pit and Gallaries) according to the Laws of 
optical Perſpective. 

1640. On this inclined Plane, or perſpeQive Stage, the 


dramatic Scene may be encreaſed at Pleaſure, and thereby very 


diſtinct Views and Proſpects agreeably riſe to the Sight, by the 
artful Paintings and Deſigns on the Lateral and Poſtſcenes; 
thus e E K may be enlarged tooEK Nn; and Fekg which was 
before the Poſtſcene, may now be conſidered as the Proſcene, to 
a diſtant Dramatic Scene (02 #n) whoſe Poſtſcene is (no 4.) 
And thus the Stage, or Scene of the Drama, may be extended 
to comprehend the moſt diftant View or Scenes of Action, even 
to the Horizon itſelf, for the remote End of the Stage, viz, the 


Line fg, is the horizontal Line in this theatrical perſpective 


Plane. 
1641. As the Dramatic Scene e E K & is variable according to 
the Nature and Circumſtances of the particular Parts or Actions 


of the Play, fo the Lateral and Poſtſcenes muſt be conformable 


thereto, and conſequently-variable, and of different Sorts ; thus 
if the Stage repreſent the Inſide of any particular Building, 28 3 
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Caſtle, Priſon, Church, c. the Side and Baek ſcenes muſt 
correſpond to the ſame in all the Characters appropriate to ſuch 
Edifices. If the Stage be a Street, the lateral Scenes repreſent 
Houſes, &c. on each Side, and the Poſtſcene gives a perſpec- 
tive View of all at the far End, or beyond it. If you ſuppoſe 
the Scene a Viſta, then Rows of Trees, &fc. deſcend in Petſpec- 
tive on either Side. If Fields or Lawns be the primary Scene, 
and Swains, - Shepherdeſſes, &c. the Perſons of the Drama, 
then Trees, Woods, Cottages, c. make the Perſpective of 
the Sides; and diſtant Views of Countries, ſunny Hills, and 
horizontal Clouds are portray'd on the Poſtſcene. 

1642. With regard to the Scenes, they are variable and dif- 
ferent in the different Parts of the Scenography ; when the Stage 
is not open, the Proſcene is only a plain Curtain, to be drawn 
up and let down as Occaſion requires. The Pyſiſcene is either a 
Curtain with Deſigns or Drawings in Perſpective ; or elſe it con- 
ſiſts of two ſliding Parts, which being put together, from each 
Side the Stage, make one uniform perſpective Piece ſuitable to 
the Nature of the Part of the Play then acting. 

1643. The lateral Scenes, and thoſe above the Stage, confiſt 
of many different Parts ; thoſe on the Sides are moveable in 
Grooves made in the Floor of the Stage; and may by this Con- 
trivance be variouſly changed, and being placed oppoſitely one 
a little before the other, they make together but one united 
View or perſpective Scene, and by this Means produce an agree- 
able Deception, and at the ſame Time give an Opportunity for 
the Actors to come on, and go off, on any Part of the Stage, as 
the Circumſtances of the Action may require. In the fame 
Manner the aerial Scene may be compoſed of ſeveral Parts of par- 
ticular Curtains, or moveable Pieces, deſcending one below the 
other, and uniting in one perſpective Deſign. 

1644. But to ſee more clearly how theſe Things are contrived 


e and diſpoſed, let Fig. 5. repreſent a front View of the Stage in 

Perſpective. One Half of which is plain and naked, and the 
0 other Half diſguiſed and decorated with perſpective Paintings, 
5 Ec. EF GK is the Front; Ee K, the Stage; Gg IK the 


plain Side, conſiſting of ſeveral lateral Planes projecting beyond 
each other in their proper Grooves; (g V is the Poſtſcene, half 


3 
5 plain, and half painted; E Fe is the other Side, covered, as 
ö * it 
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it were, with perſpective Drawings and Deſigns ; and making 
but one Piece in Appearance. F fg G is the aerial Scene, open 
on one Part, -and properly formed on the other ; (i) is the Point 
of Sight by which the Whole is regulated. This Piece of Per- 


ſpective is the proper Scenography of that Part of the Stage in 
Pg 4. which is denoted by EF GK 4g / 6. 55 

1645. Hence it is evident, that the Heights of the ſeveral 
Planes, or Sliders, on the Sides of the Stage, are to be adjuſted 
by the Inclination of the Line F z, or G i, to the Line Ei, or 
K i, on the Stage; ſo that the Height EF or G K, of the fiſt 
Sliders, and (ef) or (g AH of the laſt, in the perſpeQtive Stage 
Fig. 5. are the ſame as the Lengths of the Lines denoted by 
the ſame Letters in Fig. 4. And the ſame is to be obſerved, for 
the Sliders in any other Scene (eo) in a remote Part of the 
Stage. | | | 

1646, Another Figure is yet neceſſary to ſhew how the 
Grooves are to be made on the Sides of the Stage, and their Diſtan- 
ces aſcertained and proportioned. In order to this let K A (Fig. 
4.) be the Perſpective of the ground Line for the Length of the 
Stage divided into equal Parts (as directed in 1554, 1555.) Then 
let Fig. 6. be the whole Length of the Stage; A B the Width 
of the Houſe, and E 7K the Area of the Stage, as in Fig. 4. 
and draw the Lines Az, and Bi. Then from the Points of equal 
Diviſion in the perſpective Line K 4 (Fig. 5.) raiſe Perpendicu- 
lars, and they will terminate the fore Parts of the lateral Sliders 
reſpectively, in that Perſpective of the Stage. | 
1647. Let the middle Line Hi of Fig. 6. be in a right Line 

with Hz in Fig. 5. Then from the ſeveral Points of equal Divi- 
ſion in the Line K of Fig. 5. let fall Perpendiculars to the 
Line K & in Fig. 6. and they will interſe& it in the Points K, r, 5, 
t, u, , x ; through which, if Lines are drawn parallel to the 
ground Line A B, they will aſſign the Places and Diſtances of 
the Grooves (r 1, /2, f 3, Cc.) on each Side the Stage K I and 
Ee. And the Figures 7 and 8 denote the Grooves of the Poſt- 
ſcene. But there is in different Stages, a different Diſpoſition of 
the Parts and Machinery ; what we have ſaid is ſufficient for a 
general Rationale of theatrical Perſpective, which is all that is here 


intended. 
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C HAP. XIII. 


e Doctrine of PeRspPECTIvE DECEPTION cx- 
" — plained, and exemplified. 


[PLATE IV. Of PERSPECTIVE. ] | 


648. W have already conſidered the various Illuſions and 

Deceptions which the viſual Senſe is ſubject to from 
ateptrics and Dioptrics ; that is, how different the Magnitude, 
ofition, Place, Diſtance, &c. is of any Object, as it is con- 


frated to the Eye in regard to the Idea of the ſame ü ex- 
ted by direct Rays. 

1649. Of theſe Deceptions ſome are very uſeful, witneſs the 
voking-glaſs, Reading-glaſs, &c. Others afford us a very rati- 
al Amuſement; as thoſe Lenſes and Speculums which give 
agreeable Relievo to perſpeCtive Views, Prints, &c. uſed in 
tical Machines. And ſome on the other Hand gives us a great 
| of Trouble, as in Caſe of Refractions through the Atmoſ- 
here in Matters of Aſtronomy and Navigation, by which the 
eleſtial Phanomena are ſhewn in very different Circumſtancos 
om thoſe which are real. 

1650. But the Deceptions we here intend to ſpeak of are 
urely PerſpeRive, and are deſigned to impoſe on the viſual Fa- 
Ity in the moſt agreeable and advantageous Manner. In- 
ed all Perſpective i is a Sort of Illuſion, as it repreſents Things 
ot as they really are, but as they appear on an intervening 
lane by refracted or reflected Light. And therefore, if in any 
articular Caſe Things are not juſt as we could wiſh to have 
tem, we can, at leaſt, by this Art, make them appear to be 
Ich, and to an inadvertent Obſerver, the Difference from the 
ruth will not be diſcovered, and that which is only Perſpedtive 
all be taken for the real Thing it repreſents. | 

1651. Weſhall illuſtrate this Matter by an Example or two. 
t AB CD be the ground Plane of the perſpective Vita C b 
D, (Fig. 7.) at the far End of which, ſuppoſe a high Wall 
ed e) at right Angles thereto ; and let the Length of the Walk 
BC 
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ived in the Mind by the viſual Faculty, from Rays reflected or 
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BC be 40 Yards. Now if it be deſired to make this Viſta or 
Walk to appear longer than it really is, it may be thus effected. 
Suppoſe it were required to lengthen it by one Half, or to make 
it appear to be 60 Yards long. Then ſince on the gebund Line 
CE, the Diſtance C 40 determines the Length of the Viſta C; 
if from the Point 40 you ſet off 20 Yards more, it will give the 
Point 60, from whence drawing a Line to the Point of Diſtance 
Z, it will give the Point (f) in the perſpective Side C of the 
Viſta continued out; by which Means the perſpective C fg D 
may be compleated for a Walk CF on the ground Flags bo 
Yards in Length. 

1652. Therefore ſince the additional Part of the perſpalive 
Viſta (al fg) may be painted on the Wall contiguous to the 
End (a b) and as it will be a perfect Continuation of the ſaid 
Viſta, it will exhibit to the Eye of a Spectator, at a proper Di- 
ſtance, the View of a Walk AF GD juſt 60 Yards long; nor 
will he be ſenſible of the Deception, or that the Part (20 fg) is 
drawn or painted on the lower Part of the Wall. The Truth 
and Pleaſure of ſuch perſpective Illuſions any one may be con- 
vinced of by the notable Inſtanees of ſuch Pieces of Art in Yauz- 
ball Gardens, and in many other Places, 

1653. After a like Manner you may rectify the A 
of an irregular Room. Thus for Inſtance, ſuppoſe the Floor 
of the Room was in Form of the Trapezium AEF KB (Fig. 8.) 
deficient from a Quadrangle by the Part EI F; then in order to 
make the Room appear of the uſual Form to a Perſon viewing 
it at ſome Diſtance, it will be neceſſary to compleat the perſpec- 
tive Trapezium, or Floor AE F K Binto the Rectangle AI K B, 
which is done by drawing the Line B Z, interſecting the Side 
AE continued out in I, and joining IF. Therefore on 
the Side of the Room E F G H, you draw the Perſpective of the 
ſeveral Parts deficient, viz, (1.) The perſpective Triangle ELF 
for the Floor. (2.) The correſponding Triangle G HM forthe 
Cieling. (3.) The Part EH MI to compleat the Perſpective 


of the Side, (4.) IMG F to compleat the farther End or 


Side of the Room. And (5. ) on theſe ſeveral perſpective Sup- 
plements, are to be drawn Windows, Doors, Glaſſes, Pic- 


tures, c. to make the PerſpeQive repreſent the Room in the 
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Manner you propoſe to compleat the View of it; and then it 
l have the agreeable Effect deſired. | 

— We have already taken Notice of the great Uſe, yea; 
abſolute Neceſſity of perſpective Diſguiſe in all theatrical Pur- 
poſes ; the vety Eſſence of a Theatre conſiſting in that Sort of 
Iluſion. Here all the Scenery is. 4a Contrivance to repreſent 
hings which are not as tho' they really were; and, in ſhort, 
I the Incidents to a Drama, are one united Syſtem of Decep- 
ion ; and by the Price that is paid for it, one would think there 
no Pleaſure ſo great as that of being deceived; and which, 
ſote ought to be conſidered as a high Recommendation of 
* which above all other Arts does moſt W 
my impoſe upon our — 
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c HAP. XIV. 


The Rur Es of PERSPECTIVE applied to ARCHITEC- 
TURE, in raifing the Pe ae of 
BUILDINGS. 1 7 


(PaTE V. 97 Paiibiovivy ] 


1655. HERE is certainly no Art in which the Science of 
PERSPECTIVE is ſo immediately concerned as Ar- 
bitecture, ſince whatever Edifice, or Fabric, is propoſed, the 
round Plan thereof muſt firft be made; then the {chnography or 
perſpective of the Plan muſt be drawn ; and, laſtly, the Scenagra- 
y or petſpective Elevation of all the Parts muſt be compleated, 
defore a proper Idea can be given of the Deſign; and therefore 
he Architect, above all Men, is under a Neceſſity of under- 
anding the Rules of ae en the, Reaſon of them like- 
iſe, if poſſible. 

1656. We ſhall illuſtrate this Matter in 150 the perſpec- 
we Elevation of an Edifice by the following Example. Let 
\BCD be a geometrical Square, on the Ground Plane, in 
yhich another Square EFCH is inſcribed; and in that a, 
Ross, KL MN, which is the Form of the Plan on which 
Vox. II. D d an 
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an Edifice is to be erected. Suppoſe it to be viewed obli 
with an Angle in Front; then, by the Rules delivered 1 
III.) you find the perſpective Plan (Im in) for the given Point 
of Sight I, and Diſtance Z, 

1657. Let us now ſuppoſe this perſpeAtve Plan, or Croſs, 
drawn more at large, and for a leſs Height of the Eye in Pio- 
portion to the Diſtance, as (4/mn) in Fig. 2. Then it is 
evident, that if from the ſeveral angular Points you raiſe Per- 
pendiculars, and give to each of them their proper Heights (ac- 
cording to their reſpective Diſtances from the Ground Line 
AD) by the Line of MEAasUREs, (as directed in Chap. 
VIII.) You will then, by joining their Apices in à pro- 
per Manner by right Lines, form the Sce phy of the 


» 


Building in its linear Extremities; after which its front Sides, 


gable Ends, &c. are to be filled up, and pannelled with Win- 
dows, Doors, and architectural Ornaments, with a juſt Diſ- 
poſition of Light and Shadow upon the Whole; in all 


' which there can be no Sort of Difficulty, if the foregoing Pre- 


cepts be underſtood, as appears by this Example, wherein. the 
ſeveral Parts of the Edifice receive their Form and Proportion 
immediately by the Radial and Diagonal Lines, drawn to the 
Points of Sights and Diſtance, I, Z; it would therefore be 
ſuperfluous to ſay any Thing more on this Head. 

1658, And becauſe the above Rules of Perſpective are in the 
higheſt Degree neceſſary in truly deſigning and repreſenting the 
Ruins of Building and Monuments of Antiquity, we thought it 
would be proper, likewiſe, to give a Specimen of ſuch a per- 
ſpective View in all the Variety of Architecture. 

1659. In Figure 3. there is a Side View of a Colonade 
of Pillars, all diminiſhing in juſt Perſpective to the Point of 
Sight at I. There are alſo three Pillars in a Front View, but 
entirely out of Perſpective, being all of an equal Size, (ſee 1587) 
this is one Reaſon why I made Choice of this Piece (for all the 
Figures of this Plate except the firſt, are borrowed,) being 

willing the Reader ſhould ſee in what an imperfect State the 
Practice of Perſpective is in at this Day, and how ridiculouſy 
the Laws of this Science are II r even by the Profellors 
ener. 


ky 1660, Having 
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1660. Having ſaid all I think can be neceſſary for perſpective 
Draughts and Deſigns, either of Superficies or Solids; I have 
added, for further Illuſtration, two other Figures (v:z. Fig. 4, 
and 5.) to ſhew how vaulted Arches, Roofs, the interior Parts 
of Churches, winding Stairs, diſtant Views thro' Buildings, 
and many other Particulars, relative to Architecture, appear 
in perſpective Deſigns. In theſe the Reader will find not 
a ſingle Article but what is ſtrictly conformable to, and ex- 
ecuted by the Methods and Rules of Perſpective above * 


down. 


CHAP. XV. 


of Sciagraphic PERSPECTIVE, or the ART of 
SHADOWS; 


1661, A SHADOW is nothing but the Abſence of Licht, 
it is a mere negative, and therefore can not, pro- 
perly be the Subject of Art. However, there is what we uſually 
call the Art of Shadows, and as it is a neceſſary Article in Paint- 
ing and Deſign, and is, for the moſt Part, conducted by the 
Rules of Perſpective, we ſhall here treat of it in a few Words. 

1662. Since whatever intercepts the Rays of Light muſt pro- 
duce Shadow, it is evident, that all Bodies, or Objects which 
are opake, muſt be attended with Shadow, if placed in the 
Light which can fall obliquely on them. 

1663. Again, it is neceſſary that the Poſition of the Shadow 
be contrary to that of the luminous Object, whether a Canale, 
the Sun, a Windnw, &c. becauſe the Rays of all Light are 
rectilineal, 

1664. The Figure of the Shadow depends partly on the Fi- 
gure of the Object, and partly on the Form of the Rays. For 


it is evident, that in any Light the Shadow of a Triangle will 


be different from that of a Circle, or a Square; and the Sha- 
dow of a Cone will not be the ſame as that of a Globe or 
Cube. And, on the other Hand, it is as certain, that the ſame 

Dd a Body 
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Body will have its Shadow varied aceording to the Form of the ain 
Rays. For a Cone will caft a Shadow of a greater Length by | 
intercepting diverging Rays, as thoſe of a CANDLE, than it 
will do from parallel Rays, as thoſe from the SUN or a Windny: Ob 

1665. But it will be ſufficient here to obſerve, that the Laws its: 
of Shade, proceeding from a Privation of diverging Rays, 
are ſtrictly conformable to, as they reſult immediately from, the hai 
Rules of common Perſpective; by ſuppoſing a Candle inſtead of the tiv 
Eye, and conſidering the Rays of this Light in lieu of the _ and 
Rays coming from the Object to the Eye. 

1666. To demonſtrate' this we need only have regard to the 
foregoing perſpective Figures. Thus, in Plate Il. Fig. 1. if 2 
Candle be ſuppoſed to be placed at I, and (an t v) an opake ter 
Object at any Height, Pr, above the Horizon, or Ground 
Plane, then, ſince all the Rays which fall thereon are intercept- 
ed, it is evident, if the Rays which paſs by the extreme Party 
thereof be continued to the Ground-plane, as Ia A, I aN, I:T, ya 
Iv V, they will include a Space AN T V, which will be wholly 
deprived of Light ; and that dark Space is therefore called the Sa- 
anv of that Object, and gives, of Courſe, Its true Limits, Fi. 


gure, and Dimenſions. © 2 
1667. Again, (in Fig. 2.) Ita Candle, or radiant Point be th 
ſuppoſed at I, and let Ah D be any opake Object on the m 


Ground or horizontal Plane, then the Rays IcC, IB will 
project its Shadow into the Space ABCD, as is oven by 
Inſpection. 

1668. The Figure and Dimenſions of the Shadow is deter- 
mined in the ſame Manner, in any Poſition of the Plane whatſoever. 
Thus ſuppoſe (abed) (Plate II. Fig. 1.) were an opake Surface; 
then from a Radiant at I, the Rays, IaA, I5B, IcC, IdD, 
will project its Shadow into the Space A BCD on any Plane 
ſtanding on the Ground Plane ; and if the Plane which receives 
the Shadow be parallel to that in which the Obje& is, then the 
Shadow will be ſimilar to the Odject. In ſhort, every Phing, 
with regard to the Object and its Shadow, will be inverſch the 
very ſame as has been demonſtrated of the various Relations 
between the Object and its perſpective Repreſentation, and 


therefore, if theſe be underſtood, the Doctrine of Shadyws can 
admit 
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aimit of no Difficulty, unleſs in that Caſe, where the Shadow 
u nat projected wholly on one Plane, hn partly on ſeveral. 

1669. For Example ſuppoſe (r t v&j-were an irregular, opake 
Object, and fo ſituated, with regard to the Radiant at I, that 
i Shadow falls partly on the Ground Plane, and partly on fome 
other Plane elevated above it. Then even in this Caſe, you 
have nothing more to do, than, by the Rules of Inverſe "=" 
tive, to determine the Prototype of the given Perſpective (ort va) 
and how much of it is on one Plane, and how much on the 
other. See Chap. VI. 

1670. Or thus; ſuppoſe Rays drawn thro? all the angular 
Points a, 5, r, , u, to the ſeveral Planes, they will there de» 
termine the Extent and Figure of the Shadow; thus Ir T and 
Jo will determine its Limit TV on the Ground Plane; and 
the Rays Ir R, I 5B will mark out the ſame on the other Plane, 
3RB; and therefore, all the Space between NB on the ele- 
vated Plane, and T V on the Ground Plane, will he occupied 
by the Shadow. 

1671, Or, laſtly, by eat, thus; let the Diſtance of 
the Object Y P = a, the Height of the Radiant or Candle VI 
= H; the Height of the Point t, or Pf = , and PT = x, 
the Diſtance ſought of the Point T, where the Shadow com- 
mences. Then, by ſimilar Triangles, LY T and #P T, we 
have IV: P:: TY: TPH; that is, H:b::a+x:x; 


whence this Theorem — 5 K. In Words thus, multiph 


the Diflance of the Perpendicular Y P by the Height t P of the fha- 
dnving Point; and divide that Produtt by the Difference between the 
perpendicular Height of the Radiant and given Point t, and the Quo- 
tient will be the Diflance PT of the Shaddow T, from the Foot of 
the Perpendicular P, as required. 

1672. In the ſame Manner the Point N is determined for the 
Shadow of the Point (v) in the Object; and from thence the 
Length of the Shadow TN for the Part of the Object (tx). 
Alſo, if the Shadow falls upon a Wall, you find its Height on 
the faid Wall by the fame Rule, knowing the Diſtance of the 
Wall from the Radiant, and the Point to which the Ray tends 
beyond it, found as above. 


1673. It 
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1673. It is evident, that the Shadows of all perpendicular 


Lines converge to a Point perpendicularly under the Radiant; 
and conſequently, if we ſuppoſe the Radiant removed ta a very 


if great Diſtance thoſe Shadows will become parallel, which, Th 
iF | therefore, is the Caſe of all ſuch e ene 
U cepting the Rays of the Sun. | 
* 1674. Hence the Shadow of a eue wilt: q 
t from the Point under the Radiant, if a Candle; but if the din, 0 
1 the Sides of the Shadow will be parallel. The re de 
f obſerved with Regard to the Shadow of a Cylinder. "a 
i 1675. It is alſo evident, that the Shadow of a n * 
1 on the Floor will be circular, both from the Candle ſtanding upon * 
f it on any Part, and alſo from the Sun-beams (1 504.) only in b 
| the firſt Caſe, the Shadow will exceed the Dimenſions of the 
1 Table ; in the latter, it will be juſt equal to it. the 
[; 1676. The Shadow of a Globe lying on a Table muſt ne- of 
4 ceſſarily be elliptical; for the Cone of Rays are. intercepted by ſer 
x a Plane perpendicular to its Axis, and paſſing thro' the Globe In 
i | in ſuch Poſition as td make an Angle with the Horizon, or Ta- 

j ble, juſt equal to the Co- Altitude of the Radiant whether C- be 
U dle or Sun. In this Caſe the Cone is never Scalenous, and can ad- w 
1 mit of no Subcontrary Sections from the two Planes, therefore the ce 
1 Elliptic Shadow can never become Circular. (See Chap. IV.) P 
|| 1677. As we have ſhewn a general Method how. the Sha- T 
1 dow may be determiged for any given Line on given Planes, and te 
4 as the Shadow of any Superficies is determined by that of each V 
il bounding Line, and the Shadow of a Solid reſults from thoſe of 

# its connected Superficies, it is evident that the ſame general Per- 6 
4 ſpective Rule for Shadows (1671.) of Lines extends to the De- th 
I termination of the Shadow of any Body whatſoever ; the parti- D 
4 cular Application of which is left to, and i is no ſmall Part of the P 
0 Praxis of the young DESIGNER. 1 
a 1678. The Art of Shadows, in one dias Branch, con- ta 
| ſtitutes a Science of itſelf alone, viz. GNomonics, or the ART of A 
1 D1aLLING; to which therefore we proceed to apply it; but it te 
1 vill be firſt neceſſary to teach the Projection of the Sphere from the 8 
0 Principles of Perſpective above laid down; and then the Rati- | 
N nale of making a Di AL will appear in a new Light. 

5 | ; E 
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CHAP. XVI. ; 


The RuLss of PERSPECTIVE applied to the Geogra- 
phical PROJECTION of the SPHERE, . for — Con- 


ſtruction of Mays, CHarTs, Oc. 


1679. 1 Method of making Geographical and Aſtronomical 
Charts by a PROJECT10N of the Sphere in Plans is 


25 ancient as any Mathematical Science; but as it is in that Way 
limited and intricate, we ſhall here ſhew how general and eaſy it 
is by the Principles and Rules of Common PERSPECTIVE, which 
is not only new, but the natural Source of ſuch a Doctrine. 

1680. For if (Fig. 1. Plate II.) the Plane of Projection HF, 
the Vertical Plane QN, and the Horizonta! Plane LO, were all 
of a circular Form, and of an equal Radius, they would repre- 
ſent the Planes of three great Circles of the Sphere whoſe common 
Interſections would all paſs thro the Center (i). 

168 1. Let the Planes of three ſuch great Circles of the Sphere 
be EQTR, QKPR, andEPLT (Plate VI. Fig. 1.) of 
which the firſt is. ſuppoſed perpendicular to the Viſual Ray pro- 
ceeding from the Center C to the Eye at V, and is therefore the 
Plane of Projection. The Second is the Vertical PlAhe, and the 
Third, the Horizontal Plane, as all the three are ſuppoſed to in- 
terſect each other at right Angles. Conſequently QR is the 
Vertical Line, and E T the Horizontal Line of the Projettion, 

1682. Let O be the Place of any Object on the Surface of the 


Globe or Sphere, then its Diſtance from the Plane of Projection is 


the Sine O B of the Arch O G, which meaſures its Latitude or 
Declination from that Plane. Its Diſtance from the Vertical 
Plane is the Sine OD of the Arch O K of a leſſer Cirele K OL, 
whoſe Plane is parallel to the Plane of Projection, and its Diſ- 


tance from the horizontal Plane is the Co-Sine ON of the ſame 
Arch O K, or the Sine of the Arch O I. Alt which Sines or Diſ- 


tances bear a known Proportion to the Radius of the Globe or 
Sphere, and therefore are to be eſtimated in that meaſure, as 


found in the Trigonometrical Canon. (708 to 716.) 


1683. The.Diſtance of the Eye CV is alſo eſtimated in the 


Game Meaſure, viz. in Parts of the Radius: That is, if Radius 
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—=r, then CY 2x, r, 2r, 3 Sc. or nr, which may te. 
preſent any Diſtance of the Eye inſefinitely, and thereby render 
the Theory of Projection, this way conſidered, univerſal, There 
fore let us ſuppoſe, * 

1. The EqQuaToR, 8 of an 5 

1684. Since the Circle F QT R, in this Caſe, is the Equator, 
the Vertical Circle QP R, and the Horizontal One E PT vil 
be Meridians 3 and P the Pole in the Hemiſphere remote from the 
Eye; and if O be the Place of an Obje in that Hemiſphere, 
then we have CG:GH::CB = MO): BI (SOD) 
that is, as Radius is to the Sine of the Difference of Right = 
er Longitude ſo is the Co-Sine of Declination or Latitude to 
tance af the Point O from the Verticle Plane. 

1685. Again, we have CG: GF::CB(= MO): Bj 
(= ON.) That is, as Radius is to the Co-Sime of the Differenc of 


Longitude or right Aſcenſion, ſo is the Co-Sine of Latitude or Decling- 
tion, to the Diſtance of the Point © from the Horizontal Plane. 


1686. Or thus in Symbols; MATAAOT Ag OB 


4, OM =7; Thenby (1684.) D O x #2 = Diſtanteofth 


Point O from the vertical Plane; and by (1685) ON =L 


= Diſtane from the horizontal Plane; and x = Diſtance from 
the Plane of Projection. Having theſe Diſtances from the 
three Planes, we determine the Diſtances from the vertical and 
' horizontal Lines, in the Plane of Projection, by the cm 


Rules of Perſpectiue. 
1687. Thus, ſuppoſe the 8 between the given Point 


81, 2281. 
O and the Eye Y, we have nr *: nr: 5 


= # = Diſtance of the Point O from the vertical Line of the 
Projection; (1470.) whence we have #þy =anr. + 6x; 
and therefore ar + x : 5: %: the Analogy for find- 
ing 4. | | 


1688. Again, we have ar + x: ur: 


: 2: nygy =b; 
r nr+x 
(1470.) which gives r + *:ny:: y : 5, the Analogy for 


finding 3, the Diſtance from the Horizontal Line. 


x 


1689. If 


D KFS ap 


* 


1 
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1689. If the Eye be placed in the Pole oppoſite to P, then 
1=1; and the two Analogies become (1.)Jr +x:y::Þ : a, 
the Diſtance from the vertical Line; and (2.) r + xt y:ngths 
the Diſtance from the horizontal Line; in this Caſe, , the Projec- 
tions is that of Ptolomy 3. and is repreſented in Fig. 2. 
1690. If the Eye be at an infinite Diſtance, then n is infinite 
and the two Analogies become (1.) T:: :: a = Diſtance 
from the Vertical; and (2.) ::: q:6 = Diſtance from the 
horizontal Line. 13 both theſe Caſes the Meridians are projec- 
ted into right Lines (1464) and the Fanal into cancentric Circles 
1504). \ 
| — If the Eye were laced in the other as of the Axid at 
z, then the Point O is between the Eye and Plane of Projection z 
and in ſuch a Caſe the Analogies will be (1.) ur —x: 25: 5 
4; and (2.) tr —x: 25: 9: 53 forthe Diſtances from the 
rertical and horizontal Lines, as is evident from (1470). The 
frſt of theſe Caſes is called the STEREOGRAPHIC, and the 
other the ORTHOGRAPHIC PRO verzog of the SPHERE. 


Il. Of the PROJECTION of the SPHERE on the Plane of the 
MenipiAx. 


8 If the Meridian be choſe for the Plane of the Projection, 
0 EP T R, (Fig. 3.) then in the Cafe of common Maps of the 
World, the 1 EQT is the horizontal Plane; and the 
Six o'Clock Hour-circle PQ R is the vertical Plane. P and R 
are the two Poles; and the Eye V is placed in the common In- 
terſection QC of the vertical and horizontal Planes continued 
out. f 

1693. Let O be the given Point, as before, through which 
draw the Meridian PO G; then will the Sines and Co-Sines 
GH, GF, OB, OM, be the ſame as before, and denoted by the 


lame Letters, Alſo OD = 2 the Diſtance from the Vertical, 


Plane, O N = 7 = Diſtance from the Plane of Projection 


as in the laſt, and OB = & the Diſtance from the horizontal : 


Plane, Then by the Analogies of Perſpective (1687, 1688.) 


nrrx 


we have ar + 12. 7x = Diſtance from the 


7 arr + 49 
Vol. If, a E e | hori- 


*. 


L 3 | 
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horizontal Line: And as nr + „ ur 2 . — 2. _ 


”' "XK ne, ! y 7 

Diſtance from the vertical Line. | 
1694. If the Diſtance of the Eye nr = x, as in Sack 
Stereographic Projection, then n = 1; and the two Expreſſions 
become f SID and 2 3 which are to each other, az 
rxtopy. And when rx = þy; then r:p:: Spe} 
(712); that is when of the Tangent Latitude 0G is ts det 
the Sine of Difference of Longitude, then the Point O in th an 
Projection will be equally diſtant from the vertical and n. and 


Lmes. rep 
1695. When the Point O is in the Equator, x = o FR =, WM” 
ad equ 

and the Diſtance from the vertical Plane is then, „ Butthe gin 


Ratio of » + 9 to p, is the ſame as that of p to 7 0; as Will 
appear if we place the Arch QG in another View; let QTR Fig 
(Fig. 4.) be the Plane of Projection, or primitive Circle, as it is 
uſually called, Then by the Eye at R the Point G is projected Ml "* 
into the Point O in the horizontal Line CT. Put CR =, Ch 
GH Sp, GF = HC = , andQH =r -g anddrawthe Wl be: 
Line RG. Then by the Property of the Circle (658) we have 

RH: HG:: HG: 3: HQ; that is, 1 + q:P::p:r—6 and WP 


1 therefore PNF. 


if | | 1696. Now becauſe QH = —— and CO = 227 there- Ml "7 
i fore QH: CO::p*: rp::p:r:: GH: QC; and conſe- 4 
3 quently Q O is the Arch of a Circle, Therefore all. great Cir- 8 
4} cles of the Sphere are projected into Arches of Circles of different Di- Eye 
1 menſions. | | p 
5 1697. Let the Radius of the Circle DOE be = R, the Cen- * 
| [ ter B, and Diameter AO. Alſo put CQ = P, 72 BC SO. * 
"al — | 1* 

| = — = —— = 6 dra 
1 then becauſe CO = CIUSSTIE 25 (169 ) we . 
1 . ö p 

f have; N= 1 *: 18 9 : ar 
| R + 2 Me 


4 | DO; Gd Bee A "od CQ::RH:GH; and conſequently 
| the Avgle QAC = QRG (657) and the Angle a N 


* 


Of PERSPECTIVE. 217: 


GCH (642) therefore making the Angle LCT = QC G, 


1698. Or thus; CO is the Tangent of half the Angle 


Ty 2s with Eaſe (695). | 


8 Stereographic One, which on every Account, is the worſt that 
in th dann be for Maps and Charts; becauſe of the great Diſproportion 
zonal ind Diſtortion it occaſions in all the Parts of the Earth's Surface 

repreſented upon it, as appears from the very unequal Parts of the 
=r; horizontal Line or Equator intercepted between Meridians 


equally diſtant on the Globe ; therefore this Projection muſt 
t the Wi vive a very falſe Idea of the geographical Relations of Places, 
and is conſequently the moſt unfit for ſuch Purpoſes. - (See 
TR ig.5.) Y 7 
: 1700, To remedy this Imperfection in a conſiderable Degree, 
we may ſuppoſe the projected Quadrant of the Equator C T, or 
CE divided into equal Parts, of any Number S, and let CO 


the be any Number of them denoted by t; that is, let CO be the 5 ä 


and Part of r, then will os > —- Lf „or — FP whence 
: 5 nr +4 „aur a 

— — tg — 7 
"OY ind=ntr + tg, and we eo ns = Diſtance of 


the Eye to project that Meridian; for Example, let the Meri- 
dan of 10 Degrees from the vertical Plane be projected by the 


109 = 
gop — 167 75 


Lye; then s = go, and? =10; n = 


Parts of which » = 100. | | 
1701. In Practice, by dividing the Diameter or horizontal 
Line into equal Parts; you: have the Points given thro* which to 
iraw the Meridians (695). And this is uſually called the 
GLoBuLar PROJECTION ; foraſmuch as the Meridians and 
Parallels are circular, and at equal Diſtances in the Equator and 
Meridian or vertical Line ; and conſequently ſuch a Projection is 
aatly preferable to the former for general Maps of the World; 
Ee 2 A 


— = Wl te Line L C will be parallel to B Q, and give the Center B. 
QCG (705) ; whence it appears that the Tangent of half the 
on MY Angle or Arch G  fet from the Center C, gives the Point O; 
then through the three Points QO R the Meridian is drawn 


1599. The Projection, as hitherto conſidered, is the vulgat 


_ -  —— =" — 
— — — 
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" . a.Specimen of which ſee in that Map we have prefixed to ouy 
PHILOSOPHICAL GEOGRAPHY ,# 

1702. There is another very uſefu] geographical Projection, 
viz. on the Plane of the Horizon, of which we have given aSpe. 
cimen in Fig. 6. and though any particular Point may be deter- 
mined on the faid Plane by the Rules of Perſpeftive, yet the 
Whole of it is with more Eaſe and Readineſs laid down from 
ö Calculations founded on the Principles of ſpherical Geometry 
! | hereafter to be explained. 


— 1 N ate 1 fa 
| CHAP, XVII 
; 1 4 ( 
bl The RuLEs of PERSPECTIVE applied to Aftronomi. 
g cal PRoJEcTIONs for the Conſtructian of Celeſtial th 
i PLANISPHERES, Ze ANALEMMA, Ge. 
i | an 
1 I 703. CE the Surface of the Celgſlial Globe may be pro- f 
jected in Plano, in the ſame Manner as that of the 7 
| Terreſtrial One, it follows, that the ſame Theorems which ſerve ja, 
: for the Conſtruction of Maps, may alſo be adapted to Celk- D 
f S TIAL CHARTS or PLANISPHE RES. | 
55 1704. For this Purpoſe, inſtead of the Latitude and Longitud: 7 
of Places on the Earth, we muſt, in regard to the Sun and Stars, 4 
uſe the Words Declination, and Right Aſcenſion; and then the 
ſame Symbols will ſerve; that is, x 
p = Sine of Right Aſcenſion. f 
g = Co-Sine of that Right Aſcenſion, 2 
x = Sine of Declination, th 
y = Co- Sine of that Declination. 

1705. Allo the ſame Diagrams (in Fig. 1, and 3.) may here be 
be uſed ; if O be the Place of a Star, then its Diſtance from : 
the vertical Plane is 2 — = DO; from the horizontal Plane 

1 5 | on 
5 = NO; and from the Plane of Projection x = O B; the ve 
lame as before (1686). H 

| | _ 1706. 9 


'* Alfoin a Ney Map of the World entitled, Te PxixciPLEs of 
Greccnarpiuy ard ASTROKOMY explained, &c. 
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1706. If the Equator be the Plane of the Projection; then 
the Pole of the World is the Center, and the Circles of Declina- 
tion are projected into right Lines, alſo the Parallels of Declina- 
tion are concentric Circles ; all as before (1685.) But in this 
Planiſphere the Pole of the Ecliptic is alſo projected, and all the 
Circles of Latitude, together with the Ecliptic itſelf, are pro- 
jected into circular Arches, by the uſual Methods. 

1707. In this Projection the ſo/itial Colure is the vertical 


Plane, and the equinedtial Colure the horizontal Plane; the Di- 


ſtance of any Star from the former will be 2 and from 


the latter, =) But if the Eye be placed in the Pole on 
nr + x 


the Globe's Surface, the Diſtances of the Star becomes 72 


* 


and 2 ; and thus all the Stars may be readily laid down 
* 


from a Table of their Declinations and right Aſcenſions. Such 


celftial Planiſpheres we have by the late Mr. Senex, of 24 Inches 


Diameter. 
1708. If the Eclir ric be the Plane of Projection, then is 
its Pole the Center, and all the Circles of Latitude are right 


Lines; alſo OB = x, and OM = 9, are the Sine and Co- 


dine of the Star's Latitude; GH = p, and GF = g, are the 
Sine and Co- Sine of its Longetude (Fig. 1.) and the vertical and 
horizontal Planes are thoſe of two Circles of Latitude paſſing 
through the ſolſtitial and equinoctial Points, as before. And 


5 22 * 
therefore by the ſame Formule _ and 2 the Stars may 


be laid down in this Projection from Tables of their Latitude and 
Longitude. Such Planiſpheres we have of all the Stars in the Bri- 
0 Catalogue by the ſame Hand. 

1709. There is alſo a very uſeful Projection of the Heavens 
on the Plane of the Horizon. In this Caſe the Meridian is the 
vertical Plane, and the prime Vertical the horizontal Plane. 

22 
rr +4 5 


Here the Star's Diſtance from the vertical Line is 


lore (1695). Then if a, J, f be the Sine, Co- Sine, and Co- 


Tan. 


ö 
| 
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Tangent of the Star's Azimuth, we havea:b::r:7:; 2 4 

. NEE EX EET 
: — 2 75 = Star's Diſtance from the horizontal Line of the 
Projection. But when the right Aſcenſion and Declination of a 
Star is known, together with the Latitude of the Place, or Pole's 
Height, then the Azimuth of a Star is known alſo; CE ts 
Place on this Projection is eaſily aſſign'd. 

1710. It is not common to project the ſtarry aun on the 
Plane of the Meridian, or Circle of Latitude paſſing through the 
Poles of the World ; but if it be required, it may be done by the 
Formule in (1694.) by ſubſtituting as directed (1704). How- 
ever, this Projection is not confined to Geography, but is the 
Ground-work of that celebrated aſtronomical Inſtrument called 
the ANALEMMA, or ORTHOGRAPHIC PROJECTION of the 
SPHERE. | 

1711. For if the Eye be ſuppoſed at an infinite Diſtance, then 


LOCI BELLY 
nrr T rh 
become æ and 5 for the Diſtances of any Point from the hori- 


the Stereographic Forms (1694) 


zontal and vertical Lines of the Projection. And in this Caſe, 
the Meridians, Parallels, and other Circles, Oblique to the 
Plane of Projection, are projected into ELLIPSES, A nn 
of this Projection you have in Fig. 7. 

1712. That every Oblique Circle PG s is projetted into an 
Ellipſis Pa F S by parallel Rays is thus demonſtrated (Fig. 8.) 
Let CP=CG =a,CF=b= Semi- Conjugate of the Curre 
PFS. Alſo put CM x, and OM =y, and NM =y. 
Then by the Property of the Circle (658) we have SM-xPM 


= OM, that is, a F* Xa—x= 0 — * = *. Hence 


VJ —x* = y= MO. Draw OB yer to CM, and 
Bb parallel to GF; then OM:NM:: (BC: heed :) GC: 


FC; that is, y:y::a:6; FA: Pk = A= — K*, 


which 1 * Property of an Ellipſis (765) but 5 =NM= 
— 3 for r S a, pP, (766) therefore the CurveP FS 


r 


is an Bligh : 1713. 
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1713. When the Point O coincides with G, or is in the E- 
quator, then y S 1, and the Diſtance C F or Semi- Conjugate 


of the Ellipſis, 2 = þ = Sine of right Aſcenſion from the 


Point Q. 

1714. Hence, as r : TY 383 L = Half the Latus Rectum of 
the Ellipſis (766) 3 but in this Caſe £2 = 5555 therefore . 
— OM, when M is the Focus of the Ellipſis; whoſe Diſtance 
therefore C M from the Center, is equal to the Co- Sine right 
Aſcenſion, which is then equal to the Sine 68 0 B) of Decli- 
nation. 


1715. Hein if CF, the Semi-Conjugate of the Ellipfis, be 
made Radius; then, ſince in this Caſe r = p, we have the Di- 


N 


ſtance from the vertical Line every where — = y; that is, all 


the Semi-Ordinates N M of the Ellipſis will be equa to the Co-Bines of 
Declination, to the Radius CF. 

1716. And whatever has been demonſtrated of the MR IDI- 
ax POG, and its orthographical Projection, may be applied 
in the ſame Manner to any PARALLEL A O L when poſited 
obliquely to the Plane of Projection. For in this Caſe, PCS 
may be conſidered as the horizontal Line, and AML as the 
vertical One; and then, if ML r = Radius, OD and 
ON will be the Sine and Co-Sine of right Aſcenſion from K ; 
and conſequently the Diſtances from the horizontal and vertical 
Planes. Alſo OD = p will be the Diſtance from the hori- 


2ontal Line, and its Diſtance from the vertical Line will be 7 


(1711), | x 

1717, Hence when O coincides with R, theng—=r; and 
x, the Sine of Declination (or Obliquity) from the vertical Plane 
i then the Semi- Conjugate of the Ellipfis of the projected Paral- 


2 
lel. And therefore, becauſe : x:: *: 7 = Latus Rectum 


(766) = 2, it is g = x, at the Focus of the Ellipfis; where 


| the 


——Ü— 9 ——_— —— 


— 


216 INSTITUTIONS 


the Diſtance of the Focus, from the Center M, is equalith f 
Sine of right Aſcenſion, or Co- Sine of Declination. 
1718. From all which it appears, that ſince the Diamete 
and Foci, of the Ellipſis of any projected oblique Circle are gi 
by this Method, therefore ſuch an Ellipſis may be drum; 
Points, or mechanically 785 ) or from a Table of Sines, 
laſtly, by the Seer, which is the moſt ready Method of all. 
1719. The ANALEMMA (Fig. 7.) is that particular 8p 
of the orthographic Projection, where the Eye is placed in t 
common Interſection of the Ecliptic and Equinoctial, at au 
nite Diſtance. Theſe Planes will therefore be projected into nig 
Lines; and the Equinoctial will be the horizontal Link44 
the equinoctial Colure the vertical Line; * other 
the Plane of Projection. - 
1720. Here alſo the Parallels of Declination are all rightL 
as they ſtand at right Angles on the Plane of Projection. 
Meridians here drawn, are thoſe of 15 Degrees interval; A 
conſequently are the Hour Circles of the Sphere. As to the vi 
the Analemma in Aſtronomy, ſuch as are conſiderable will ap 
in the Sequel of this Work, it ſuffices, at preſent, ha 
ſhewn its Nature and Conſtruction from the Principles/of iP 
ſpective. In the mean Time we refer the Curious to Su 
Analemma of 18 Inches Diameter, in which the Meridians 
Parallels are drawn thro' every Degree, and many of the p 
pal Stars laid down; but this Inſtrument is yet g 048 T 
Improvements, as we may hereaſter ſnew. 


C HAP. XVIII. | 

The PrInciPLEs of PERsPECTIVE applied 10 
Computation of SOLAR and LUNAR ECLIPSES| 

5 a" 

1721. HE PrincieLes of PersPECTIVE are appl 
ble to Projections for Solar and Lunar ECLIPS 


and the ſame Rules ſerve here as in all the foregoing Caſes, 
let S be the Center of the Sun AGB (Fig. 9.) E the Cente 
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Earth QW ; and LEP a Part of its Orbit. Alſo let 
[MF be a Circle deſcribed about the Earth's Center in the 
ge of its Motion, or of the Ecliptie, at the Diſtance of the 
oon. And let HE be the Orbit of the Moon, making the 
en Angle HK G, with the Ecliptie, at the Time of a ſelar 
ye; and K the deſcending Node. 


Poſition of the Eye is in the Center of the Sun at 8, in 
ich Caſe the horizontal Plane will be that of the Ecliptic ; the 
tical Plane will be that Cirele of Latitude which cuts the E- 
ptic in the Points of Conjunction X, and Oppoſition M; 
i the Plane of Projettion is that which paſſes thro? the Earth's 
ntre E, and touches its Orbit, when it is in the Line of Eclip- 
Conjunction or Oppoſition 8S M. 

1723. It is evident from the Diagram that the Angle A Qs is 
t under which the Sun's Semidiameter appears at the Earth. 
e Angle ESQ. is that under which the Semidiameter of the 
rth appears at the Sun, and is call'd, the Sun's horizontal 
rallax, The Angle EXQ,or EM Q is that under which 
Earth's Semidiameter appears at the Diſtance of the Moon, 


QS is the Difference of the horizontal Parallaxes of the Sun and 
un. For XSQ +XQS= QRE, (632) therefore X QS 
QXE—XSQ 

1724. By the Word Parallax, is only meant the different 
c in which the Sun, or Moon appears, when viewed from 
Center of the Earth at E, and from any Point of it's Surface 
Q. And, therefore, af the Diſtance of the Phenomenon, it 
ſt. be equal to the Angle under which the Semidiameter of the 
th appears. It muſt, therefore, be greateſt of all when i in 
Horizon of the Place Q; and vaniſh for Objects at an 
nite Diſtance ; ſo that the Stars have no Parallax at all; and 
t of the Sun E S Qis almoſt immeaſurably ſmall, 

725. Theſe Things premiſed, we may proceed: Let K be 
Place of the Node, and O that of the Moon in her Orbit 
then it is plain, her Diſtance from the horizontal Plane is 
dine x of her Latitude OG; her Diſtance from the vertical 


* is OD = — and her Diſtance from the Plane of Projec- 
ol. II. FF tion 


1722. Now in Projections of this Kind; the moſt commodi- , 


| is call'd the Moon's horizontal Parallax. And the Angle 
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tien is 0 N = 770 for here we retain gill the ſame Symbols as 


before (1686, 1704.) only OG is here the Moon's ke 
a the Ecliptic,. and G K the right Aſcenſion. u A 
1726. Then becauſe the Place of the Moon O is barem 
Eye at 8, and the Plane of Projection at E; the perſpective A- 
nalogies (1693. ) will be for an EcLirsE of the Sur. 


1727. Aznr r: Dn = to the D; 


r nrr—gy 
ſtance of the Moon from the Ay Line. And as MY 
| 2A: 1: *: . = herDilloncefrom the borizental Lin 

r nrr —qy 
But in Eclipſes, the Latitude and Diſtance of the Moon, from 
the vertical Plane, are ſo very ſmall, that we have y = r, very 
nearly; 3 therefore in ſuch Caſes the Analogies become nr —q: 
5 1: . —:; ander 2222. 

* 38 7 hs nr—q 
- 1728. Now becauſe nr = ES the Diſtance of the Sun, and 
g=r=—= EX nearly, the Diſtance of the Moon; and fo ur — 
9 =SX; therefore ſince SX:SE (= SQ) :: Angle $QX: 
Angle SXQor EXQ (718) the firſt Analogy is, in Words; 
as the Difference between the horizontal Parallaxes of the Sun and 
Moon, is to the Parallax of the Moon; fo is the Moon's Longitude 
(at the given Inſtant) from the vertical Plane, to her Diſtance frm 
the vertical Line. And, ſ is her Latitude, to her Diſtance 
from the horizontal Line. Note, the Longitude and Latitude are 
here put for their Sines, there being no ſenſible Difference in 
ſuch very ſmall Arcs. 

1729. If therefore from the aſtronomical Tables you take 
the Moon's horizontal Parallax, and with it, as a Radius, you 
deſcribe a Circle on E, as Q WZ; then will QW be the 
horizontal Line, and Y Z, the vertical Line, on the Plane of 
Projection, which if it be about 10 or 12 Inches in Diameter 
will be ſufficient for the Delincation of all the Phaſes of a ſolar 
Eclipſe. 

1730. For ſince the Diſtance of the Sun SE is vaſtly great in 
reſpect of the Earth's Semidiameter E Q, therefore the _ 
Circles and Parallels will all be orthogrephically projected, and 

may be ſo drawn vn the ſaid Plane (by 1711 — 1718. ) of fi 


nee 


by 
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by the above Analogies, the Path of the Moon over the Difk of 
the Earth (or Plane of Projection) is determined by finding her 
Place thereon at two Inſtants of Time, one juſt before the Be- 
zinning, the other after the End of the Eclipſe; it will be eafily 
ken how the Moon, and any particular Place, as Lonpox, are 
ſtuated in reſpect of each other, and what are their Diſtances a+» 
part at any given Moment, during the Paſſage of the Sha- 
dow. : JH ty 4 ' . , a 


demidiameter in yout Compaſſes, and with one Foot placed on the 
given Moment of Time in the Parallel of London, you deſcribe a 
Circle; and then from the ſaid Tables you take the Moon's appa- 
rent Semidiameter, and with one Foot of the Compaſſes, placed in 
the fame Moment in the Moon's Path, you deſcribe another Cir- 
cle; theſe two Circles will ſhew how the Diſks of the Sun and 
Moon are related to each other in the Heaven, in regard to a 
SpeRator at London. 7 

1732. Thus if the Circles do not touch, the Eclipſe is not 
begun, or over; if the Circles juſt touch, the Eclipſe is then 
juſt beginning or ending. But if the Cirele of the Moon lies 
over that of the Sun, there is an Eclipſe. If the Diameter of 
the ſolar Difc or Circle be divided into 12 equal Parts, or Da- 
de git, then the Number of theſe covered by the lunar Circle, 
will ſhew the Phaſe and Quantity of the Eclipſe. But on theſe 


L | 
* Particulars we muſt not enlarge any further at preſent. ' 
5 Of a Lunar Ect1PsE. 


1733. When the Moon is fo near the Node at the Oppoſition 
ke M, that her Latitude is leſs than the Semidiameter VM of the 
* Earth's Shadow QT _W, it will be more or leſs immerſed into, 
be and eclipſed by it. And then by having the Moon's Latitude, 
of and Longitude (or Diſtance reduced, to the Ecliptic) from the 
Bi Plane of the Circle of Latitude paſſing through M, the Point of 
1 Oppoſition, you will by the ſame Analogies find her Place for 
my Inſtants of Time on the Plane of Projection, and thereby be 
able to delineate her Path. Only here, becauſe the Plane I F is 
between the Eye and the Object, the Sum of the Parallaxes is 
to be taken; for now it is S M: S Q:: SM (or RQM): 

| Ff 2 SMQ; 


1731. For if from aſtronomical Tables you take the Sun's | 


— — — —— 
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SMQ; but R QM = yy matte. dank nc... = Sum of 
the Parallaxes of the Sun and Moon. 


1734. But to repreſent the lunar Eclipſe, the Diameter of the 
Earth's Shadow at the Point M muft be known. In order to 


that, it is to be obſerved, that the Angle M Q R conſiſts of two 


others, wiz, RQ and VQM; of which RQV = AQM 
S apparent Semidiameter of the Sun; and the other V QM = 
apparent Semidiameter of the Shadow at M. But RQM= 

QMS$ + QSM; therefore QSM + QMS—RQV = 
VQM, Tat is, from-the Sum of the horizontal Parallaxe 
of the Sun and Moon, ſubtract the apparent Semidiameter of 
the Sun, the Remainder is the Semidiameter of the Earth's Sha- 
dow at M, and is omen given from the aſtronomical Ta- 
bles. 

1735. With this 6 as a Radius, deſcribe a Cir- 
cle on the Plane of Projection about the Point E, and ſhade it 
to repreſent the Seton of the Earth's Shadow. From this Point 
E, let fall a Perpendicular to the Path of the Moon, and that 
will ſhew the neareſt Diſtance of the Centers af the Shadow and 
Moon. And by deſcribing ſeveral lunar Circles at given In- 
ſtants of Time in the Moon's Path, the Phaſe and Quaiitity of 
the Eclipſe will appear at each particular Inſtant (1732.) And 
as the Shadow of the Earth, at the Moon, is in Diameter near 
three Times as large as the Moon, therefore a lunar Eclipſe 
may be total to all the World for a conſiderable Time, whereas 
an Eclipſe of the Sun can be little more than momentarily ſo, 25 
the Diſk of the Mpon but very little exceeds that of the Sun, and 
chat too but really happens in Eclipſes. 

1736. We have now explained and applied the perſpeQire 
Principles to the Doctrine of Eclipſes, and though there may 
be readier Methods of conſtructing an Eclipſe, there is none ſo 
punctual] and exact as this, when applied by the Method of Inte- 

lation; but that will be the Subject of a future Part of this 
ork. 
1737. The ſame perſpective Analogies are ' applicable to the 
TRransIT of Venus and MERCury over the Sun's Difk ; and 
as there is no Difference in the Method of delineating the Path 
of the Planet, and that of the Moon in a ſalar Eclipſe, - 
what 
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at is merely verbal; and that the Diſk of the Sun is to be put 
or the Diſk of the Earth, it is preſumed what has been ſaid is 
ufficient for the Ch, of _ Trait of the * 


o 
- 


1 


4. 6 | b  ,4Þ N . 5 
enge wi C H A . R XIX. 
OMONICS ; or the PRINCIPLES of PERSPECTIVE 
applied to the ART of DrazrinG. a 
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. 
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" TR the Application of een to DIaLLING, 
the Poſition of the Eye and Plane of Projection are in- 
hinged ; or the Eye is in this Caſe placed in the Center of 
he Sphere, and the Plane in ContaFt with its Surface. For in de- 
Jineating the Hour- lines on a given Plane, it muſt be conſidered, 
that the viſual Ray which connects the Sun, and the Eye de- 
ſcribes the Plane of each Hour-circle, and of Courſe, in its Mo- 
tion through any Plane on the Surface of the —— it will t trace 
out the Hour - line on that Plane. 

1739. And it is quite the ſame Thing whether we conſider 
the Plane of any Hour-circli projected on a given Plane at the 
Surface of the Sphere by Rays from the Sun, or by viſual 
Rays from the Eye in the Center; for ſince both the Sun and 
the Eye are in the projected Hour · plane, the Projection itſelf 
muſt be a Right- Ine on the given Plane (1464). 

1740. And, in ſhort, ſince all great Circles of the Sphere 
paſs through the Eye in the Center, therefore they will all be 
projected into Right · lines on a Plane in any Poſition whatſo- 
ever. But with regard to leſſer Cireles, they will be of one or 
_ of the Conic-ſeftion, as they are poſited relative” to the 

ane, 

1741. Let EP QS (Fi Fig. 1.) be a great Circle of a ROE: 
then will it bo projected into the Right-line A B, infinitely con- 
tinued on a Plane touching the Sphere in the Zenith Z. And 


1 Part or Arch ZP is projected into Z D the Tangent there- 
„ 


1742. 


—— «4 
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1742. Let IL be the Diameter of any leſſer Circle paralled is 
the Plane A B, then will its Center K be in the Perpendicular 
N Z, and is projected into the Point Z; its Semidiameters l K 
and K L into the Tangents ZE and Z F; which as they are 
equal to each other, ſhews the Projedtion of a leſſer Circle prall 
to the Plane, is a CIRCLE upon the Plane. 

1743. Let LG be a Diameter of a leſſer Circle in ſuch an 

oblique Poſition. to the. given Plane AB, that it may be wholly 
projected upon it within a finite Diſtance Z B; then it is evident 
the Center M will be projected into the Point D on che Plans, 
the Semidiameter I M into the Right-line FD, and the Semi- 
diameter M G into the Right- line DB; and fince it is evident 
that D B muſt exceed. DF, the r cannot be s Circle. 
But conſidering LN G as a right Cone, its Section (if continued 
dodut) by the Plane A B, muſt be an ELuL1pss (763). 
1744. Again, it is as evident, that if the Dimes GO 
any leſſer Circle paſles through O, the extreme Part of the Dia- 
meter H O parallel to the given Plane AB; then, ' becauſe the 
Cone G N O (infinitely continued) is cut by a Plane parallel to 
one of its Sides NO, the Prajection of any Circle 60; on that 
Plane will be à PARABOLA (740). 

1745. A ſmall Circle poſited in any * Manner de 
is above ſpecified, will be projected into an HYPERBOLA, as is 
manifeſt. from the ſame Principles of .the Section of a Cone 
(765). | 

1746. We have ſhewn that the Interſection of the Plane of 
any Hour-circle, with a given Plane on the Surface of the Sphere, 
is the true Hour-line pn that Plane (17 38) and the Caſe is; the 
ſame if the given Plane paſſes through the Sphere in any Part, 
provided it be in a parallel Poſition,; for the Planes of the ſame 
Hour-circles will interſect two or more parallel Planes in the 
ſame Manner ; and therefore the Hour-lines will be the ſame in 
all; this is evident from (615 and 631. * 2 

174. Hence it is common to repreſent the given Dial-plane 
as paſſing thro' the Center of the Sphere, as in Fig. 2. where it 
is denoted by DW B E. The Sphere with its Hour cireles, is 
there orthographically projected (1717) EQ. is the Equator; 
POS is the Meridian, or Hour-circle of XII; and a, 6," 6 


4, 65 5 N, are the n of the Hour - cireles of 
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12, 1 10, 9, 8, 7, 6, in the Morning, which are all at the 
equal Diſtance of 15 Degrees on the Sphere; for 24) or (= 
15 per Hour in the Sphere's Revolution. 

1748. The Planes therefore, of theſe Circles, will interſeck 
the given plane DW E in the Lines N12, N 11, N 10, Ng, 
. which will therefore be the Hour-lines on that Plane; and 
thus they are to be es in on the other Quadrants of the 
Plane. — 2 1 

1749. But " the 8 are - affened or delineated on 
a Plane, it is neceſſary there ſhould be ſome Contrivance to in- 
dicate or point out the Moment of Time when the Sun is ſue- 
ceflively in thoſe horary Planes; now if the Plane of the Dial 
paſs through the Center of the Sphere, then the Expedient we 
require is found in the Axis of the Sphere P'S. For ſince all the 
Planes of the Hour- eireles interſect each other in the ſaid Axis, 
the Sun when it comes on any one horary Plane will project 
that Axis into the Hour-line « on the ive plane _ to that | 
Hour-circle. : 

1750. Moreover, as the Axis P $ of the Sphere is 14 Line 
about which its Motion is performed, it muſt in it's ſelf be 
conſidered as abſolutely at Ref. For any Line parallel to the 
Axis, in the Plane of any Hour- circle, has leſs Motion in Pro- 
portion as it is nearer to the Axis; and conſequently when it 
coincides with, or becomes the Axis, it can have no Motion at 
all, 

1751. The Axis therefore of the Sphere retaining always the 
ſame Poſition, if it be ſuppoſed to conſiſt of a fine inflexible Wire, 
it will intercept the Sun's Rays in the Planes of the Hour-cir-' 
cles, and therefore its Shadow muſt conſtantly fall on the Hout- 
lines of the given Dial-plane, correſponding to the reſpective 
Planes of the ſaid Hour-circles ;' ſo that the Axis of the Sphere, by 
Means of its Shadiw, will conſtantly indicate 1 Moment of Time 
when the dun is in any Meridian. 

1752. Now the Plane DWBE is called the horizontal 
Plane with reſpect to the Place Z, becauſe it is parallel to the 
horizontal Line A B, touching the Sphere in that Point; and 
when all the Hour-lines are drawn upon the Plane for all the 

Meridians or Hour-circles the Sun can be in above the Plane; 

| then 
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then this Plane with its Hour-lines, and Semiaxis N P 
pleats the Hor1zoNTAL DIAL in the Sphere. | 

1753. The Semiaxis NP is called the Gnomow or Mo, 
the DI AL; and its Elevation or Height BNP above the * 
of the Dial, is always equal to . Z the Latitude of the P 
For EP = Z B = Quadrant; from each of which colnet 

the common Arch Z P, and there will remain A Z = Pf 
Therefore alſo the Stile's Height is equal to the enen 
Pole in the Latitude Z. 

1754. If the Plane be in a vertical Poſition, or paſſes t 
the Zenith and Nadir Points Z and D, and is the Plane of c 
prime Vertical (as Fig. 3.) then ſince the Sun cannot be on 
above ſuch a Plane, but from VI to VI; no other Hour⸗ li 
need be drawn upon it. And in this Caſe, the Oppoſite or Sou 
Pole 8 is elevated above it in the Angle DNS = ZNP AA 
Complement of the other Elevation PN B to a Quadrant. H 
" alſo the other Semiaxis NS is the Stile; and this is called 
erect and direct SourhH Dial. And the other Side of the Plat 
is a North Dial, for the Hours before VI, and the Stile 
NP. Te; 
1755. It is eaſy to obſerve, that this vertical Dial is an 
zontal One in the South Latitude D, which is the Co- 
of the Point Z, ſince Z D = go Degrees. The Meridi 
Line N D or Howr-line of XII is directly under the Gnomon 
Stile NS, and is therefore called the Subflilar-line or & 

ile. 
8 1756. If we ſuppoſe the Plane to continue vertical, but tod 
cline or move towards the Eaſt or Weſt; then it becomes 
Eaft or Weft declining DIAL ; and it is evident in ſuch Cak 
the Angle which the Stile NS makes with the Plane is leſſene 
and the Subſtile departs from the Hour. line of XII, or rathe 
this departs from that, towards the Eaſt or Weſt. _ 

1757. When the vertical Dial has a Poſition directly Ee 
W:/, then the Axis PS of the Sphere is in the Plane; and cc 
ſequently the Stile of an Eaft or Vi Dial, muſt be parallel 
the Plane thereof, and the Height of it may be taken at Pleali 
and will be always equal to the Diſtance'of the Hour-lines of 
and IX, from the 6G ki of VI. And as the Plane of me N 
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now in the Plane of a Meridian, it is an horizontal Dial under 
e EQUATOR every where, and is therefore called an _ 
oRIAL DIAL. | 
1758. With reſpect to the horizontal Plane D w B E (Fi ig. 
) it is evident, that as the Point Z approaches the Pole P, 
e Plane will approach to that of the Equator Q in which 
aſe the Axis P N becomes perpendicular to the Plane, and 
arks out the Hour by dividing the Plane into 24 equal Parts; 
d ſuch an One is called a Pol AR DIAL, as being an bortzon- 

Dial under the Pole P. 2 
1759. This PoLAR DIAL (commonly called an equinedtial 
ia!) with a perpendicular Stile, being drawn on a Plane, and 
it Plane elevated to the Latitude of a Place, the Hour of the 
ay will be ſhewn upon it, by the Shadow of the Perpendicular, 
ith the ſame Exactneſs as on a common horizontal Dial for 
at Latitude; and therefore this Dial is, in its own Nature, 

UNIVERSAL DIAL, for all Latitudes or Parts of the 
'orld. 

1760, The Eye being in the Center N of the Sphere * 
e Parallels of the Sun's diurnal Motion on a given horizontal 
ane into one of the Conic Sections; for let A C be the Sun's 
clination, then CR is the Diameter of the Patallel of its 
otion on that Day, and CN R the Section of the Cone de- 
ibed in the Sphere by the viſual Ray drawn from the Eye to the 
n. Now ſince CR is parallel to the Equator Q, the Axis 
d will be perpendicular thereto; and therefore upon a hori- 
ntal Plane at the Pole P, which is parallel to C R, the Pro- 
ion of the Parallel, which is a Circle, will be a CIRCLE 


jo (1504). 


1761. Produce the Side of the Cone R Ne to V; then AC 
EV; and on VR erect the perpendicular LN on the Cen- 

N. Then upon an horizontal Plane in the Latitude L, 

Ich will be parallel to the Side of the Cone N R or V R, the 
qjection of the Cone's circular Baſe, or parallel of the diurnal 
ch, will be a PARABOLA (1505). 

1762, Hence upon every horizontal hae between the Pole 

nd the Latitude L, the circular Baſe, or Parallel mult be pro- 


ed into an EL Lirs 1s, more eccentric in Praportion as the. 
Vor. II. 8 g Plane 
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Plane is nearer the Point L (1507) for every ſuch Plane vil 
cut both the Sides of the Cone C N R produced. 

1763. And on the other Hand, upon every horizontal Plane, 
between the Equator and the Latitude L, the Baſe of the Cone 
will be projected by the Eye into a HY ER BOI A (1506) be- 

cauſe ſuch a Plane muſt cut the Side CN of the Cone CNR, 
and the Side V N of the oppoſite Cone VN T, when pro- 

duced. 88 " P43 
1764. Becauſe A/C — LP, therefore AL = CP = 
Complement of the Sun's Declination ; therefore in all Lati- 
tudes leſs than the Co-Declination, the Projection is an Hyper- 
lola; in all Latitudes greater, it is an Ellipſis; and in the Lati- 
| tude equal thereto, it is a Parabola. In the Latitude 905, the 
Ellipfis becomes a Circle; and in the Latitude 00, or in the E- 

quator, the Hyperbola degenerates into a Right line. ? 

1765. Hence we have an eaſy Tranſition to the Shadows caſt 
by a Gnomon on the Plane of any horizontal Dial. For the fame 
Ray which projected the Sun's diurnal Path or Parallel on a 
Plane, projects alſo the Shadow from the Point of the Gnomon 
on the ſame Plane. Thus ſuppoſe a Plane (ab c d) placed pa- 
rallel to AB, below the Center N of the Sphere, cutting the 
Axis in E, fo that the Part of the Axis E N becomes the Gno- 
mon on that Plane, then it is evident, the ſame Ray NC pro- 
jects the Parallel of CR on the Plane at A B on one Hand, and 
the Shadow of the extreme Point N of the Gnomon on tlie Plane 
(abe d) on the other; and that when the Sun is in the Meridian 
at C, the Shadow of the Gnomon falls in the Subſtile Ef on 

the Point I, at the Diſtance F I from the perpendicular FN. 
1766. Now becauſe of the Paralleliſm of the Planes, the 
Curves defcribed by the Shadow will bs exactly the ſame as thoſe 
of the projected Parallel of the Sun's diurnal Path; that is to 
ſay, (I.) Under the Pole P, the Shadow af the Point N will 
deſcribe a CixcIE. (2.) At the Latitude L, equal to the Co- 
Declination of the Sun, it will deſcribe a PAR ABOLA. (3.) On 
all other Planes between P and L it will deſcribe ELEITs S. 
(4.) In all Latitudes from the Equator to the Point L, the Path 
of the Shadow will be a HER OLA. And (5.) When the 
Sun is in the Equator at E, the Shadow will fall on -= 
4 / N , 


= 
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Noon, and its Path will that Day be the Right-lins g K. 
(1760 to 1765. © 

1767. Hence it appears, that when the Sun enters Cancer, 
and EC = 23? 307, then Lis in Latitude 66* 307, and ronſe- 
quently, the Shadow can deſcribe Ellipſes only in the frigid Zone 
P, when the Sun is altogether above that Horizon; and its 
Altitude on the South and North Part of the Meridian un- 

ual, 

"bb. If the Height of the Gnomon N F be made the Radius, 
then the Angle NIF-= C NH is the Sun's Meridian Altitude, 
and the Angle IN F its Co-Altitude; then ſay, as Radius to 
NF, ſo is Co-Tantent of the Meridian Altitude, to the Di- 
ſtance of the Shadow FI; when the Sun is in C. If CI be the 
Eciptic, then the Points 1, K, and W, will be found by this 
Ahalogy for the ſolſtitial and equinoctial Days. 

1769. Hence if the Dial-plane be of a ſufficient Length, all 
the Parallels of the Sun's Declination may be deſcribed thereon 
at his Entrance into each of the 12 Signs. Thoſe of the firſt Six, 
or Summer half Year, will fall between K and I; and thoſe for 
the Vinter, between K and W. In our Latitude of 51 307, we 
have Radius: Tangent of 75 :: FN: FW :: 13,7 
nearly. 

1770. Suppoſe Z Q a graduated Braſs Meridian, ſuſ- 
pended from a Ring at Z, which is moveable and ſet to the La- 
titude of the Place; then if CR be the Tropic of Cancer, and 
VT the Tropic of Capricorn; and (nm) a Plate of Braſs in the 
Axis of the Sphere, with a moveable Piece containing à ſmall 
Hole which may be placed any where between # nd m; the 
Ray of Light paſſing through that Hole, when properly ad- 
julted, will, from the Meridian Sun, always fall on the North 
Point Q of the Equator, for when the Sun is in Cancer at C, 
and the Hole at () the ſolar Ray will be n Q parallel to CN; 
and when the Sun is in Capricorn at V, and Hole at (m) the 
Ray will be in Q parallel to VN, and therefore every Day, at 
Noon, the Ray will paſs through the Hole to the Point Q, or 
Hour of XII in the Equator. 

1771. Alſo when the Sun is on any other Hour-circle before 
or after Noon, it will ſtill paſs through the Hole, (adjuſted to the 

Day,) to the Equator, but juſt as far from Q, as the Hour-cir- 
Gg 2 cle 


/ 
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ele is from the Meridian; becauſe the diurnal Motion of the 
Ray N C, and the Motion of the Ray = Q parallel to it, wil 
neceſſarily be the ſame ; therefore the Ray through the Hole in 
the Axis will ever point out the Hour on the Periphery of the 
Equator. And this is, the Rationale of the Conſtruction of the 
AM Rixo-Dia, the Form of which is exhibited in 
Fig. 

I —. We ſhall finiſh this Theory of perſpective Dialbn, 
with obſerving that the Hour-lines of any Dial are laid off by 
the Tangents of the Angles which the projected Meridian; 
make on the Horizon of the Place, For tet W NES (Fig. 6.) 
be the Horizon of Loxpox, Latitude 51 30f, on which pro- - 
ject the Sphere, and the horary Meridians will interſect the Ho- 
rizon in the Points 1, 2, 3, 4, Cc. The Eye being in the 
Center C; let the Plane of Projection touch the Sphere in N; 
then is (ab) the horizontal Line, and N C the vertical Lin; d 
and then to ſhew from the Rules of Perſpective, that the Hour- 
line of Il paſſes thro? /2 ) the Point of Interſection of the 2 0 Clock 
Meridian with the e ee we have CN r, c2 = Ng ! 
v = verſed Sine, or Diſtance from the horizontal Line; and 

| Nec=g2= s = Sine of the Arch N 2, or Diſtance of the ( 
Point (2) from the yertical Plane. Then becauſe that Point is l/ 
between the Eye and Plane of Projection, the Analogy is (1691) 

a 

a 

\ 


74 rs 
as r - 2:5 —— (becauſe here n = : 1) 
f | f 1 * U 


> — (putting c Co- Sine Cg) which therefore is the d. 
ſtance Nd of the Hour-line of II from the vertical Plane CN. 

| |] 

But === NA Tangent of the AcchN 2; (for 5:c::7 


:t,orCg: C2 :: CN: C4 6711.) Therefore the Hour-linesof © 
horizontal Dial are drawn from the Center C thro the Points of Inter: 
fai of the Hour- circles with the Horizon E the Place. * 


n 8 ie - as 
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SPHERICAL TRIGONOMETRY. 


C HA P. I. 


Of the Nature of SPHERICAL TRIANGLES, with 
a SOLUTION of all their Càsks. 


1773. E have heretofore conſidered the Dimenſions of a 

SPHERE with regard to its ſuperficial, and ſolid 
Contents in the In/lirutions of plain Geometry; that which we call 
ſpherical Geometry being converſant chiefly about the Relation, 
Magnitude, and Inclination of the GREAT CIRCLEs of the 
SPHERE 3 and more particularly the various TRIANGLES that 
are form'd by their Interſections on its Surface; whoſe Properties 
and Affections we now proceed to treat of. And furſt of thoſe 
which are Rectangular. 

1774. A Spherical Triangle, is that whoſe three Sides are ſeve- 
rally the Arches of three great Circles of the Sphere, interſecting each 
other in the three Angular Points. And the Angles of every 
Triangle are meaſured by the Arches of Circles; therefore the 
Arches of Circles are the Meaſures of every Part of a * 
Triangle. 

1775. And as the Quanity of the Arches themſelves is deter- 
minable only from the Relations of thoſe right Lines which 
are called their Sines, Tangents and Secants, as they ſtand. con- 
ſtructed with the Radius in a plain Triangle, (706 to 708. Y 
Therefore the Solution of a ſpherical Triangle, differs in no- 
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thing eſſential to the Operation, from that of a common plan 
Triangle-. ee 

_ Let ABC (Fig.1.) be a right- angled ſpherical Ti. 
angle on the Surface of the Sphere, and ſuppoſe the Sides con- 
tinued qut indefinitely in the Baſe A B to E; the perpendiculy 
AC to H; and the Hypothenuſe BC to I. On the Angle B 
draw the great Circle G F E thro? D the Pole of the Baſe AB; 
and on the Angle C, draw the great Circle G HI thro' G, the 
Pole of Hypothenuſe BC. Then will there be form'd the four 
Triangles EBF, EDA, ICH and I GF, each having two 
right Angles, and two quadrantal Sides, as is evident by Inſpec- 
tion. | 3 

1777. There are alſo form'd two other right Angled ſperical 
Triangles. viz. CDF right Angled at F, and G D H, right 
Angled at H, which may be called complemental Triangles with 
reſpect to the Original, or given Triangle A B C. | 

1778, For in the firſt C E D the Baſe CF is the Comple- 
ment of the Hypothenuſe B C, and the Angle at the Perpendi- 


- cular, D= AE, is the Complement of the Baſe: A B. And 


the Hypothenuſe C D, is the Complement of the Perpendicular 
AC. And, laſtly, the Perpendicular D F is the Complement 
of EF = B, the Angle at Baſe; the Angle C at the Perpendi- 
cular, being the ſame in both, | 

1779. Andin theother Triangle D G H, the Baſe GH isthe 
Complement of HI = C in the given Triangle AB C. The Per- 
pendicular DH=AC, becauſe A D and CH are Quadrants, 
The Hypothenuſe DG g EF = B the Angle at Baſe. The 
Angle at Baſe G=IF = BC the Hypothenuſe of the given 
Triangle. And the Angle at the Perpendicular, D = AE, the 
Complement of the Baſe A B. 


1780. Now by help of theſe Quadrantal and Complemental 
Triangles, the Canons or Analogies for the Solution of all the 


Caſes of a right Angle, ſpherical Triangle ABC, may be ealily 


derived from the two following Theorems, 


THEO REM I. 


Ina right Angled ſpherical Triangle, the Radius (or Sine 90 De- 


grees) to the Sine of the Baſe, as the Tangent of the Angle at Baſe 
is to the Tangent of the Perpendicular. For let BP (Fig. 2. 
be a fourth Part of the Orthographic Projection ofthe Sphere on the 

wy | Plane 
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Plane of the Meridian (17 10.) And let A B C be a right- an- 
gled ſpherical Triangle form'd on the Globe, by the three great 
Circles A B, BF, and AP. Then is B C the Sine of the Hy- 
pothenuſe, and A B the Sine of the Baſe (1690.) CH is the 
dine of the Perpendicular A ©, and F E the Sine of the Angle at 
Baſe B; alſo A D, and G, are the Tangents of the ſame Parts. 
And becauſe of ſimilar Triangles ABD and EB G, (657) 
we have as Af B Radius is to A B the Sine of the Baſe, ſo is Æ G the 


Tangent of the Angle at Baſe, to A D the Tangent of the Perpendi- 
alm 4 C. Q. E. D. | 


1781. TuroreEM I. 


The Radius (or Sine of go Degrees) i ts to the Sine of the Hypothenuſe, 
as the Sine of the Angle at Baſe is to the Sine of the Perpendicular, 
n every right-angled ſpherical Triangle. For by Reaſon of the 
ſimilar Triangles C BH, and F B E, we have FB:CB :7 
FE:CH, 9, E. D. =o; 

1782. By theſe two a all the Caſes of à right An- 
gled ſpherical Triangle are ſolved. That is, of the three Sides 
and three Angles, if any two are given, beſides the right An- 
ze, the other three Parts may be found; and here it muſt be ob- 
ſerved, that either of the two Sides A B or A C is reckon'd the 
Baſe, as the Angle B or C is given. And therefore there can be 
but a ſixſold Variety, or different Caſes in regard to ae 5 
angled Triangle, which here follows. ; 


1783. Cas I. 


Given the Baſs AB, and Angle B; (Fig. 1.) to find the 
Perpendicular A C. In the quadrantal Triangle EBF; it is 
BE: BA:: FE: rA C; that „ 268: . 

(1780). 

1794. Ta find the Hypothenuſe BC; in the n Trian- 
gle ADE, we haves DE: DF: AE: t CF; that is, R: 
uB::ct AB: e BC. 

1785. To find the Angle C. In the carnal Triangle F GI, 
we have, as FG: DG:: D: G; that is, R: B:: 
AB: C (1781). 


1786. CASE 
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5 
| 
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1786. CasE II. 


© Giventhe perpendicular A C, and Angle at Baſe B; to FI 
Baſe AB. In the quadrantal Triangle FBE we have f EP: 
t AC: BE: SBA; . B: AC:: R: 3B A. * 
1787. R we have E F: AC:: 
BF. BC B: AC R. BC. 

1788. To N C. In the quadrantal Triangle Hcl, 
it is, DG: s DH: DF: HI; *. c AC: R: c: 
C. 

5 | 1789. CAs E III. 

Siven the Hypothenuſe BC, and the Angle at Baſe B; to find th | 
Baſe AB. In the r Triangle ADE, we have Df 
:+DE :::CF :tAE; .. BI R:: ct: eh, 
or R: * :tBC: AB. 

1790. To ſind the Perpendicular A C. In the quadrantal Tri- 
angle EB F, there is BF: BC :: EF: AC; „. R: 
BC: 33: AC. 

1791. To find the Angle C. In the quadrantal Triangle HCl, 
it is sCF:sCT:: D dans that is, csB C: Bats ctB 
:1C. 


1792. Cs IV. 


Given the Baſe A B, and Perpendicular A C; to find the Fig: 

EI: In the quadrantal ADE, there is AD: DC 

:SAE:sCF; thatis, R: CA:: AB: cr BC. © 

1793. To find the Angle B; we haves AB : R TAC 7B 
(1786). 

1794. To find the Angle C; AC: R :t AB: t C; by the 

ſame Reaſon as in the aft. If LION 


1795. Cass V. 
Given the Hypothenuſe B C, and the Perpendicular AC: To 


| find the Baſe AB, Ascs AC: R:: BC: <4 AB (1792). 


1796. To find the Angle B; BC: R:: AC: 5B (1787). 
1797. To find the Angle C; in the quadrantal I G F, we have 
tn l: ame . R:: NR 
SC. 
Kb Cat 


* Becauſe the Co-Tangents of any two Arches are inverſely as their 
Tangents, as is ſhewn hereafter at (1831). 


38 ob, 2 eo ob | SES - S- WY 2 : z= > 2 22 


— 


1798. CAsE VI. 1 


1 :: R: AB (1785). 

1799. To find the Perpendicular Ac. A350: <B; FA 
AC 1785. 

1800. To find the Hypothenue BG; in U H, 
we have HI: DF: : 3 CI: l which a B 

: R: CBC. 

1801. The two . B why C of: every. right-angled he- 
rical Triangle, are together greater than the right 2 Az 
for the Angle B = EF,= GD; and the Angle C= IH; 


or a right, _ . ann ee alu 


* „* — _— 
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CHAP. 11. 


The Method of a the Fr LUXIONS 7 the 
SIDES and ANGLES Lan a _— SPHERICAL 
TRIANGLE bes Of =, 10-m1>lomo?2, +17 


(Pratt I. aneh TRICON OTL. J 
1802. Th the Semi-diameter of the Earth bore no ſenſible "ey 
portion to the Diſtance of the heavenly Bodies; if we 
could view them not trough 4 refrafting Medium; if the Poſi- 
tion of the Earth's Axis were inmutable, and laſtly, if there were 
no Obliquity of - the n then the Subject | of this Chapter 
would be unneceſſary. i f 
180g. But W ee ſtands, ed Difference 
between the true and apparent. Place olf the Sun, Moon, and Planets, 
on Abcount of their Parattax (1724.) Refrattion (1321.) Motion 
of the Eartls Avis, &c. by Means of all which the Latitude, | 
Longitude, Right- Aſcenſion, Declination, Altitude, Azimuth, Am- 
Mitude, Hour- Angle, &c. will all be affected in the ſams Man- 
ner as if the great Circles by which they are aſcertained were 


the other, about their Axis in the Sphere. 


. — 
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Give the Agbs B and C; ' ud the Bo AB. * «Bu | 


but IH + D G, is greater than I H HG nenn | 


continually moveable through a very ſmall Space, one Wah and N 


Vol. II. H h | | 1804. 


— — 


) 


— ® 4 % # _ 

231 INSTITUTIONS 

1804. Therefore it becomes neceflary, where ExaQtnek i it 
required, (as in Aſtronomy, Navigation, Wc. ) to make a proper 
Correction of the Computations made by ſpherical Triangles, 
by ſuppoſing ſuch a ſmall Motion in any one of the Circles of 
r that Triangle conſiſts, and from thence to · find the Plixi- 

onary Increaſe or Decreaſe of its other Sides and Angles reſpeQive- 

ly, occaſioned thereby; which will expreſs due Quantifie fought 
from the Parallax, Refraction, &c. given. 99 

1805. "Therefore (in Fig. 1.) if we ſuppoſe the Circle HDA 
io be moveable upon the Pole D; and td change its Situation 
from HD CA to h Dea; then it is evident, that in the three 
variable Triangles ABC, DCF, and DH G, chere will (de- 
ſides the Right- angle) be one Part conſam in each, and the 
other Parts all variable; thus the Angle B E F, is conſtant 
in ABC; the Side DF in D CF; — the Hypothenuſe 
in DGH. 

1806. For Diſtinction Sake, let X,. 'Y, 2, denote the H- 
pothenufe, Baſe, and Perpendicular of the Triangle AB C, and 
tet Cd be drawn at Right- angles to the Circle h Da. Then i 


A L, the Huxion of AB; but — V is the: Fluxion of 
its Complement AE; Cc = X, and dc. = Z. Ali the 
| Fluxion of the Angle C = IH, is He C 8 Fluxi- 


nach. Parts are thus determined. : 
= In the fluxionary, quadrantal Tg 55 122 


1780 DA; DC:; Aa: Cd, or, Rs DE: „Af 
DON N N 18 IA 1 8.1 24: 10 £6: 
= ot, R = 1E: ; 1 ek SY d "LIT FW ©: 


1808. The ſmall fluxionary Trials u way be ah. 
Rettiiineal, which gives this Analogy... AztG{=z):: RC. 


.<5AC x Yo 5 AQ» Y 


1 that is, #62 B+; K r x Y =44= 
Ty.” N 5 *. * 77% * 71 I, 
N 2 (1802. 544 | 
1609, Alſo, in the ſame Triangle, 2510 R: 0% ez 
es AC: cs AC i ary els Wo a4 
« R. ** 2 s C x Y= xi xt hos 2 X. Raron teu 


11 


1 4 bs 
, | A 112.3: 4010 Is ml $A 
2 : 1 1810, 
; . 4 
| - 
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Laſtly, DA: DH: : Aa: He (1781); but DH 


therefore R: AC:: Y: 285 Y = He = ©, 


” w 


1 


uxion of the Arch IH which meaſures the Angle C. 


yer 
les, 
0. or t 
— 1811. In the Triangle C D F, having one Side D F conſtant, 
le- the Fluxions of the other Parts are derived from the above Equa- 
851 tions by Subſtjtution of equal Parts; for becauſe cs A C,= 
JA DC, and + X & in Quantity; therefore 5 * 
a Y =— X (2809), the Fluxion of the decreaſing Side or 
* Baſe CF. 8 
the 1812, — * 3 Fs the 
an 
— Fluxion of the decreaſing Hypothenuſe D C (1808). 

1813. Laſtly, we have 2 x Y = CS=H , the Flux- 
. ions of the increaſing Angle C, or Arch TH. The Fluxion of 
ns the Angle D, or Arch AE is negative, or Aa = — Y = — 
. of R 
"a % x C. 


1814. In the Triangle D GH, the Hypothenuſe DG being 
conſtant ; the Fluxions of the variable Parts are found by Subſti- 


tution of Equals as before. Thus cron Kö V2 Z, or Fluxion 


of the Side D H, —_ is Palin (1808), 
1815. Allo, it is u x Y = X, the Flexian GaAs 


gle G, which is alſo poſitive (1808). 
1816. And then for the Fluxion of the Side GB, (which 


will be, in this Caſe, negative) we have 4 * Y= ig | 


1817. Inthe Demonftrations hitherto, the Letters X, Y, Z, 
ere uſed in Reference to three Triangles, and ſometimes ey 
ſeparately denote an Angle, and ſometimes à Side. But if we 
have regard to one Triangle only, we muſt uſe ſuch Symbols as 
will 3 the ſeveral Parts abſolutely, Therefore let H be 
tie Hypothenuſe; A and a, the two Sides; and B, b, the two 

Hh 2 An- 


10. 


a 


4 
N 
1 
4 
7 
; 
| 
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Angles adjacent to them reſpectively. Then will the Equation 
in each Caſe or Triangle be transformed, in the following 
Manner. 


13818. Caxz 1, 
When one Angle B is invariable, we have cs AC X Y= 


1 C 2 (1808. ) become c X A 15 5 a, and ſo of the 
Reſt, whence we derive the * en and Anale 
gies. F 


1. cla A = tba; PC, 1 tb : £52 (1808). 
2. caA=5bH; Pe H 4b: cg (1809), 
3. ta AS Rb 5 b::R: 52 (1810). 
4. tba = bþH; e : sb: R:: 42 l. 
1819. CAs E II. 
When one Side A is invariable. | | 
| HB — — b a; 2B 2 a::5b: sH(1811). , 
2. HB = — tbH; >. : —H::tb:sH (1812). 
3. HB R bz. B: b:: R. H (1813). 


1820. CAs E III. 
: Whe the Hypothenuſe H is conſtant. 
1. . AB ="ctaA;. „ A: BRA: 472 (18140. 

AB = era by, „ B 5 ca: cs A (1815). 

3. AB -R az . B: — 4: R : 5A (1816). 
ctak=cen b;..csa:cta;:sa:Ri:Arb. 
821. From thele, 3 it 8 there is a three- 
d Value or Expreſſion for the Fluxion of every variable Part; 
and many Equations to expreſs the Ratio of any two Fluxions, 


beſides thoſe here ſpecified, The great Uſe of this Doctrine of 
Fluxioary Trigonometry we ſhall hereafter particularly 2 


and exemplify in all the above- mentioned Caſes. 


CHAP. 


\P. 
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THEOREMS for the SOLUTION of the Casxs of Ob- 
 lique Spherical TRIANOLEs. | 


— HEN each of theſe three Angles of a ſpherical 
| Triangle is greater or leſs than a Right-angle, it is 
called an Oblique Triangle, as BCD (Fig. 3.) In ſuch an one 
all the Angles are uncertain, and therefore three Parts out of the 
Six muſt here be given, to find the Reſt ; and conſequently there 
will alſo be Six Caſes in the Solution of an Oblique Triangle. In 
order to which, the Ten following Theorems muſt be pre- 
miſed. 


1 


1823. TAEOREM I. 


In every oblique ſpherical Triangle, the Sines of the Sides are pro- 
portional to Sines of the oppoſite Angles. To demonſtrate this; let 
fall the Perpendicular C A on the Side BD (continued out Fig. 
3.) and it will be as R:s BC::5B:5sAC; and again, R: 
CD:: D: AC (1781). Therefore Ri SAC SBC 
B = 5CD Xx D;; whence BC: DC:: 5D: 5B. 
9. E. D. 


1824. THEOREM II. 


In an oblique ſpherical Triangle BDC, drawing the Perpendicu- 
lar C A, the Tangents of the Sides BC and CD are reciprocally 
proportional to the Co-Sines of the vertical Angles. For in the 
right-angled Triangle AC B, it is, R:csACB::tBC: 
AC (1789.) and in the Triangle AC P, it is R: DCA 

:t DC: rA C. Therefore AC BI HBC RNA C 
Se CAN D TC; conſequent]y BC: t DC:: ACD 

c AC B. 2. E. D. 


1825. Turonzu © | Wh 


In the oblique Triangle BDC, with the Perpendicular A C, the 
Co-Sines of the Sides B C and C D are direfth proportiened to the 
Co-Sines of the Parts of the Baſe A B and A D. For in the rigbt- 
angled Triaagle AC B, it is, R:csAC::cs AB: cs BC, 

(1792) 
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(1792) and for the ſame Reaſon R: cs AC: n De 


Therefore (as above) AB: PS. :csAD : ee. q 
2 E. D. 5 
1826. THEOREM W. 3 of | 
als the ie fame obligue Triangle B D C, the Co- Sins of the * 9 a 1 
Baſe are directiy as the Sines of the vertical Angles. For as R. 0 
$ACB::csAC:csB(1785) and as R: SACD AC 0 
2 : 5D. ThereforecsB:csD::5ACB:5ACD, D.F.D, 7 
87 00 1827. TühEOREM V. 
In the fame oblique Triangle BCD; the Sines of the Parts of th 
Baſe AB and A D, are inverſely as * Tangents of the Angles at the * 
Baſe. For R: AB:: 1B: AC (1783.) and R: AD; bu 
tD:tAC. Therefores A BNB (=R X1 AC) 0 þ 
XD, whence SAB: AD: : D: t B. 2. E. D ( 
1828. Tyeortm VI. * 
As the Sum of the Sines of two.unequal Arches is ta their Dife- + 
rence ; ſo is the Tangent of half their Sum to the Tanget of balf thir | 
Difference. For let ACM be a Quarter of a Circle (Fig. 4 iy 
in which take the two unequal Arches AB, AC; their Diffe- (1 
rence is BC, which is biſected by the Radius OD. Then 
AD is half their Sum, and DC = DB half their Difference. c| 
The Sines of the Arches are BG and CH; and the Co-Sines 
OG and OH. Through the Points B and C draw the right Et 
Line IP, and parallel to it draw K Q touching the Circle in y 
the Point D; alſo draw NE parallel to A O, and EF perpen- 
dicular thereto. And laſtly, through C draw OL, then is 
DQ the Tangent of half the Sum of the Arches AD, and DL 
the Tangent of half their Difference CD; and D K is the Tan- in 
gent of D M the Complement of A D. Then becauſe CD= th 
BD, or CE = EB, we have alſo HF = F G, and therefore 5 
CH + BGS 2E F, and CH- BGS 2Cs (221). Bit ( 
2EF:2CS::EF:CS (656.) :: EP: EC:: DQ:DL B 
(657.) therefore CH BG: CH- BG: : D Q {Tang a 


of AD): DL (Tangent of DC). E. D. 


= 8 | 1829, Tus 2 
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1829; Taroze VII. 


The Sum of the Co- ines of two unequal Archos is to their Bi- 
rence, as the Co-Tangent of half the Sum of the Arches to the Tangent 
of baf their Difference. For OG + OH =2OF, and OG 
4. 2H F (221. Therefore 20 F: 2H F:: OF: 


le a : EN: 8 E) :: EI: EC:: DK: DI] therefore the 
N . Co- Sines OG 4 OH: OG — OH (their Diffe- 
AC (beace) :: D K (the Co-Taigent of A P): DL, the Tangent 
10 ):: hge! wy 

85 . V E. D. SZ ag 

| | | 1320 1 vin, 3 hes 
f the In am oblique Triangle BDC, (having drawn the CPermdiculan 
: th AC, andbiſefed the Baſe in E, ) it will be; as the Co-Tangent of 


half the Sum of the two Sides 15 tothe Tangent of half their Difference, 
ſois the Co-Tangent of hal, If If the Baſe, to the Tangent of the Diſtance | 
(AE) of the Perpendicular from the middle Point (E) of! the Baſe. 
Fo we have AB: AD :: BC: DC (1824). 
Whence cs BC + „ DC : cs BC - DC:: AB 
+c5AD: AB -A, (648, 649.) But cs BC + 


be: BC - DC: 8 —— DC 


(1829.) Alfo cs AB 1. I: Aph E 


| AB+AD. AB—AD 
" LT BEATS T_T ::ctBE: PIE a WS 
| de 
oht Equality (652) cf =z 22 og - :: et BE: 
in | 5 a 
4 AE. V E. D. 
i 132831. TRPCORREN IX. ANI: 


In any oblique ſpherical Triangle, the Tangent of half the" Baſt is 
to the Tangent of half the dum of the Sides,” as the Tangent of half 
the Difference of the Sides is to the Tangent of the Diftance of the Per- 
pendicular from the middle Point of the Baſe. For ſince K 0 2 
(Fig. 4.) is a Right- angle, and OD perpendicular to © the 


- Baſe K Q it is DQ: DO: : DO: D K (660.) ets 
„ 
DK = De? or- becauſe DO is conſtant, it is DK: FT 


4 pr the Co- Tangent of Arches are as the Tangents reciprocally. 
| There- 
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Therefore 15 20 — mf ct BE: B E: yt DC 
R As 2 PD. 
2 rie 
3 vs \ ty 4 \ Ved 
* 1832. Tarox ka 3 .H & = WO 


1 the Ce-Tangent of half the. Sum of the Ungles at Baſe, 1 
Tangent of half thair Difference, ſo isthe Tangent of half gba gun 
cal Angle to the Tongent of the Angle zubirh the Perpendicular aa 
the Line biſecting the vertical Angle. Let the Circle CF biſeck! | 
vertical Angle BCD (Fig. 3.) Then it is, R: sACB:: A 
B (1798) and R'tsACD::e5AC:;csoD, Therefore 
Equality (652) and Permutation, we have Bf n 
ACD; and therefore it is.csB. *. D: B: 


4e + AD. 8 SACB A 1 . 


4 (1829) 2:4 BCF : Aer (1828;) 2 2. 5 


e A p. W. " 0 
25 on 
The Sor vrro of the Six Carre 72 


Oo —rieal ee 259 wal hs 


; 1833. CASE * 4 A 3 7 


AD 


IVEN the tu Angles Brand .N 5i and the Go 
eppeſite to one. of them; to find; the other Augie: a 

Te 3) 2} The Analogy! for the mee 48 
3% D, (1823.) 8 1 
c 17826 25a he Angle BOD we baue „GR cot 
AB (by 1791.) Then, it is, £5B:coDx 4AG 
4 AC D (1825); whence the whole Angle BC Dis known, 
ME To find the Side or Baſe BD; we haye Krerg: 
AB (1784, 1831.) Ten, as DTB: TAB 
b rA + AD =z B D required. 
1836. Cas 
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1836. Cassz II. 


Gens. highs Band h CD. or, Sie B C blues them; to 
I the other Angle D. Firſt, R? cs BC: BiB CA (1791, 
$31); whence ACD is alſo known, Then s ACB:jACD 
3 D (1826). 

1837. To find the Sid DC. Say as, R:csBC::1B; 
ACB (1791, 1831) whence A CD is known. Then 
;DCA:c:BCA::tBC::DC(184). 

1838. To find the Side BD. The Proceſs is here the ſame, 
s for the Side C D, if from the End B of the given Side BC, 
ou let fall the Perpendicular B A e to the given Angle 


CD. 


1839. CAs E III. 
Given two Sides BC and C D, on cn Sue Bye nyo 
m; to find the other Side BD. Say, as R BI BC: 
AB(1789, 1831). ThencsBC:csDC: : cSAB: AD 
1825). Whence AB + AD = BD fought | 
1840. To find the included Angle BCD. Firſt ſay, as R; 


$BC::tB:ctACB [1791, 1831). Then DC: 750 
AC B: AC D (1824). Whence ACB 2 ACD= = 
CD. 

1841. To find the oppoſite Angle D. Say, as ;zDC:3B::; 
BC: (1823). 

M B. It muſt here be obſerved, that when the Side D C is 
b than BC, this Caſe will be ambiguous in all its Parts; 
ce it will be uncertai from the Data, whether the Angle D is 
Pbtuſe or Acute; ſince the Sine of an Angle, and of its Comple- 
ent to i8y Degrees, is the ſame. 


1842. CAsR IV. 


Given two Sides B D and BC, and the included Angle B; to find 
e other Side C D. Say, as R: c B: :r BC: — 4. 
31.) whence AD is alſo known; then e AB: AD: 
BC:c5CD (1825). 

1843. To find the Angle D. Say, as R. cs B: BC: AB 
791, 1831.) whence A D is known; IF BD :: 
d : 1D (1027). : 

Ver. II. T4. - 1844, 
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1844. 75 find the Angle C. Let fall the Perpendicular D. 
on the Frm Side BC, and oppoſite to the given Angle B; then 
R: B: BD: Ba, and then «Tin kaown an 

ly 20 1B 1B; 1108 as above ear 


4 


8 8 5845 Cass V. 


"Given ll th three Sder BD; BC, grep, ts fond er l. 


ſuppoſe B. Say 12 'BD: 77 ＋ 55: TEC = T5 

1 AE, the Diſtance of the Fred Va the middle 
Point E of the Baſe. BD (1831.) whence AB is known, 
Then BC: TAB: R. 3B (179%). ; 


1946, CASE VE. 
Given all the three Angles, B, C, and BCD; ; to find o Sie, fup- 
poſe BC. Then ſay, asct 4 B+D ::: BB:: :BCF 
ACF = Angle included between the Perpendicular AC, 
and the Line CF, which biſeQs the vertical Angle C; from 


W the, Angle BCA is known. Then ſay, as B: ctB CA 
R: B C (1800, 1831). | 


20 


N. B. There are other Methods of ſalvin ng the Caſes f Age ſpbe- 
rical Triangles, but they are more complex. and difficult bath in Then 
and Operation, and therefore are not to be expected in an Elementary 
Inſtitution. Nor /hall we here inſiſi on thoſe Solutions of Triangle 
which depend on the given Sums and Differences of Sides and Angles 
or of their Sines, Tangents, Verſed- ſines, &c, as they are. voy ir 
wicate, and rarely neceſſary in er- : 


2 * 


Y IF 


9 


X NA 
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| Wy... | "I 20 vis. i 
A 


The Method of determining the FLuxtons of the 
Stoxs and ANGLES of” ue un re 


GLES. | — = 


1847. Cath J. 35 


ET ABC be an #bbque fpberical Triangle, (Fig. 5.) Allet 
the Side AC move on the Point dr Angle A, and by its 
Motion deſcribe a' ſmall Portion of a Parallel Ce; at the fame 


Time let C be Part of a Parallel deſcribed by B C on the Pole 
B; and draw the great Circlè Bc interſecting C d in d. Then 
let D, E, and F, denote the three Sides AB, AC, and BC 
reſpectively, of en * an AC are 4 2 and all the 
other Parts variable. ne; 

1848. Then we fhall — RE 2 Ae. Ce 85 
for the fluxionary Triangle Ce A is right-angled at (e); and be- 
cauſe the Sine of a very n Arch is nearly equal to = 


Arch itſelf, therefore R 5 E : : CAc (= i): ou K 


X A, _ 
1849. Alſo, R e5F; TY CB4(= B) : Ca= T0 6, Again 


becauſe AC c = d CB = Right-angle ( 1847); ; therefore ACB 
= 4Cc, and becauſe of the Right- angle at d, and the fluxiona- 
ry Triangle d Cc Rectilineal, we haveR ts dCo(=A SB) : 
Ce: cd: * x A : = XS x 4 (1848). 

1850. But C: D:: B: E (1823) ; therefore E x 0 
DNB; conſequently it is alſo p = i X A, 


1851. Again;R:cs.dCe(=C):: Ce: Ca: * * A: 


W A= 2 X 8 (1840). Ws we have B = 


EuG 
R x F X A, 


EN SC 


Tia: 1852. 
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1852, And laſtly, . C = ;R::Cd: cd 11 


1 
X 5 7c *. | | 
1853. * the ſame Manner it is ſhewn (by making theft 


Dy iB sF 
CopſtruQtion at B) = NF A n 


X & 
i854. Let / Secant, andeſ= Co-Sepant of an Arch £1 
(Os to Inſt. 705) then it is, CH (=ED):CE::C6G 
CE):CF; that is, EB: R R: E, or Nl 
therefore R BEN c/BE. | 
| 1855. Hence becauſe R. = 2 X A (1850). =D 
** K fl D (1854.) Therefore we have, from the above Equs· 
tions, the following Aralogies for the F A of the 8 and 
bete of this. e US. 21 


r :: D: 5B. 

RN F: 5E x 40 (1851). 
: RN F :AD x B (1853). 
::ctC:5F (1852). 

::ctB:5F (1853). 
::ctC;ctB (1851, 4853), 
18 (1831). 


CAE II. 


7636. If one Side D, and an adjacent Angle B be auer, 
. this Caſe will be reduced to that of a right - angled Triangle, 
by letting fall the Perpendicular A G (from the End of the given 
Side, and oppoſite to the given Angle B) on the Side BC con- 
tinued out. For then there will be found the right-angled Tri- 
angle A CG, in which the Side AG (and the Segment GB) is 
conſtant and ſo this Caſe becomes the ſane with Caſe II. (1811, 


1819). 


/ N 


de · 8. Wo » + * · * 
2. byy + oxy » OQ« bY. - 


© a> wo 


1857, CASE III. 


If one Side D, and an appoſite Angle C, be invariable (Fi ig. 6.); 
then are the other Parts variable by the Motion of the given Side 
D or AB. Let the Side AB move into the Situation (ab), and 

be · 
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1 becauſe it is everab = AB, it is impoflible that (ab) ſhould 
be parallel to A B (631); therefore, ab will meet A B, conti- 
nued out, in ſame Paint Q. On the Point Q, as a Center, 
deſcribe the ſmall Arches bn, am; then becauſe AB = @b =, 
2m, if from the firſt and laſt, you take away the common Part 
An, there will remain By = Am. 

1858. Then fince the fluxiopary Triangles Amaand Bub | 
way be conſidered in their Naſcent State as Refilineal, and right- 
angled at m and n; therefore we ſhall have Am: Aa::.cA: 

R; and BA: BA: B: R; whence Am X RS AS N 
AS BA RS BU N i: By therefore Aa: Bb ::c5B: 
A:: B: 5. * 

1859. Again, we have 01 D: : 5B: E (1823) :: 
E. For becauſe the flowing Quantities or Sines of B and E ate in 
me conſtant Ratio of C to D(18 56). The Fluxions of the Sines, 
viz. ; Band i E will be in the ſame conſtant Ratio (788). But 
the Fluxian of the Sine is to the Fluxion of its Arch as Co-Sine 
to Radius (874). Therefoze ;B = * X By and ; E = 


r * Whence C: Dr K BEE, which 
gives j̃: E:: ¶ NE: DX ei. 

1860. In the ſame Manner it is proved that A: ::5Cx 
F: Dx eIA. 

1861. By comparing the Analogies in (1858, and 1859,) we 
gets :F ::5CxcsEtsDxesA. 

1862. And by comparing this with ran. in me 
have A :B : : 1 F: E. 

1863. The Analogies i in (1859, 1860) may be more ſimply 


. 3 by Tangents; thus, it is B : :: i; : *>-;but | 
[ls 
) 1s C: D it oY E; therefore ; 'E 8 2 B 


t E, becauſe the Sine has the ſame Ratio to the Co- Sine as the 
Tangent has to Radius = 1. (ſee Fig. to 705.) Thus alſo, 
it is A: :: A: F. | 


* 


1864. 
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72 2864 ( Cai iv. it 


When #109 * A, and D. in the not AE D. (tig.) 
are invariable. But this is reduced to, the firſt CAasꝝx 184 47) by 
eonſidering, that the Angles of the Triangle AED, ate equa 
to the Sides of another Triangle FG H, formed by Cireles e oon 
necting the Poles G, F, H, of the Sides of the Triangle AED, 
For let the Sides D E, D A be produced to Quadrants in O an 
C, and on the Point D deſcribe a Circle BK O G, Let G be the 
Pole of the Cirele C D B, F the Pole of the Circle O D 2 md 
H the Pole of the Circle A E Q. Then is GCS FO 
from which take the common Part F C, and there remains 5 f 
=CO = Angle D. In the like Manner F'N HMS g0⸗ 

Subduct H N, and there remains F. H ='N M = Angle 4, 
Laſtly, G L= HP g 909, take away HL, and we have GH 
= L b. Angle PEL, the Complement of the Angle A E.. 

1865. Hence alſo it appears, that the: Sixtb Caſes of oblique 

Triangles (1846) is reducible to the Fifth, by changing ade 

given Angles A, E, D into Sides of another Triangle FGH, 
1866. I have now premiſed all that I judge does properly be. 
long to the Elementary Part of the Hoctr in- of ſpherical Trianghs, 
As to the Five circular Parts of Lord Neper, I think it an Artifce 
of more Ingenuity in the Invention, than of Uſe in Practice, and 
have here omitted it. Alſo thoſe Methods of ſolving oblique 
ſpherical 'T riangles' by given Sums, Differences, Produtts," Ec. 
of their ſeveral Parts, are not to be confidered- as fir/t Principles, 
but rather the Inventions of Art reſulting from thoſe Principles 
and may be explicated by them when ever they occur in Pradtice, 
However we cannot think theſe Elements compleat without ſuch 
as determine the Area of a ſpherical 9 which therelor 
we ſhall add in the next Chapter. 
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C HA P. VI. 
The Method of determining the ARE A of @ SPHERI- 
cal TRIANGLE. 


1867.] N Fig. 8. Let A CF be a Quadrant of the Equator, 

the Pole D; S BT a Parallel to the Equator; ABE 
an oblique Circle croſſing the Equator in A; A K V an oblique 
Ciccle below the Equator; D B K a Meridian, and D L 0 an- 
other drawn indefinitely nean to it. By this Means there will be 
form'd an oblique ſpherical Friangle A B K. which is divided 


5 into two right angled. Ones AB C, and A CK, by the Equa- 
tor A F. 91 T3 | 
3H 1868, Let p = Periphery of a great Circle, and x BC, 
U. or Sine of BC, the Latitude of the Zone-A H E F, whoſe Sur- 
que face is x Xx AF = x X(4þ 3» becauſe»p = Surfaceof the whole 
ile Zone continued round the Mabe, (838. ) therefore alſo the Sur- 
1. dee of the indefinitely ſmall Part LO C Bis E X OC 
le. BC x OC. But this is allo the Fluxion of the Triangle 
le ABC; for that of the Zone, and of the Triangle at the Point 
» B will be the ſame (792) as is evident from tlie Reaſoning there 
uled, ee 5ipizrni of Oy87) 1 
Jue ai eh £2 BCC 
I, 1869. The Fluxion of the Angle ABC is = N XO 
& Wl (1310.) But BC OC: = x OC::1:5::R:1, 
* That is, the Fluxion of the Triangle A B C is to the Fluxion 


of the Angle B, -is in the con/tant Ratio ef Radius to Unity. © And 
therefore the contemporaneous Fluents will be in the ſame 

Ratio, <5 | 
1870. In the Naſcent State of the Triangle, when the Sides 
may be conſidered as Re&:lineal, the Angle at B is equal to the 
Complement of the Angle A to a Right- angle (633). But as 
the Triangle flows, or encreaſes, this Angle B alſo flows and 
enereaſes to a larger Quantity, till at laſt the Triangle AB C 
becomes the quadrantal Triangle AEF, and the Angle B be- 
comes a Right- angle at E, the whole Increaſe therefore of the 
Angle 


— - TW 
Sad 


oc. Therefore the Area 7 the Triangle A B C is to the I 


Py 
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Angle B is equal to the Angle A. And it is this 3 
sBC 


of the Angle B, which is the Fluent of the F luxion - X 


of the Angle B. or the Exceſs of A + B _ a Right-angle, i 
the conſtant Ratio of R to 1. 

1871. The ſame Thing i is ſhewn EYY regard to the Triangle 

ACK; therefore it is evident, that the Area of any oblique ſpheri. 
cal Triangle ABK ts con/lantly proportional to the Encreaſe of th 
three Angles above tuo Right-angles. 

1872. Hence in regard to the Triangles A B C and AEF, 
it will be as A:AEF::A + B—9go: ABC; and in the 
fame Manner in the Triangle C A K and FAV, it is A: FAV 
:: AT C- 90: ACR. Therefore with regard to the whole 


oblique Triangle A B K, we have the Angle BA K to the whole 


quadrantal Area EAV, as A + 8 + K — 180% to the Are 
of the Triangle A B K. 
1873. Let 8 = Surface of the Globe, T = Area of the 
Triangle AB K, Q = Area of the quadrantal Area E AV, N 
= Angle BAK = EV, and M = Sum of the three Angle 
of the Triangle =N + B + K, then it is ſelf-evident, that the 
guadrantal Space E AV is ſuch @ Part of. a Hemiſphere as the 4rd 
SE is of a great Circk ; that is, Q: 28 :: N: 2; but N: 
2: M— 22: T (1870); therefore p: 28 :M—25:T, 
1 M- 22 :: 8: T; that is, as 720: NT BTK 
180 : : the Surface of the Globe 8: Surface of the Triangle A B K. 
1874. But the Surface of a Globe or Sphere is equal to fout 
Times the ng of its great Circle, or 8 = 4 A (839)  there- 
fore 4p: 28 :: 180: A:: M 180: T. But A= % 
or half the Radius (7) multiplied into the Periphery (830); there · 
fore (180: 180r :;)1:r:; M—480;T. 277 
1875. The Radius (7) expreſſed in Degrees is = 57, 2957795 
(884); therefore if the three Angles of a Triangle leſſened by 
180®, be multiplied by 57,2957795, the Produc? will be the Ans 
of that Triangle in Square Degrees. And becauſe in one Square De- 
gree, there are 3600 Square geographical Miles, or 4830, 25 Ex. 


| uſp Miles, therefore the Area of the 1 may be expreſſed 


in * of either Sort. 
A ; | C H A p,. 


* 
, 
* 


2 
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CHAP. vit. 


The foregoing PRINCIPLES ii to the $oLoTON 
of PROBLEMS in ASTRONOMY, Grookarny, 
NAVIGATION, DIiALLING, Ce. 


— 


1076. T HE Conſtruction of a Diagram for preſenting at 

one View the greateſt Numbers of phericul Trian- 
gu, in order to the Solution of a/tronomical Problems, is that of 
Fig. 9. which is a feteagraphical Projection of the Sphere” on the 
Plan of that Meridian * Qs, which is called the fo iel 
Celure (1707). “ 

1877. In this Scheme; 9 4 the EquinacTIAL, and its 
two Poles N, S. EL is the Eerirrfe, and its Poles P, T. 
HO is the HokIZ Ox, its Poles Z, the Zenith, and D the Na- 
dir, Z D, the prime VERTICAL, and'its Poles H, O. E gs 
is the Tropic of Cancer; i L, the Tropic of Capricorn. O is 
the Sun's Plate in the Ecliptic; NG S a Haur- circle, and 
JOD a vertical Circle paſſing, through the Sun G. P RTa 
Circle of Longitude, and 0 N RS a Circle Didlination- paſſin g 
through a Stur at R, 

1878. Now theſe various Circles of the Sphere by their Intel. 
ſections, form many Pherica! Triangle, both Rectungular and 
DVligue. In a right. angled Triangle, if am two Parts are given, 
it is a Problem to find the reſt. And in oblique Triangles, the 


ſhewn (717 — 721). But ene Lngle in moſt Triangles, Right 
o Oblique, is of no Conſequence i in aſtronomical Problems, and 
therefore does not enter the Data. | 
1879. In a right-angled Triangle, thereare, therefore, four 
ſignificant Parts, viz, three Sides, which call 25 „% c; and on- 
Aigle, which let us denote by (u). Then-finge” there are ſix 
— of two Quantities in fours, biz. at bu ab, 
bc, ac, there will be at leaſt /ix na] one: 
right-angle k. | "He? 10 5 
Vor. II. R % A. 2" 


It is here fa ppoſed, the Reader i is acquaitited with e Names 
and Uſes of the Crete of the SPHERE, as they have been at larg; 
explained in the GENTLEMAN and Laviss —— 


* 


Problem requires three different Patts to be given, as we hayre | 


= 
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1880. Again, i in an oblique Triangle there will be five ſigni- 
ficant Parts, wiz. three Sides, a, B, c; and two Angles, m,n; 
and there will be ten Combinations of three Quantities i in five, viz. 
abm, bem, acm, ahn, bn, acn, ann, b m n, mn, abc; 
therefore ten JE Problems will ariſe from every oblique 
Triangle. 

1881, We ſhall now ſpecify thoſe right- -angled F 
that are of moſt Uſe in ¶Mironomy, which are as follow, f, 
the Triangle BC ©, right-angled at B; in which BC is the 
Sun's right Aſcenſion, or its Complement to the Point C. Co 
is the Sun's Longitude, or Complement to C. BO i is the Sun's 
Declination; and the Angle BC © the Obliguity of the E. 
cliptic. 

1882. Secondly ; the Triangle A © C, right- angled atA; 
in which the Side C © is the Sun's Longitude in the Ecliptic 
from C; the Side A ©, its Altitude above the Horizon. AC 
is the Azimuth from the Point C. And the Angle A C O is 
the Sum of the Co- Latitude and W of the Ecliptic, viz, AH 
+ AE. 

1883. Thirdy; Let the Sun be in the Tropic of Cancer, and 

in the Point G in the prime Vertical, when due Eft or V. 
Then in the Triangle VC G, right-angled at V, the Side * C 
is the Hour from Six. The Side VG = EE, the Sun's De- 
clination. The Side CG the Sun's Altitude when Eaft or Mal. 
And the Angle VCG = XZ, the Latitude of the Place, 

1884. Fourthly; On the ſame Day the Sun is at I, at the 
Hour of Six preciſely ; then in the Triangle I C M, right-an- 
gled at M; the Hypothenuſe CI is the Sun's Declination ; IM, 
the Sun's Altitude at Six;; and CM the Azimuth from C. And 
the Angle ICM = NO = AZ; the Latitude of the Place. 

1885. F ifthy; On the ſame Day the Sun is in the Horizon at 
K, and there is formed the Triangle WC K right-angled at 
W; in which WK is the Sun's Declination. C W is the aſcenſo- 
nal Difference, or the Hour from Six of its Riſing and Setting; 
' CK, the Amplitude of Riſing and Setting from” the Eg or 
Net. And the Angle WCK = O Q. is the Co-Latitude of 
the Place. 

. 1886. Sixthly ; In the Triangle N K O, right-angled at O, 


the Side N O is the Latitude; the Side N K the Ce. Declination 
an 
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and the Side K O the Co- Amplitude or Azimuth from O. And 
the Angle ENO = W the Haur from Midnight. 
1887. What we have ſaid with Reſpect to the Sun in Cancer, 
is the ſame for its Place in any other Part of the Ecliptic ; and 
the ſame Triangles are to be drawn for the fame Purpoſes in the 
Winter Signs, as we have here done for the Summer. And fur- 
ther, it is to be obſerved, that fince any Star may be ſuppoſed 
at ©, it is evident all the fame Triangles ſerve for a Star as for 
the dun. Therefore in the /ix Triangles already enumerated, no 
leſs than ſeventy-two Problems may be ſtated in Reference to the 
Sun and Stars; beſides many other Triangles that might be al- 
ded to theſe, to encreaſe the Number of aſtronomical Pro- 
blems. | | 
1888. In the oblique Triangle OZ N, the Side © Z is the 
Co-Altitude of the Sun; ON, the Co-Declination; ZN, the 
C:-Latitude of the Place, The Angle ZN © is the Hour from 
Noon, and the Angle © ZN or © Z Æ is the Azimuth from 
the North or South Part of the Horizon. | | 
1889. This Triangle, therefore, affords ten Problems more 
in reſpect of the Sun (1878) and if we conſider the oblique 
Triangle Z RN, we ſhall find the Sites and Angles the fame in 
regard to a STAR at R, and conſequently other ten Problems will 
thence be produced. | v 
1890. Again; in the oblique Triangle R NP, the Side RN 
is the Star's Co- Declinatian; the Side RP, its Co- Latitude; and 
the Side NP = AE the Oh liguity of the Ediptic, Allo the An- 
gle NPR is the Star's Longitude from the Point E; and the 
Angle RN P its Azimuth. From hence we have ten Problems 
more; and therefore this and the laſt Triangle afford twenty priu- 
«pal Problems about the Stars only. | 
i891. In the Jaſt Place, let O be the Moon or a Planet, then 
if we draw a great Circle through © and R, the Place of a Star; 
we ſhall have an oblique Triangle © Z R, in which the Side 
Z is the Moon's Co- Altitude; Z R, that of the Star, and 
9 R the Diſlance of the Moon from the Star. Alſo the Angle 
ZR the Difference of the Azimuths of the Moon and Star. 
This Triangle affords four very uſeful Problems relative to the 
Moon and Stars, Upon the Whole, in theſe few Triangles in 
this one Projection only, more than one hundred aſtronomical Pro- 
dem are contained. K k 2 1892. 
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1892. In regard toGEogRAPHY, if we ſuppoſe Z and R tg 
repreſent two Places on the Surface of the Terreftrial Cle; 
then in the Triangle Z RN, the Side Z N is the Co: Land 
of the! Place Z; the Side RN is the Co- Latrtude of the Phact 
R; and the Side Z R'is the Diſtance of the two Places on'the 4 
face of the Globe. The Angle E NR = AV, is che 
Fence of Longitude of the two Places, and the Angle R Z N i i 
the Bearing of the Place R from Z. This one Triangle there- 
fore furniſhes tex principal geographical Problems, which depend 
on the Doctrine of the Sphere. 

1393. In NAvTOATIOx, particularly that Part of it called 
OrTHoDROMICS, Which treats of the Art of Sailing on a gre 
Circle of the Sphere, a a ſpherical Triangle i is concerned; Thus 
let E be the Port from whence a Ship is to ſail to another Port 
X; then in the Triangle Ez NX; the Side ZN is the C- Lai 
tude of the Port Z; the Side NX is the Co-Latitude of the Pon 
X the Side 2 X is the neorgſ Diſtance between them ot the 
Ship's May. Alſo the Angle N X is the Courſe to be ſteered 
at E; and the Angle ZN X is the Difference of” Logitub be- 
tween the Ports. 

1894. But! in ſailing from Z to X, the Courſe 1 is ; perpetually 
altering, or the Angle made by the Ship? „Way on the great Cit- 
cle Z X with every: Meridian is difterent, or the Latitudes always 
changing, therefore it is neceſſary to calculate this for every 5 or b 
Degrees of Longitude, - that the Ship ma be kept upon, or near 
the circular Arch Z X, every where; and this is the whole Art 
of great Circle-ſailing, which is entirely converſarit in che Sal. 
diarof ſpherical Triangles. A great Variety, therefore, ot nautical 
Problems here offer themſelves from this one View of 4 ſpherical 
Triangle. 

1895. As to Loxcpnid ics, or filing upon a Spiel, or 
Rhumb-line, as the Theory of that Curve has not yet been con- 
ſidered, nor the Rationale of that Sort of Sailing been fully ex 
plained by Writers on Navigation, we have determined to treat 
of that Subject more particularly in another Chapter. ** | 

1896. In DiatLinG, the Triangle NOK, risht zangled 
at O; is uſed in finding all the Angles NK O, which We ſeveral 
Hour- circles'N K 80 tits with the Horizon. - For N O being 


the Latitude of *the Piet, and the Angle O NK beine den, 
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the Arch of the Horizon OK is found by Caſe I. of right-an- 
ed Triangles (1783). But this is only touched upon here, to 
bew how very uleful and extenſive the Doctrine of ſpherical 
Trigonometry is in moſt Arts and Sciences. What relates to the 
Conſtructiom of the Scale of Latitudes and Hours ith practical Dial- 
ling, as alſo of a new Dialling Sector, and a new uhivgrſal Ho- 
aRONTAL Dial, ſhewing the Hour by the ſame Guomon in 


34 © 


all Latitudes, will be treated of more fully hereafter, _ kd 
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CH x N. r 
The Application of FLUXIONARY SPHERES in 
aſtronomical CoMPUTATIONS, relative , to 
PARALLAXES, REFRACTIONS, equal AT- 
TITUDES, PRECESSION of the EqQuinoxXes, 


1897. W E have ſhewn how the Places of the heavenly Bo- 

| dies, the Times of their Riſing, Setting, &c. and 
their various Phænomena in regard to their Right-aſcenſion, Decli- 
nation, Amplitude, Azimuth, Longitude, Latitude, &c. are to be 
calculated by the common Proceſſes of ſpherical Triganometry. 
But the minute Variations and © Alterations which happen in 
cal thoſe Quantities by Means of a Parallax, Refrattion, Reteſſion of 


cal the Equinoxes, ſpiral Motion of the dun, &c. are of too much Mo- 
1 ment in Aſtronomy not to be moſt ſctupulouſly attended to:; 
or and as they are beſt of all computed by Fluxionary Spherics, the 
n- Principles of which have been explained, we therefore now 
+ illuſtrate that Method by ſome Examples. 1 

at 1898. As the moſt conſiderable of theſe Variations are of 
that Sort which ariſe from a Parallax, and greatly affect the moſt 
ed intereſting Sudjects of this Science, viz, the Moon and the 
al Praxx rs, it will be neceſſary to ptemiſe the following Theorem, 


ig uz. The Parallax of a Planet is altoays proptrtiched to the Sine of its 
05 parent Diftance from the Zenith, which is thus ſnewn. Let C 
| | be 
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be the Center of the Earth, P the Place of a Spectator on its 190 
Surface; Z the Zenith, and let N and » be two Places of: tom 
Planet in an Azimuth-circle Z O; draw PN and CN, lb Aa: 
Pu and Cn, then are the Angles PNC, PxzC, the Parallazy Aa: 
of the Planet at the Altitudes NO, #O, (1724). To cm. #!: 
pare which, we have PC: CN::5PNC: 5NPC=—5sNPZ. in Lat 
Alſo PC: Cn (= CN) : :sPnC:sCPn=zsnPZ; there- 19 
ſore it is PNC: PMC: : Z PN: Zz P.. But theſe pa very 1 
rallatic Angles at N and n, being very ſmall, are as their Sines; 421 
whence the Propoſition is evident. EA 
1899. Hence it follows, that any Parallax at N is to the hors. 1th! 
zontal Parallax at O (vix. that of the Planet ſeen from P in the Degr 


Horizon at O) as the Sign of its Zenith Diſtance (nearly) to the 10 
Radius. Alſo it appears, that the parallatic Angle vaniſhes at en $4 


the Zenith Z; and alſo when the Diftance PN or CN becomes Di 
immeaſurably great. So that the fixed Stars can have no Parallax aithe 
of this Kind. Laſtly, we have, the Diftance of Planet N C 10 
from the Sun, to the Semidiameter of the Earth CP, a the Sine Wil |; 
the Parallax CN P, to the Sine of the Zenith Diſtance Z PN. | 

1900. As the Angle ZPN is greater than Z CN bythe Z. 
Quantity of the Parallax PN C, it is evident the apparent Zenith R 
Diſtance of a Planet exceeds the true, by juſt that Quantity. There- 2 
fore let A be the true Place of a Planet; Z A its Zenith Diſtance, 


P the Pole of the Ecliptic; and P A a Circle of Latitude paſſing M: 
thro” the Planet. Allo let (a) be the apparent Place, and draw Gins 
the Circle of Latitude P a 6 thro” the Planet A. Let EA L de pity 
drawn parallel to the Ecliptic ; ; andlet HLO be the Horizon. Lm 
(Fig. 2.) 1 
1901. Then in the oblique Triangle A Z P, the Side Z P, and 
the Angle Z adjacent, are conſtant (1855). And the fluxionary 52 
Parts are (t.) A = a (1817, 1818) the Parallax in Altitude. 
(2.) The Parallax in Longitude = = APd='s. And (3.) The 12 
Parallax in Latitude ad = H. Then Dna the Parallax in the 
Altitude is known from the horizontal Parallax (1898) in aſtro- in. 
nomical Tables; therefore we have H: b:: 2232 AP the 
1819). That is, in Words, as the Co-Sine of the Planet's IL tu 
titude, is te the Sine of the Angle ZAP, fo is the P rel! in a R 


tude tothe Parallaæ in Longitude. 
a 1904 


* 
* 
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1902. Again, to find the Parallax in Latitude; it appears 
om the fluxionary Triangle A ad, right-angled at &, that 
Ac:ad::RisaAd = SEAZ, that is, R:csZAP:: 
Aa :d:: 1: H; which is in Words, Radius is to the Co-Stme 
of the Angle Z A P, as the Parallax in Altitude, is ta the Parallax 
in Latitude. | hn | 
1903. If E L be the Ecliptic itſelf, and the Planet be in, or 
yry near it, then sH =$s AP = R; and the b Z AP 
„Z AE; therefore H: b:: R: Z AE (1899) :: Z A: 
EA (1797) :4:B; that is, as the Tangent of the Planet's Ze- 
nth Diſtance is to the Tangent of its Diſtance from the Nonageſima 
Degree E, fo is the Parallax in Altitude, to the Parallax in Longitude. 
1904. Alſo, in this Caſe, we have R: b:: R: Z AE 
L A: Z E (1795) :: 4: ; that is, the Sine of the Zenith 
Diſtance, is to the Co-Sine of the Altitude of the Nonageſima Degree 
ai the Parallax in Altitude to the Parallax in Latitude. 
1905. If we put M = horizontal Parallax ; then, becauſe 


+ neg he = 
(1898) — x M =4 = > X B, (1903) we have B = 


R 
'ZAXtAE " "FER  TERF 3 
FT xM = — E x M = (1823) 
—— Xx M. Therefore R.: Z PN ZZ PA:: 


Mz. That is, the Square of Radius is to the Rectangle of the 
Sines of Altitude of the Nonageſima Degree, and the Planet's Lon- 
gitude from thence, as the horizontal Parallax is ta the Parallax of 
Longitude. 

1906. Again, f ＋ 
3122 x M = ＋ x M. Which gives R: 
2 E:: M: u; that is, Radius is to the Co- Sine of the Altitude of 
the Nonageſima Degree, as the horizontal Parallax to the Parallax 
in Latitude, Hence becauſe Rand M are conſtant Quantities, 
the Parallax in Latitude will ever be as the Co-Sine of the Alti- 
tude of the Nonageſima Degree. 

1907. As to the Parallax in Right-aſcenſi and Declination, the 
Analogies are the ſame as before; for HZ O being the Meri- 
Gan, ZE Q, the Equinoctial, its Pole N, H O the Horizon, A 


the 


AE | gp 5 
x M48 E * 11 (1904 whence 
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the Sw of the Planet, Z.D- a vertical Circle, and NF ; 
Hour: circle paſſing through it (Fig. 3.) it is evident the Trian. 
gle Z AN, and its luxjonary Parts A a, à d. A d, are all the 
ſame as in the foregoing Figure, and therefore the ſame Analo- 
gy as was uſed (1903) for finding the Parallax of Longitude, find 
here the Parallax of Right-aſcenſion, viz. H (= 3 AN): 
2 AN) ::4(=A9)ii N Allo for uwe e 

= relax of Declmatun- (ad) it is (1908). as R: cb: OLE 
o 


2908, The, Effects of Naß action of Light thro! the. Atmaſphere 
are next to be conſidered ; the general Nature of refracted Ligh 
has been ſhewn at large (1.32.6, Cc.) and that Effect is to ele- 
vate Objects in Appearance, or to make them appear higher than 
ibeirt true Places, which, is juſt contrary to the Effect of the Pas 
rallax which depreſſes them (1899). 

1909. It appears, alſo from the Theety, that the 658 0 
the Rays ate, the more they will be refracted.; 3, on the Rays 
will be more refraCted as they are nearer to the Horizon; 
therefore the horizontal. Refractions are greateſt of all, and in 
the Zenith there is no Refraction at all, which i is the Cafe all 
in regard to the Parallax. 

1910, Therefore if (a) be the true Place of; a Planet ( Fig, 
then by Refraction it will be elevated to A in the mot (Fg 
which Reftactioh @ A in Altitude being found by Obſervation 
you will from thence find the Diminution dP A in Longitude, 
and the Alteration (a 4) of Latitude, correſponding, to the ſame 
by the Analogies for the Parallax (1903, 1904). And alſo 
thoſe of Right-aſcenſ;on and Declination (Figs 3.) 

1911. The horizontal Refraction makes a Difference in the 
Time of Riſing and Setting of the heavenly Bedies, and-alfo of 
their Amplitude ſrom the Eaſt or Weſt Points of the Horizon. 
Thus let (cc) be a Parallel of the Sun or Star's Declination 
then without the Refraction P would be the Point in which it 
would aſcend the Horizon, QP the true Amplitude; and P NO 
the Hour from Midzight. But if the horizontal Refraction be e: 
qual to RM, then will the Sun or Star be thgreby elevated to 
the Horizon in the Paint M, and its apparent Amplitude will be 
QM, and the apparent Time if Riſing will be MN O. | 

; 1912- 


3 
F 
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1912. In the Triangle E NP, the two Sides ZN and NP 
are conſtant (1847). The Side 2 N = D, the Side NP = E; 
the Side ZP = F; the Angle PZN = B, the Angle PN Z, 
or PN O = A, and the Angle ZPN = C. And we have 
3: F A (1855) that is, the Co-Sine of the true Ampli- 
tude Q is to the Secant of the Latitude AE Z, as the horizontal Re- 
ration RM = F is to the Angle PN M, whith is the Difference 
in Time of the Riſing or Setting of the Sun or Star thereby occaſioned, 
Or otherwiſe thus; becauſe 3B: E:: A: F = R (1828) 
nm XA 1 
therefore 5B N Again, c JD = 5 (1854) there · 


foresB: I 5 1292 A, hence B = Lox? = x94 —— 

SDXaA R 
which 1 gives this Analogy s5D XENA: R:: 
F: A, as before. 

1913. Again, for the Auxionary Variation of the Amplitude 
PM, we have F: ct C:: F: B, (1855) but in this Caſe, 
F R, and crC t NPO, therefore R:+#NPO::$B 
(PO): t NO (1780). Therefore B: fN O:: F: B3; 
that is, the Co-Sine of the true Amplitude is to the Tangent of the 
Latitude, as the horizontal Refrattion is to the Difference PM be- 
tween the true and apparent Amplitude. 

1914. This apparent Amplitude is neeeſſary to be known, eſ- 
pecially by Navigators, becauſe the Variation of the Needle de- 
pends upon it, ſince that important Article is nothing more 
than the Difference between the obſerved Amplitude on the real 
Horizon, and that of the magnetical Card: 

1915. It appears from what we have formerly ſhewn; that 
the Orbit of a Planet about the Sun is elliptical ; and ſince 
that is the Caſe of the Earth, its Motion will be variable, ſome- 
times quicker, and ſometimes flower, ſuch as is expreſied in Se- 
condsof a Degree in the following Table ow Four, tot the ſeveral 
Months of the Year. 


January December —— 155 


February November 152 
March — October 150 
April — . — — 148 
yy — 

| Tuns — Fuly — 142 
Vor. II. L 1 1916, 
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1916. In Fig. 4. let A Qbe a Quadrant of the EquinoQia, 
E C of the Ecliptic; BAN an Hour-circle paſfing through the 
Sun at A, and in one Hour after let its Place be at (3). In the 
right angled Triangle AB Q, the Angle at Q is conſtant; the 
Declination is AB; whoſe Fluxion is found from the Equation 
tba b (1818) which gives b: b:: R: cob :: (RAA 
:a= AB — ab. In Words, Radius is to the Co-Sine of the Au- 
gle QA B, as the horary Motion in Longitude A a to the horary Va- 
riation in Declination. | 

1917. Since à is always as 44 b, it is evident that the hourly 
Increaſe or Decreaſe of Declination will be leaſt of all when the 
Sun enters Cancer and Capricorn, and greateſt of all at the E- 
quinoxes Q, where it amounts to a whole Minute of a Degree, 
1918, Therefore ſuppoſe HPOQ (Fig. 5.) be the Hori- 

'zon, Z the Zenith, N the Pole of the Eguinoctial HCO; alſo 

let AB E be an Almicanter or Circle of Altitude interſecting the 

. EquinoQtial in the Points A and a; and draw Z AD and ZaF; 
alſo the Hour- circles N A G and N al at equal Diſtances from 

the Meridian PNQ. Then if the Sun or Star had no Motion 
in Longitude, its Altitude above the Horizon at equal Times 
before and after Noon, would be the ſame, thatis AD = aF; 
alſo the Declination would continue the ſame, or NA = Na. 
But, as we have ſhewn, the Declination alters hourly ; and 
when the Circle of Declination N A is thereby Hen, as in all 
the aſcending Signs, it is evident the Sun which croſſed the Almi 
canter at A in the Morning, will not croſs it at (a) in the Af- 
ternoon, but at a Point more weſterly, becauſe N d is by Suppo- 
ſition leſs than N a; therefore the Time or Hour-angle CN 
will exceed that of the Forenoon CNA. On the other Hand, 
when the Declination Na from the North increaſes to N b (as in 
all the deſcending Signs) then the Sun comes ſooner to the Almican- 
ter at (6) and ſince the 'Decreafe or Increaſe of Declination is 
known for any interval of Time in deſcribing the Arch ACs 
by (1916) therefore the fluxionary Angle 4 N d, or aNbis 
known from the Triangle Z aN, where the two Sides Za and 
ZN are conſtant. 7 | 

1919. For by Caſe I. (1855) we have this Analogy for find- 
ing the Fluxion of the Angle N (there called B) viz. sF : tC 
F (S 44): B. (aN) that is, as the Ca-Sine of the Sun's 

; Dar- 
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2007 (=5aN = F) 1s to the Co-Tangent of the Angle ZaN 

C) ſo is the horary Difference of Declination (a d) in the Time 
3 the two equal Altitudes, to the Seconds contained in the fluxiona-. 
j Angle aNd. On the equinoctial Days N A 9, or 5F 


becomes Radius. 
1920. If the Moments of equal Altitudes at A and d 37 Way 


and after Noon, be obſerved by a Clock or Watch, then the 
ſmall Equation of Time à Na, juſt found, is to be ſubducted 
ſrom that interval of Time, and the Remainder will be the 
Time of moving through A a; and the Half thereof will give 
the Moment of the Sun or Star's Appulſe to the Meridian at C, 
or the equated Time at Noon. And this muſt be done in the fix 
Signs from Capricorn to Cancer, and in the other Six, the Equa- 
tion will be aN þ to be added to the obſerved Time of equal 
Altitudes at A and 6. 

1921. To find the Variation of the Azimuth aZd ora Z b, 
we have the firſt Analogy (1855) viz. s5B(=aNZ):/D 
(ZN) :: F (SaN -AN): A ZF. In Words, as 
the Sine of the Angle AN C, or Time before Noon, is to the Secant 
of the Latitude, ſa is the Variation of Declination in the Interval of 
equal Altitudes to the Variation of the Azimuth F h, or FK. 

1922. The Poles of the World, or Equinoctial, are found 
to have a Motion about the Poles of the Ecliptic, eontrary to the 
Order of the Signs, and therefore the Interſections of theſe two 
Circles or equinoctial Points muſt have a. real retrograde Mo- 
tion; and conſequently the fixed Stars will have their Diſtances 
from the equinoQial Coloure continually increaſing. Now this 
Motion is at the Rate of 50% per Annum, at a Mean; and ſo 
much therefore will the Longitude of the Stars be annully aug- 
mented, The phy/ical Cauſe of this Motion will be hereafter 
explained, 

1923. Let HZ O be the Meridian N, the Pole of the equi- 
noctial Q, and P the Pole of the Ecliptic EQ. Alſo let A 
be the Place of a Star, P A Ca Circle of Latitude, and NAB a 
Circle of Declination paſſing thro* it, make CPc = 50”, and 
let eq be parallel ta the Ecliptic EQ, cutting P in (a). Then is 
Aa the Space through which the Star advances in one Year in its 
Parallel, and Cc its Difference of Longitude in the Eclip- 


te. And the Difference of Declination, viz. AB — @b is 
LI 2 found 
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found by the firſt Analogy (1855) viz. D ( NP) 7B 
(= ANP)::A (=C:r):f = AB - ab, the Difference of 
Declination required, 

1924. And to find the Difference of Right-aſcenſion, we make 
uſe of the _ * of (1855) viz. F (= AN) :e 
= A) :: : Difference of Declination : Difference « or Increaſe 

of Right- ole bon, 

N. B. Moſt of thoſe fluxionary Quantities, which we have 
given Rules for calculating here, are exemplified in Numbe 
and applied to Uſe, in my New PRINCIPLEs of GEOGRAphy 
and NAviGATION, 


CHAP. IX. 


Theorems fer the Stereographic PROJECTION of thy 
SPHERE in Plano. 


1925. THE Doctrine of Spherical Projections, whether Sterte 


ographic, Glubular, Orthographic, or Gnomonical, iy 
wholly derived from the Principles of Perſpective as we have 
largely ſhewn, and from thence demonſtrated the Properties of 
each particular Species of Projection in a general Manner; but 
before we can proceed to an Application of this Art, to the 
Projection of ſpherical Triangles, Dialling, Aflronomy, &c. we 
mult premiſe a few more Principles, eſpecially with regard to 
the /lereegraphic Prejection, in this Place. 

1926, If we look back to Fig. 4. Plate VI. of per pelle 
Projections, we ſhall obſerve, that if any great Circle of the 
Sphere be oblique to the Plane of Projection, or of the primitive 
Circle QTR ; then if the Arch G T meaſures its Obliquity or 
Elevation aboye the Plane of the Primitive, that Circle will be 
io projected by an Eye at R, that its higheſt Point at G will be 
in the Diameter at O, diſtant from the Center C, by the Tan- 
gent CO of half the e 0 of its Elevation 
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1027. Again, becauſe the Arch QL GT 1697) and 
QB parallel to C L, the Angle BQC = QCL = Elevation 
ofthe Circle; therefore the Diſtance of the Center B, from the 
Center C of the Primitive, is CB = Tangent T D of the Coal s 
Elation TCD. a 

1928. Let the Arch QO R (Fig. 7.) be compleated into 
Circle AO EP, and draw the Diameter A B E; then this may 
he conſidered as another primitive Circle, on which any oblique 
Circle may be projected by ſetting off the Tangent of its Eleva- 
tion from the Center B either Way in the Diameter AE (1927). 
— becauſe the Tangent EK (= BO) of an Arch ES of 

ois equal to Radius BE or AB, therefore the Point A is the 
A of the oblique Circle O HP elevated above the Primitive 
in an Angle of 45 = ES = EOH. If the Elevation be of a 
eis Number of Degrees than 45, the Center will fall in the Di- 
ameter within the Circle; if greater, without. Thus let BL be 
the Tangent of 30 then L is the Center of the Circle O M P, 
whoſe Elevation is the Angle AOM = 30% IfBV be = 
Tangent of 75 Degrees, then V is the Center of the Circle 
OYP, making the Angle Y OE = 75* = its Elevation above 
the Primitive; and fo for any other oblique Circle. 

1929. Hence appears the Method of drawing two oblique 
Circles through any given Point O in the Primitive, to contain 
2 given Angle with each other, by Means of the Tangents of 
their Elevations. But the Centers of thoſe Circles are alſo found 
by the Secants of their Elevation, ſet off from the Point O, the 
extreme Point of the projected Diameter OP; for ſince the 
Angle QBO = GCQ (1697) the Angle CQB=QBA 
SDC; and therefore the Triangles CT D and CBQ are 
equiangular and equilateral ; for CT = CQ = Radius; and 
TD=CB = Tangent of GT (1927); therefore CD = 
BQS OB = Secant of GT the Elevation; whence the 
Center B is thereby given. 

1930. Hence the Angle OQ T made by the Interſection of 
two Circles Q T and OQ is equal to the Angle made by their 
Radi; for CQ Radius of QT, and B Q = Radius of QO, 
and the Angle CQB = T CD = O QT the Elevation. 

1931. Since, therefore, the Angle contained by the Radii of 
the two Circles in the Projection is equal to the Inclination of 

the 
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the Planes of thoſe Circles, it is evident, the Planes themſelves 
in the Projection mult contain the ſume Angle as they do in the 
Sphere ; that is, any Angle OQT is of the ſame Quantity in 
the Projection as it is on the Globe itſelf, 
1932. But as this is a principal Point in the Doctrine of Pro. 
ons, we ſhall give another Demonſtration of it, thus. Let 
the Eye at A (Fig. 8.) project the Angle S BR uponthe Plane 
ES placed right before it; and ſuppoſe BD a Tangent to the 
Circle 8 B, and BC to the Circle RB, in the Point of the Inter. 
ſection B. Therefore the Plane in which the Tangents BD and 
BC are contained, as alſo the Plane of the Circle E S are both 
perpendicular to the Plane of the Circle BEAS; and ſo their 
common Interſection C D will be perpendicular to the Line E $ 
produced. Now the Eye at A projects the Tangent BD into 
FD, and the Tangent BC into FC, becauſe the Point Bis 
projected into F by the viſual Ray AB. Through the Center 
G draw the Diameters AH and BL, and BI parallel to ES, 
and join AL, BH. Then is the Angle DBA = BLA 
(665) AHB (645) = ABI (659) = BFD (631); that 
is, DBA —= BF D, and therefore BD DF. Then in the 
Triangles CDF, and C DB, ſince the Angles DB C and 
DFC are ſubtended at the ſame Diſtance by the ſame Line 
DC, they muſt be equal. But the Angle DB CS SB Ro 
the Globe; which therefore is equal to its Projection D F Con 
the Plane ES continued. 

1933. Any Circle B C (Fig. 9.) placed oblique to the Plane of 
the Circle E G is projected into a Circle upon that Plane by an Eye 
placed at A in the Pole of the Primitive E G. For draw DC 
parallel to EG, then becauſe the Arch DA = CA, the Angle 
AB CS ACD (643) and the Angle A is common; there- 
tore the Triangles AB C, and AC or A ce, are ſimilar (621). 
Therefore the viſual Cone A CB is cut by the Planes C D and 
E G ſubcontrarily, and conſequently the Projection of its Baſe 
BC will be a Circle at bC, or ec (15 10). 

N. B. BC is a ſmall Circle, but had it paſſed through the 
Center F it would have een a great Circle, and the Demonſtra- 
tion the ſame. 

1934. Hence as eF is the Tangent of half the Arch BH, 


and Fc = Tangent of half HC; the Points e and c are given; 
7 there- 
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herefore the Line ec biſected, gives (n) the Center of the Circle 
ein the Projection. T2 fb 

1935- A ſmall Circle BI, perpendicular to the Plane of Pro- 
jection EG, will be projected by the Eye at A into the Circle 
Ke, whoſe Center N is in the Line EG, produced, Diſtant from 
the Center F of the Primitive, by the Secant of the Arch BE, 
{or the Diſtance of the Circle BI from its Pole E) and the Ra- 
dius thereof will be equal to the Tangent of the ſame Arch. For 
draw A B cutting the Line GE in e; and through I draw AK 
interſecting the Line & E (produced) in K; then the Line K e 
biſeted, gives the Center N, on which let the Circle K BI be 
deſcribed. Draw NB, K B H, and FB; the two Triangles 
ABH and K HF being right-angled at B and F, and having 
one Angle at H common, have alſo the Angle BAH =F KH. 
But BAH = BFH (642) and FEH = Z FN B; there- 
ſore BFLU=FNB; and becauſe FNB + BFN = BNF 
+ BFN = to a right Angle; therefore NB F is a right An- 
gle; and conſequently N B is perpendicular to FB, and is the 
Tangent of the Arch EB; and NF is the Secant of the ſame. 
9. E. O. | | 

193h. From theſe Theorems, it is evident, we have certain 
Rules for deſcribing any Circles great or ſmall, on a given Plane; 
and thereforg the Sphere may be projected on the Plane of any 
one of its Citcles at Pleaſure. We have already given a Speci- 
men of three of theſe Projections in Plate VI. of our 1n/litutions 
Perſpectiue, in Fig. 2, 5, and 6. with their Rationale, as de- 
nved from the Principles of that Science. But the Praxis or Me- 
thod of drawing the Circles in each, are more immediately de- 
duced from the Theorems we have juſt now premiſed. 

1937. Thus the PROJECTION on the Plane of the EquaTor 
(in Fig. 2. of that Plate) conſiſts wholly of right Lines, and con- 
entric Circles, The firſt of which are the great Circles, or Me- 
ridians, at right Angles to the Plane of Projection, and whoſe 
lanes all paſs through the Eye; they are therefore all projected 
into right Lines. The Circles are the Parallels of Latitude, 
whoſe common Center is the Pole C, or Center of the Primitive, 
and their Diſtance from the ſaid Center is equal to the Tangent 
of kalf their Diſtance from the Pole, and are therefore eaſily 
dawn by (1934). N 

1938. 
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1938. The PROJECTION of the SPHERE on the Plane of: 
MERIDIAN, is that of Fig, 5. where all the Meridians are giz 
Circles oblique to the Plane of Projection, and drawn by finding 
their Centers as directed in (1927) in the ſame Manner as the 
oblique Circles OHP, OVP, and O MP, were drawn (1928); 
and all the Parallels of Latitude, being /mall Circles, perpendi- 
cular to the Plane of Projection, are drawn by finding their Cen- 
ters as directed (in 1934 or 1935). 

1939. A PROJECTION on the Plane of the Hor1zox, Is 
that of Fig. 6. of Plate VI. and the great Circles or Meridians 
are drawn by the ſame Rules in this as in the former Projection; 
for let TQFR (Fig. 7.) repreſent the Plane of the Horizon 
where the Elevation of the Pole O is T G T QO, then it 
is evident, the Center of the Six Clock Hour-circle QOR i; 
at B, the Center of the Primitive AOEP, on which, if the 
Meridians or Hour circles are drawn, as above directed (199) 
they will, if continued beyond the Pole O, be the proper Meri- 
dians or Hour-circles for the horizontal Projection T QFR 
Thus for Inſtance, the Hour-circle of XII is OP in one, and 
TF in the other; that of Six o Cloct is AQOEP in one, and 
QOR in the other; the Hour-circle of II. is OZ in one, 
and Z ON in the other; and ſo of the Reſt ; therefore they are 
the ſame in both Projections, and are drawn for both at the ſame 
Time, all which is evident by Inſpection. | 

1940. The Parallels of Latitude are all oblique to the Horizon 
or Primitive, but are all Circles in the Projection (1933) and 
are drawn by ſetting off the Tangent of half their leaſt and great- 
eſt Diſtances from the Pole of the Primitive, (1934, or 1935, 
or Zenith of the Sphere; and biſecting that Interval, you will 
have the Center of every Parallel in the Line F T continued out 
beyond T. The Equator is drawn by the fame Rule; and the 
prime Vertical is a right Line QC R, as its Plane paſſes through 
the Eye in the Nadir or lower Pole of the Horizon. 

1941. Hence it appears how great the Affinity is between 
Projections of the Sphere of different Denominations, or rather 
that they are all but the ſame Thing in different Views, and all per- 
formed by the ſame Rules. It is hoped the Reader will, fron 
the Method we have here taken, have a clear Idea of the Rativ- 
nale and Praxis of this moſt uſeful Branch of Science, 
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1942. THE Way or Cours of a Ship; is on the Surface 
1 of a GLosx ; and therefore the ſhorte/? Way from 
one Place to another, is in the Arch of a great Circle; and when, 
a Ship is conducted on ſuch art Arch, it is called Ourhopno- 
MICs, or GREAT CIRCLE SAILING. 

1943. This Meth& of Sailing, were it eaſy and convenient, 
would certainly be the Yet of all others; but fince a great Circle 
makes different Angles: With the Meridians it paſſes over, there- 
fore the Line of the Ship's Cotrſe will be perpetually" varying; 
and there will be no conſlamt Rule for her Conduct. But for eye- 
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is; it will croſs every Meridian under equal Angles, while the 


ry ſmall Diſtance ſhe fails, a new Calculation for the Angle of 
the Courſe muſt be made, and this would render Navigation ex- 
tremely difficult and perplexed. 

1944. The eaſieſt Method, therefore, of Sailing, is to ſiec 
her Courſe in ſuch a Manner, that it ſhalt every where make the 
ſame Angle with the Meridians ſhe paſſes over; and then there 
will be a conſtant Guide to direct her Progreſs, viz. the Cou- 
PASS Box and NEEDLE, 

1945. For ſince by the Property of Magnetiſm, the Needle 
does in every Place make a given Angle with the Meridian, if a 
Ship be ſteered upon a grven Point of the Compaſs, the Courſe 
will always make a given Angle with the Meridian alſo ; that 


Needle continues in the ſame Poſition with regard to the Meri 
dian. 

1946. But if in different Places, the Needle makes different 
Angles with the Meridian, that is eaſily diſcovered by the Man- 
ner, and the Quantity of its Variation obſerved, and then the 
Navigator can readily keep the Ship's Courſe ſtill upon the 
ſame Point of the Compaſs. And this is the moſt ern 
of the Art of Sailing. | 

1947. Therefore it will be 8 to enquire into the Na. 
ture of that Line which a Ship deſcribes in her Courſe, or which 
interſects all Meridians under equal Angles, and is, uſually cal- 
ed the RHUMB, or Rhumb-Line. It cannot be a Right-line, 1 
being on the Surface of a Globe; it cannot be a Cirde, as we 
have ſhewn (2.) it muſt. therefore be a particular Curve which 
conſtantly approaches the Pole, and by cutting each Meridian 
under the ſame Angle, it muſt make perpetual Gyrations about 
the Pole, but can never terminate in it. The Ravms, there- 
fore, or Ship's Courſe, is of that ha of Curves called Si- 
RALS, 

1948. Of SPIRAL, there are many different Sorts, one d 
which is called the Equiangular or Logarithmic SPIRAL 3 and 
this is the Nautical SpiRAL, or RRUMB-Lixx, as we hal 
here demonſtrate. Let E Q be the Quadrant of a Circle, f 
the Center, and PE, PA, PB, PC, ſeveral Radii dran 
very near to each other, and equidiſtant; that is, let E A = 
AB = BC. Then let the eguiangular Spiral EW X be draw 


making 
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making equal Angles with the Radii every where; viz. ADE 
=BFD=CGPF, Cc. Then fince the Triangles DP E, 
FPD, GP F are equiangular, and therefore ſimilar ; we ſhall 
have EP: DP:: DP:FP::FP: GP, Cc. therefore EP, DP, 
FP, GP, are in geometrical Proportion; while their correſpond- 
ing Arches EA, EB, EC, are in arithmetical Proportion; 
wherefore the latter are Logarithms of the former, (140) that is, 
AE is the Logarithm of the Ratio of DP to EP; and BE is 
the Logarithm of the Ratio of FP to EP; and CE, the Lo- 
zarithm of the Ratio of G P to E, and ſo on. Therefore the 
Curve E W X is the Logarithmic SPIRAL, 

1949. Let a Tangent LV be drawn to the Curve at L, and 
draw the Radii PLH, PMI, PNK very near to each other, 
and from the Points M, N, let fall the Perpendiculars MO, 
NR; and upon PH erect the Perpendicular PV to interſect the 
Tangent in Vo Then becauſe the ſmall Triangles LMO, 
MN R, are ſimilar, we have LO:LM::MR:MN::LO, 
+MR:LM+ MN::LP:LWX::LP: LV. There- 
fore the whole Length of the infinite Spiral LW X is equal to 
the finite Line LV. 

1950. From P take any Diſtance PW, and deſcribe the 
Arch of a Circle WS Z, and at S erect the Perpendicular 8 T, 
cutting the Tangent in T, then in the ſame Manner it is ſhewn 
that the intercepted Part of the Spiral L W is equal to the right 
LineLT, and of Courſe the remaining Part WX is equal to 
TV. <3 ONES j | | 

1951. Now let the ſame Figure repreſent the common ſereo- 
graphic Projectian of the Surface of the terraqueous Globe on the 
lane of the Equator, of which E Q is a Quadrant; P the Pole 
of the World; HP, IP, K P, ſeveral Mer:dians; and L WX, 
the Rhumb- Line, or Ship's Courſe, making equal Angles with 
them all, Then let HL be a given Latitude, and LP will be 
equal to the Tangent of half the Complement of that Latitude (1698, 
1926); and a Ship paſſing from L to M makes her Difference of 
Longitude I H, Departure MO; and Difference of Latitude LO. 

1952. Then it is evident, that the Differences of Longitude A E, 
ZE, CE, are Logarithms of DP, FP, GP, the Tangents of 
balf the Complements of the Latitudes AD, BF, CG; and H E, 
IE, K E, are Logarithms of LP, MP, NP, the Tangents of 

M m 2 half 
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half the Ca- Latitudes of the Places L, ond and N, in M to th 
Radius PE. | 


1953. Then, ſuppoſe a Ship fails from the Latitude L 40 


 Rhumb EL M W to the Latitude M in the Parallel M O (Fig 


2.) the Logarithm of the Ratio of MP to EP is the Arch 5 
but if ſhe ſails on any other Rhumb L w, ſhe will come to the 
ſame Parallel in the Point (n,) and then the Logarithm of the 
ſame RatiomP(—MP) to EP, will be the Arch i E. Conſe 
quently as there may be an Infinity of Rhumbs ſuppoſed to be 
drawn through the Point L, there will be an infinite Variety if 
Scales of Logarithms to be found in the Arches of the Equator for 
expreſſing the ſame Ratios, 

1954. In failing on the ſame Rhumb LW, (Fig. 1.) it is, 
as Radius to the Secant of the Angle of the Courſe OL M, fois, 
:LM::MR:MN::LO + MR:LM+MN::LP: 
LWMX; ſo is the Arch of the Meridian equal to the Co-Latitud, 
to the Length of the whole Spiral or Rhumb from the Latitude or Pin 
L. For the Triangles LM O, MNR, are equiangular and 
ſimilar. | 

1955. Hence if LO M R, then LM —= MN; therefore 
the Length of the Rhumb between any two equidiſtant Parallels is th 
ſame; or the Length of the Rhumb LM is always proportioned 
to the Difference of Latitude wO. For LO: BS: LM: 
LW. (1950.) i 

1956. Again, as Radius to the n of the Cour 
OLM, oLO:MO:: MR:NR::LO + MR:M0 
+ NR: LP or Co-Latitude, to the Sum of all the indefinitely 
ſmall Arches of the Parallels, or whole Departure made i in fi. 
ing obliquely from one Meridian to another. 

1957. Hence in very ſhort Courſes, where the Diftaicol 
ed L M, and the Difference of Latitude L O may be eſteemed 
rectilineal ; we have Radius to the Tangent of the _ fois Di 
ference of Latitude L O to the Departure M O. 

1958. In ſailing on different Rhumbs L M and * to the 
ſame Parallel MO, (Fig. 2.) it will be as the Tangent of the Caſe 
ML O ts the Tangent of the Courſe mL O, ſo is the Departure 


'M © to the Departure m O, and fo is the Difference of Lat 


gitule HI to the Difference of Longitude H 4. 
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1959- And hence it appears, that the Differences of Longitude 
made 1 in Sailing upon tuo different Rhambs LW, and Lw, are as 
he Tangents of the Angles, which they make with the Meridians ; 
1nd therefore the Differences of Logarithms (IH, iH), of the 
ame Ratio (viz. of MP or mP to EP) in the two different 
Scales appropriate to the two Rhumbs, will be likewiſe as 
thoſe Tangents reſpectively. 

1960. In very ſhort Voyages, the ſmall Triangle LM O 
nay be eſteemed Right-lined, and uſed as ſuch without ſenſible 
Error, becauſe a ſmall Portion of the Surface of a Globe, near 
$000 Miles in Diameter, will differ inſenſibly from a Plane. 
Hence all Caſes of Sailing (except that for the Longitude) are ſolv- 
ed by a ſimple plain Triangle, this is therefore called PLATIN SA1L- 
Inc, Whoſe Principles we have now premiſed. 

1961, But when the Length of Voyages makes it neceſſary 
to conſider the ſaid Triangle really as it is, viz. a curvilineal One 
throughout 3 and that every Part conſiſts of a Curve of differing 
Species, viz. L O the Arch of a great Circle; M O, the Arcty 
of a ſmall Circle ; and LM the Arch of a Spiral, it will eaſily 
appear, that under ſuch Circumſtances it will be no eaſy Mat. 
ter to reſolve Caſes of Sailing on the Surface of the GLoBe it- 
ſelf, or by the Globular Chart. | 

1962. Therefore to facilitate the Praxis of ſo excellent and 
neceſſary an Art, Methods have been contrived to delineate the 
Surface of the Globe on a Plane, in ſuch Manner, that all the 
Calculations relative to NAvIOATION, ſhould ſtill be ſubject to 
plain Trigonometry, and yet productive of Accuracy and Truth 
beyond all neceſſary Degrees. | 

1963. To illuſtrate this Affair, let C (Fig. 3.) be the Center 
of the Globe; P, the Pole; AP, BP, two Meridians ſtand- 
ing on the Arch of the Equator QR. Let ED, S T, be Ar- 
ches of Parallels whoſe Radii are DO, TV. At the Points 
A, B, are erected the two Perpendiculars or Tangents A M, 
DN; and through the Points E and D, are drawn the Secants 
GC, FC. Then is the Arch of the Parallel ED thereby pro- 
jected into the Right- line G F on the Plane between the two 
Tangents. Therefore GF = AB, in the ſame Manner the 
Arch ST is projected into MN = AB, all which is evident 
from the Doctrine of Gnomonical Projeftion (17 38, Sc.) 

7964. 


1964. But theſe Arches ED, 5 T, are when c * 


the correſponding Arch AB of the Equator, as their refpeQive 
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Radii DO, T V to the Radius A C of the Globe. Or ABA 
to E D, , Radius to Co- Sine of the Latitude; for D O is the 
Sine of DP the Complement of the Latitude B D or AE. 
1965. Again, the Arches ED, ST, are to their Projection 
GF or MN, as E Cor SC, to OC and MC; or they are m- 
larged in Proportion of the Secant of the Latitude to the Radius, 
1966. Suppoſe a Ship ſails on the Rhumb A D L from A te 
D; then is A E the Difference of the Latitude, A B the Diffe- 
rence of Longitude; the Angle EA D the Courſe; AD the 
Diſt:nce ſailed ; and D E the Arch of the Parallel at D. Now 
it is required to delineate this mixtilineal Triangle A E D ona 
Plane in ſuch Sort, that all the Parts may have the ſame Ratio if 
Magnitude and a as they now have on the Wer of the 
Globe. 
1967. In order to this, it muſt be cables, that in what- 
ever Proportion any one Part is altered by projecting the Trian- 
gle EA D on the Plane AMNB, the other Parts muſt be al- 
tered in the ſame Ratio, to produce Similarity, and thereby to 
keep the given oſitions of all the Parts to each other. But by 
the Projection, the Part or Perpendicular ED is enlarged to 
G F, in the Ratio of EC to GC (1965.) and therefore the Side 
or Baſe AE mult be enlarged in the ſame Proportion on the 
Than AM. et 
1968. Now it is evident, the Arch AE deſcribed with he 
Radius A C is to the Arch G K deſcribed with the Radius GC, 
as Radius to the Secant of the Arch A E, or Angle ACE; i 
therefore in the Right-line AM, we take AH equal to the 
Arch G K, and draw HI parallel to AB (or Chord of the 
Arch AB) and draw the diagonal AI; we ſhall have the right- 
lined Triangle on the Plane, every Way ſimilar and proportional 
to the Triangle EAD on the Globe: Foritis HI(=GF) 
ED :: GC: EC:: AH (= GK):AE:: AI: AD. 
1969. Hence the Angle of the Courſe H A I is the very ſame 
as the Angle EAD on the Globe; and therefore the Poſition 
of the Point I with regard to the Point A in the Plane, is the 
very ſame as that of the Port D in reſpe& of the ſame Point Aon 
the Globe; fo that the Ealing or Meſting on a Rhumb A D mak- 
ng 


1 
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ing any Angle EAD with the Meridians, is truly preſerved 
nd repreſented in the, Triangle H A I in Plano; and conſequent- 
ly the whole Affair of Navigation is by ſuch a Projection reduced 
to the Solution of a plain right-angled, Triangle, and thereby be- 
comes a very eaſy Taſk as far as Calculations are concerned. 
and this Projection of the Surface of the Globe on a Plane, is 
called MERCATOR's PROJECTION, or CH Rr. 


* 


e 
The TuxoRY of NAvIGATION by 4 TaBLE of 
Logarithmic TAN GEN TS demonſtrated. 


1070.1 ET Radius of the Equator PE = » (Fig 1.) the 
Latitude of the Place HL = z; the Radius of the 
Parallel at L = x; and the Longitude or Arch of the Equator 


EH =y; then will HI =; and LO=a ; and we have 
PH: PL:: 7: 1 : — Ln, the Fluxion of the Parallel 
u L. And putting t Tangent of the Angle LMO or 
LM m, we have Ln: m M ;:= : =: tt or, Whence — 
j tz ris ans k 
2; and ſo—=5; and g. | 2 
1971. To conſtruct this Equation, let the quadrantal Arch 
of the Meridian be extended into a Right- line AB (Fig. 4.) ; at A 
ere a Perpendicular AC = t; and make AD =z, the Lati- 


tude of the Place; upon D erect the Perpendicular DE, which is 
wAC= t, as 7 to x, fo that it may be every where DE — 


t | ” C 
=; and thus by conceiving Perpendiculars to be raiſed on every 


Point of the Meridian A B, we ſhall have the Curve CEH 
produced, and of ſuch a Nature that the curvilineal Space 
ADEC, divided by Radius, will be equal to the Arch of the 
Equator expreſſing the Longitude E H made in failing from the 
Equator E to the Latitude Z on the given Thumb ELW 
(Fig. 1.) | 5 


6 1 o '4 vw * — a>. * 
X - - 2 . . — — — * ry - 
— — = —— — — >. — Ww ———— — * "= — —ñ— — — 
1 N - ” —— N — — 
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1972. For let de be drawn infinitely 


and parallel y 
DE; then AD = 2 2, and D A 45 and DE X Da =! 


— rj (1970.) But the Fluent of = j is the 9 A Dre, 


ADEC 
and that of rj is ry; therefore —== the La 


upon the Courſe EL. 


AF GC 


1973. After the ſame Manner we have = = the Lon- 


gitude anſwering to the Latitude AF upon the * Cour 
2 E 


Conſequently SE = the Difference of Longitude corre( 


ponding to the Difference of Latitude D F upon the fame 


Rhumb. 

1974. It is eaſy to conceive the "i A D E C, and its 
Fluxion D E ed may be transformed into equal rectangular dps. 
ces or Parallelograms, as AI K C, and IK * and becauſe | in 


this Caſe IK = AC=t, therefore 14 D which is 0 De 


= r 28 7 to x, that is, as Radius to the Co-Sins of the Latitude 
or as the Secant to the Radius. But this is the Proportion of the 
protracted Arch to the Length of the natural Arch of the Mer. 
dian (1967, 1968.) And ſince AD is the Length of the Jatter, 
AI will repreſent the former, vis. the enlarged meridional Art, 
uſed in Mercator's Chart, (1969.) 

1975. Hence ſince the Refangle AIK 2 = A X Ace 
ry, or, (putting AI = Z,) Zt ry, therefore : 111 2Zz », 
or Radius is to the Tangent of the Courſe, as the protratted Arth v 
Degrees of — is to the Arch Tele 1 Fer expreſſing the _ 
tude. 

1976. . when the Rhumb- or Spiral ELW inet, 
the Meridians at an Angle of 45 Degrees, we have r t; and 
then z = y; the Degrees of Latitude, therefore, in the protratied 
Meridian of Mercator's Chart, are a SCALE of nene 

failing upon a Courſe or Rhumb of 4.5%. 


1977. Becauſe r: K:: 8: 7 (putting 8 — . 


INE t iSs 
tude) herons — , an and ſo — = = = =73(1970); wn 


when 


De 


2 
te 
eri 
ter, 
ſri, 


W= «© . 
s = 


EE E- 


2 
8 


BD ET. 
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2, as in Caſe of the Rhumb of 45 then Sz =r 5; and 
= I, as in the Canon of natural Sines, Tangents, and Se- 
cants; then Sz ; whence it appears, that the Fluxion of the 
Lngitude (5 ) is equal to the Fluxion of a. Space or Area conſiſt ing of Se- 
ents ſucceſſively erected on the fluxionary Points & of the Meri- 
lan. . I 
1978. Becauſe & is conftant in the Equation Ss = 5, we 
have 8 = 5, or the Fluxion of the Longitude (3) will be as the 
variable Secant 8; and ſo the Sum of all the Fluxions or the 
Longitude itſelf, will be as the Sum of all the Secants to any given 
Latitude. And hence the Reaſon why Mr. Mrigbt took this Me- 
thod to conſtruct his Line of meridional Parts, viz. by the con- 
fant Addition of the Secants, as they are found in the Canon. See 
his vulgar Errors in Navigation corrected; where the nautica 
neridian Line firſt made its Appearance. | 
1979. It has been ſhewn, that the Hurion of the Logarithm of 
my Number is equal to the Fluxion of the Number divided by the 
Nunber itſelf (849). But the Longitudes are Logarithms of 
the Tangents LP, MP, Fc. to the Radius EP (1952) ſuch a” 
Taugent therefore is a Number, which put = u; then, when 
1=1, we havetSz = j = - (1977) which gives nj = $5 
nd therefore 1: # 1: 5: 5 Or PH (PE): PL:: IH: LN 


(Fig, I.) , ' ; ", 
1980. And alſo, when f = 1, as upon a Rhumb of 45, we 


have 8 & = 75 whence it appears, that the Fluent of S &, which 
un Arch of the nantical Meridian, (1978) is equal to the Fluent 
if =, or the Logarithm of the Tangent of half the Co- Latitude of that » 


hb. Therefore the whole nantical meridian Line is a Scale of 
Lyarithmic Tangents of the half Complements of the Latitudes, upon 
that Rhumb which makes an Angle of 4.5* with the Meridian. There- 


bore this we ſhall call the nautical Scale of Logarithmic Tangents. 


1981. But it is evident from the original Equation EE 
S Longitude E H, or Logarithm of the Ratio of PL to 
PE (192. ) that the Logarithm of the ſame Ratio will be vari- 

Vor. II. N n | able 
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1 able according to the different Values of r, or the Radius of the 
| Globe PE. For HI is the Logarithm of the Ratio of the Tu- bauer 
gent PL to Radius PH or PE, when r = PE = 1, and te ere 
Angle ML O = 45%. But if 1 or PE be expounded by iyti 
| any Number leſs or greater than Unity, it follows, that the 
Length of HI = y will be encreaſed or diminiſhed in the ſame put th 
Proportion; for the Area A DE C en conſidered as con- NM int 


ſtant, the Logarithm (y) will be always as = or inverſely as th 
Radius, | | reſpe© 


| 1982. From the fluxionary ts =r 3 (1970), it 
appears that near the Beginning of the Rhumb Line in the Equs- 
tor, where x = r, that Equation becomes ts r, and then 7: 1 f 
::£:5. And therefore upon the Rhumb of 45%. where t =", Wc 1 
we have & = j. Therefore the Fluxion (5) of the Logarithm if Wo =") 
the Ratio of the firſt mean proportional Tangent to the Radius is equi iſ H 
to the infinitely ſmall Difference (=) between that proportional au 

4 | 9 

1983. Hence if Radius PE = x (Fig. 1.) and the firſt Pro- 
portional be PD 2 1, the ſecond PF 1—s  thethir 
PG =I, Cc. then will the Logarithms be AE i, 
BE 2, CE = 3, &c, therefore 1—#" is any Propo· . 
tional 1 — z, and its Logarithm is 14. But ſince 1—#' = 


1 — 2, itis\/1—z t- z'; whence 1— 1: 
* * = &. But by the Netutonian Theorem for extracting the Roots en + 


| * 
of Binomials (306) we get — 5 I —. 5 X — 5 * 


2 72 &c, or X + 72 +32 +42 + 727, & 


Vier 
be Re 


W =; whencez + 4E 8 > 1 44 
2, Cc. = nz = Logarithm of the Number 1 — z. 


8 

1984. This Series is the ſame with that derived from the Hy "ug 
perbola (829), and when computed in Numbers gives 2302555 Now t 
for the Logarithm of the Ratio of 10 to I, or of I to o, 1. Cor Bi B 


ſequently 


Ore (; 


* 
F 
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kquently 2302585 = nz; or ſo many mean Proportionals 
there are in the Ratio of 10 to 1 in this Scale of Is CEE: 
which are thoſe firſt invented by L. Neper. 

1985. But in Practice it was found much more convenient to 
pt the Logarithm of the Ratio of 10 to 1 = 1000000 — _ 
15in the common b Canon. Hence we have n:n: 
1302585 : 1000000 : : 0,43429448. Theſe Numbers, 
therefore expreis the Ratio of the Logarithms in each Syſtem 
eſpectively. 

1986. From what foregoes, it appears, that the infinite Series 
ut now found, anſwers to the Space ADEC = y (1972) 
wheny = 13 and ar y = the Length of the nautical Meri- 
fan for the Latitude z. Then putting R for the Logarithm of 
he Tangent of 45 or Radius, and T for the tabular Tangent 
of any other Arch, as that which ee half Co- Latitude 
| HL; we have, as EP: LP:: 1: 1— 2 = natural 


34 1 
Tangent of 2 LP. Therefore the Ratio of — 3 


but the Logarithm of - ” is equal to the Logarithm of Radius 1 
ls the Logarithm 4 t. That is, the tabular En of 
Rr. | _ 


1987. But the tabular Laid of any Ratio is to Neper's 
Logarithm of the ſame, as 1 to 2, 302585 (1985); therefore 
&— T 2,302 585 = the Length of the protracted meridi- 
2 Arch HL = x, in the Scale of Neper's Logarithms. Put 

= 2,3025885, and 7 = Logarithm Tangent of any other 
— as that of : NP. Then becauſe NR —NT is the 
Length of the Arch HL, and NR —NT is the Length of 


he Arch KN, we have NT —NT=T—T x N, the 

Viterence of the Latitude L and N * in Parts, of which 
te Radius EP is 1. 

1988. If the Radius be expreſſed in Minutes of a Degree, 
hen the pratracted meridian Arch will be had in Minutes vikewiſe. 
Now the Circumference of a Circle is to Radius as 6,28318 to 
But in that Circumference there are 360® or 21600 there- 


ve ſay, as 6, 28318: 1:: 216007: 343,747, which is the 
Nn 2 Nun 
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Number of Minutes in the Radius. Put this Number 3437743 


=m; then N x T—7 will expreſs the Length of the Dif. ] 

ference of Latitude in Minutes of the pratrafted Meridian; and 

thus a Table of meridional Parts or Minutes, may be computed i 
| | ] 


from the common Table of logarithmic Tangents, . Fg 
- 1989. For Example, let it be required to find the meridional 
Parts in the Arch of the Meridian contained between the Tropic if 
Cancer and the arctic Circle. Then the Latitude of the Tropic 
is 235 307%, its Camplement is 66* 30%, and the Half thereof is 
33? : 15*, whoſe logarithmic Tangent is 9,816658 = Tj; the 
Latitude of the arctic Circle is 66® : 300, its Complement 27: 
305 and the Half of that 11“: 45% whole logarithmic Tan- 
gent is 9, 318064; then T—T = , 498594; and N = 
79 15, 704; therefore mN x I- = o, 498594 * 7915,04 
= 3940, 722, the meridzonal Parts or Minutes in that protracted 
Difference of Latitude. - Le N dae "5-60 | 
1990. As in all Circles, the Rad; PA, PE, PI, (Fig. 6.) are 
proportioned to ſimilar Arches in their Peripheties A B, EF, IK; 
and as thoſe Arches are Logarithms of the Ratios of DP to AP, 
GP to EP, LP to IP, in failing on the Rhumbs AN, EO, 
IQ, making the fame Angle with the Meridians in all.; there- 
fore it follows that the Rad! are the Modules or conſtant Expreſ- 
ſions of the Ratio of the Logarithms pertaining to their ſeveral 
Peripheries or Syſtems reſpectively. Thus if IP be Radu or 
the Module for the Logarithms of Neper's Sort, and be expreſ- 
ſed by Unity, then the Module or Radius for the Logarithms of 
the common Tables will be 0,4 3429448 = EP (1985) and 
then if the Arch I K be Neper's Logarithm of that Ratio of 10 
to 1, EF will be the Logarithm of the ſame Ratio in the tabular 
Syſtem. So that if IK = 2, 302585, we have EF:2 3. 
1991. Again, if AN be the Rhumb which makes an Angle 
of 45˙ with the Meridians, and A B an Arch of one Mime: 
then making AC = AB, we have A BDC a Square, and DC 
—AC = AB; and ſince the Radius AP is in this Caſeto be 
conſidered as divided into Minutes and equal to 3437747, (198d) 
which is but a Part of PI; the ſaid Radius PI, if it be divided 
throughout into the ſame equal Parts or Minutes, will contain 
juſt 10000. For IP: AP 3: 1: 0,3437747s Which therein 
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is the Module for the Syſtem of Logarithms pertaining to the 


Rhumb of 45˙, or the nautical meridian Line. 

1992. The Modules, therefore, or Ratios. of the hw Sy- 
ſtems of Logarithms are theſe, viz. for Neper's Logarithms 
PI = 1,000000 ; for the Tabular or Brigg's Logarithms PE 
— 0,434294 ; and for the nautical Logarithms we have PA 
2 „34377 5. Therefore if E O and I Q. be the ſame Rhumb 
of 45%, then by making EH = EF; and IM = IK; the 
Triangles ACD, EHG, and! M L will be ſimilar; and we 
have AC: DC:: EH: GH:: IM: LM. 

1993. Hence becauſe AC = AB ==/1 Minute, 'we have as 
0,343775 * 1 (::PA:PI::AB:IK):: 1: 2,90888 = IK. 
And this is the Meaſure of the natural Sine and Tangent of 1 Mi- 
nute in the Tables. Again, AP: EP: 0.34377 5:0, 434294 

: (AB: EF: :) 1: 1, 2633114 = EF, the Logarithm of the 
lame Ratio in Brigg's Syſtem. 

1994. Since then the Logarithms of the ſame Ratio pertaining 
to the ſame Rhumb, are expreſſed by the different Numbers 1, 

1,263, 2,909, in the tfiree different Syſtems above-mentioned. 
It is eaſy to conceive, that upon different Rhumbs in the ſame 
Syſtem, the ſame Numbers will expreſs or be the Logarithms of 
the ſame Ratio. For let PI be Radius = 1; and take Ic = 
AC, and Ig = EH, and draw the Parallels ce and gi; and 
the Squares Icab = ACBD, and IG f = EHGEF; then 
it is Ic: ca::Ig:gh:: IM: ML = ce; whence Ic: IM 
ca: ce:: 1: 2,909::: Tangent of 42 Ir = 45* : Tangent of 
Ie =71*: 17: 42%, And therefore if a Ship fails on the Rhumb 
Je! making that Angle with the Meridians, Neper's Logarithms 
will be a Scaleof logarithmic Tangents of the half Co- Latitudes every 
where, 

1995. In the ſame Manner we have Lc: Ig: ca 25 = cd, 
that is 1: 1,2633 :: Tangent of alc = 45* : Tangent of dI'g 
51 387 9%. Conſequently, if a Ship fails on a Rhumb 144 
making that Angle with the ee Js becauſe cd = E F) 
the Hgarithmic Tangents, in the common Canon, are thoſe which 
every tohere expreſs the Ratio of the Tangents of half the Co- Latitudes 
to Radius; and therefore the Difference of the logarithmic Tan- 


gents of the half Co- Latitudes will be as the Difference of Longitude 


c 
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lere to the given Difference of Latitudes an the Riu o o 
51 38" 9. 

1996. But this Difference of logarithmic Tangents or Lon- 
gitudes, is an Arch of the Equator, whofe Radius, or natural 
Tangent in the Tables, is 1. Therefore, putting Tt * 
this Difference of logaritbmie Tangents (1987) we muſt fay, a 
©,4 34294 : 1: 4342.94: 190007 = Minutes of a Degree in 
the Radius or Arch = 1 (1990). Then lay, as the Arch 1: 
10000:: IT: E=, * 10000, = Minutes of Degree 
in an Arch of the Equator expreſſed by N 

1997. Hence the principal Caſes of Mertator's Sailing . 
vable by the common Tables of logarithmic Tangents; for if 


The 
the Difference of Latitude be given, the Quantity T =T x 41 
bent 
wil 


10000, or Difference of Longitude correſponding thereto on the 
given Rhumb of 51 38” 9 will be known alfo; and then, if 


the Difference of Longitude be given on any other Rhumb or , 
Courſe, the Tangent thereof will be known likewiſe. F or, as IF 


the Difference of Longitude 1 —T * 10000 is to the conflant' Tan- 


gent of 51* 387 go”, Je is the given Difference of Longitudes.to the 
Tangent of the Courſe on which the Ship Jails (1958, 19 59). 


1998. From the fuxionary Equation * = 75 (1970) it 
appears, that upon the Rhumb of 45 > 50 {= . 7, the Equa- 


tion == = J, will then expreſs the Fluxion of the nantical meridian 

Line, which in its naſcent State, or very beginning (where x r 

will become E, or the Fluxion of the natural Meridian it- 
felf. 

1999. Now the PTY meridian Line 
begins from the Radius with the natural 
Meridian; but the artificial Line of Tan- 
gents begins from the Tangent of 45. 
But the Fluxionziscqual to 3 :,, or half the 
Fluxion of the Tangent of 45, as is thus 
ſhewn. On the Center C deſcribethe Cir- 

cle DBE, and draw the Tangent DP, 


F. B. Fig. 7. was forgot to be put in the Plate, and is here added. 


— 
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the Secant CP, and infinitely near it C T; and deſcribe the 
mall Arch PQ. Then put Radius CD r, DPS :, DB 
=z, TP =;i, Bb =; and by ſimilar Triangles we have 
TP:QP:: CP: CD; and PQ: BS: CP: CB = CD, 
Therefore TP: Bb :: CPI: CD. That is, rr + tft: rr 
7: E; and when , then 2: I:: f: E, or; =28%. 

2000. Becauſe æ is the Fluxion of the nautical Meridian 
(1998) it is the Flaxion of the logarithm Tangents proper to the 
Rhumb of 45 (1980). And fince the Fluxion of the Loga- 


rithm of any Tangent i is - =» therefore when ſuch a Tangent be- 


comes equal to Radius, go Dr, then the Fluxion of its Loga- 
rithm is barely ; but we have ſhewn that in ſuch a Caſe i ='28. 
Therefore the Fluxion of nur artificial Line of logarithm Tangents is 
duuble the Fluxion of the nautical meridian Line of logarithm Tan- 
gents, And, ſo the Fluents or Degrees of logarithm 3 in one 
wil be double to thoſe of the other every where. 

2001. Hence it appears, that any Line of artificial Tab 
is the ſame with the nautical meridian Line, if we tale every bag 
Degree for a whole one, and number them according, Hence any 
ſuch Line of logarithm Tangents may be uſed or ſubſtituted for a 
Line or Table of meridional Parts, and all the Problems of Merca- 
tr's Sailing are ſolved thereby. The Identity or Coincidence of 
theſe two Lines is repreſented in the double Scale (Fig. 8. ) where 
ABis the common Line of artificial Tangents, and CD the 
nautical Meridian ; one to 25 Degrees, the other to 50. | 


C HAP. II. 


The different Spxciæs of Loxodromic SAILING, 
deduced from the preceeding TazoRY, and illu- 
ſrated by proper DIAGRAMS. 


3 a particular Conſideration of the Nature of what 
is called Departure will reſult another Species of Navi-- 


gation called MippIE LArrrupk SAILING. It is evident, by 
In- 
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Inſpection (Fig. 1.) that which is called Departure is only the 
Arch of a Parallel contained between two Meridians, as PH, 


PI, paſſing through the two Latitudes L and M; and is al. 
ways to be reckoned in that Parallel to which the Ship arrives, 
Thus if ſhe ſails from L to M, the Departure is is the Arch MO, 
paſſing thro the Latitude M. But if the Ship ſails from M 1 
L, then the Departure is the Arch Ln, ſo that there is in Re. 
ality, two different Departures belonging to the ſame Courſe, 


Diſtance, or Difference of Latitude. 


2003. Therefore to avoid all Ambiguity and F alacy i in Sail 
ing, it is neceſſary to make conſtant Computations of the De. 
parture upon Parallels fo near together, that the Arches M 0 
and Lm may differ but by an infinitely ſmall Quantity, or that 
the Triangle LO M may be eſteemed rectilineal; and then we 
ſhall have the ſeveral Departures MO, N R, &c. .computed 
as they riſe in paſſing over the ſeveral Meridians, as from L to 

M, from M to N, &c. till at laſt the Ship arrives at ſome Diſtant 
. W in Latitude QW, and the Sum of all theſe Departures 
will be the whole Departure made in the Voyage from Lto W. 

2004, But ſince the particular Departures M O, N R, &c. 
proceed continual decreaſing from L to W, tis evident their Sum 
will be greater than W S, which is the Sum of the ſame Num- 
ber of Departures each of them equal to the leaſt of thoſe made 
in the Voyage. And on the other Hand if the Ship ſails from 
Latitude. W to Latitude L, the Sum of all the particular De- 
partures will be the ſame as before, but Jeſs than the Arch Y L, 
which is the Sum of the ſame Number of Departures, each equal 
to mL, the largeſt of thoſe made in the Voyage. 

2005. Conſequently, the Departure made in the Voyage from 
L to W, or from W to L, being the ſame ; and conſiſting eve- 
ry where of Quantities equidifferent, the greateſt and leaſt of 
which areas LY toWS; the Sum of all the Departures will 


- 3 Ah de the og 


be a Mean between the two, or as 


' reſponding Parallel, or mean Arch of ths middle Latitude-He 


(136), which therefore will nearly repreſent the whole De- 


parture of the Voyage either _ . the two Ports L 
and W. (318.) 


, 
* 


PET ESEoES5 


FS > 


L 5 


Of NAv1GATION. 281 


2006. Hence we deduce this fundamental Theorem, The Co- 


Sine of Middle Latitude P e is to Radius P H as the Departure de its 
u the Difference of Longitude HQ. Note, If + the Sum of the 
Co-Sines of the Latitudes L and S be taken, it will be nearer the 
Truth than the Co-ſine of Middle Latitude. 

2007. Put Radius = R; Middle Lat. = M; nee = 
D; Diff. of Lat. L; Diff. of Long. = G; the Angle of the 


Courſe = C; and Diſtance run = S. Then by the laſt, we 


havecs M: R:: D: G; and by (1957) it is R: t C:: L: D. 
Therefore R x D= MN GS t CX L, which gives 
this Theorem, the Co-Sine of Middle Latitude is to the Tangent ef 
theCourſe as the Difference of Latitude is to the Difference of Longitude. 

2008. Then becauſe the Diſtance ſailed LM is-to the De- 
parture M O, as Radius to the Sine of the Courſe ; that is, as 


| $:D::R:5sC; wehaveR x D = C xS=c5M x G; 
which gives this Theorem, as Co- Sine of Middle Latitude is to the 


Cine of the Courſe, fo is the Difiance run to * E of Len. 

tude, | 
g 2009. Having thus premiſed the Principles of each Gpecies5f 
Sailing, we ſhall illuſtrate the ſame by Figures adapted to them 
ſeparately. And firſt, as to PLAIN SAILING, we have ſhewn 
(1957, Ec.) that it conſiſts only in the fix Caſes of a plain right- 
med Triangle; which therefore let be denoted by ABC (Fig. 9.) 
in which A C is the Di ference Latitude; A B, the Departure; 
BC, the Diſtance failed; and A CB, the Angle of the Coutſt'; 
any two of which being known, the reſt a are found by pls Tri- 
gmemetry (711 to 716.) i bn 

2010. MERCATOR's SAILING has all its Caſes expreſſed i in 
two ſimilar Triangles in one Figure, viz: ACB and DCE 
(Fig. 10.) in which AC is the Length of the Arch of the Meri- 
dian in proper or natural Degrees of the Latitude, or Difference 
of Latitude between two Ports. CD is the ſame enlarged ac- 
cording to (1968) and is called the meridional Difference of Lati- 
tude, AB is the Departure. DE the Difference of Lengi- 
tude, CB, the natural, and CE the enlarged Diſlance run, and 
C the Angle of the Courſe. Here are allo fix Varieties or different 
Caſes of dailing from two Data, as before, 

2011. In MipprE-LArIruDE SAILING, two plain right- 
angled Triangles are alſo uſed, but not ſimilar ones, viz. A CB 

Vor. II, O o and 


i 
* 


— 


— — p 
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and DF E (Fig. 11.) in which AC=FD is the Diffrauy 
Latitude. AB the Departure, D E the Difference of Log 
CB is the Di fiance ſailed; ane I the Angle of the Courſe. 

of theſe being giyen, the others are found by the 3 
above (2006, Sc.) 

2012. But that the Reaſon of this complex Figure of Triangle 
may appear, it is to be obſerved, that if & H be drawn paralle 
toABorDE, it will be the Tangent of the Courſe C, and GF 
the Co- Sine of the Middle Latitude to the Radius CG. For on 
the Center G deſcribe the Semicircle CLN; and from L ſet 
ting off the Middle Latitude to M, we have M K the Sine, and 
KG = FG the C*Sine thereof; and therefore by ſimilar Tri- 
angles GFH, DFE, we have GF: GH:: FD: DE; 
that is, the Co-Sine of Middle- Latitude is to the Tangent of th 
Courſe, as the Difference of Latitude to the Difference of Longitude; 

as before in (2007). 

2013, Again; we have CG: GH: CA: AB; and GF 

GH:: DF (= AC) : DE : conſequently it is GF : CG 

: AB: DE, or Co-Sine of Middle Latitude to Radius, as the 
—2 fo "the Difference of Longitude, agreeable to (2006). 
And ſo of the other Theorems. 

2014. Another Species of Navigation, is called, PARALLEL 
SAILING ; which conſiſts in conducting the Ship due EasT or 
West upon a PARALLEL to the Equatof, The Diagram by 
which this is repreſented, is that of Fig. 12. Where P is the Pole 
of the World; PC, PD, two Meridians; GH an Arch of 
the Equator, and EF a ſimilar Arch of a Parallel of Latitude. 
Then we have PC: CD:: PA: AB, or Radius to the Diff. 
rence of Longitude as Ce- Sine of the Latitude to the Diftance faileam 
the Parallel (1964). 

2015. This Sort of Sailing therefore admits of three Caſes 
only, viz. (1.) When AB and AP are given to find CD. 
(2.) When AB and CD are given to find PA. And (3) 
When AP and CD are given to find A B. All which is evi 


dent by "parton, 


CHAT: 
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CHA P. IV, 


fie TuroRY of NAvicaTIon by Logarithmic 
TANGENTS exemplified in a Solution of the — 
Caſes of SAILING by that Method. 


2016. A 8 all the above Methods of computing the Way and 
Courſe of a Ship conſiſt in the Solution of a plain 
reht-angled Triangle they require no Example; but the Man- 
ner of ſolving the Propoſitions of Sailing by the Tables of Loga- 
rithmic Tangents is not quite ſo common, nor ſo clear, in what we 
have had hitherto publiſhed on that Subject. It may be proper 
therefore to illuſtrate the Theory we have given by a Solution of 
ſuch Caſes in which the Longitude is concerned, eſpecially as it 
vill from thence appear that this Invention ſuperſedes the Ne- 
efity of a Table of meridional Parts, and is when joined with 
plain Sailing, a compleat Compendium of practical Navigation. 
2017. If we retain the Notation in 1987, Cc. and, more- 
over, put L for the Difference of Longitude, C for the Ship's 
— and G for the conſtant natural tural Tangent of 51* : 387: 


q; then we have this Analogy T—-T 10000: G:: L: 
tC (by 1997) which admits of three Caſes, beſides thoſe of plain 


aling, viz, 


2018. Castx I. 


| GxL 
1 * the Ship's Courſe; the Theorem is 17 F s 
tC. 


2019. CAsE II, | 
Given the Difference of Latitude and Courſe, to find the Diffe- 


race of Longitude; the Theotem is 3 
1 
2020. CAs E III. = 
Gwen the Courſe, and Difference of Longitude, to find the Difft® 
G 3 
me of Latitude; the Theorem is To = = T—Ts 
Ooz 2021. 


Given the Difference of Latitude, and Difference of Longitudes, 


T—T x 10000 x iQ. 
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2021, For an Example of the firſt Caſe, ſuppoſe a Ship ſail 
from the Lizard in Latitude 49® 55” North to Barbadoes in Lat 
13* 10 North; the Difference of Longitude being 5 3 oc, re. 
quired the Rhumb on which the Ship was ſteered ? 


The Solution of this Caſe is as follows: 
| Lat. Comp. Halves Log. Tang. 
Barbadoes 13 10 — 76 50 — 38 25 — 9,8993082 =T, 
Lizard 49 55 — 40 05 — 20 24 — 9,5620477 = T, 


The Difference is ͥ — T—T = 0,3372605 
Multiply by — 10000 


The Product is 1 —T x 10000 — = 3372,605 
Then the Tang. of 51* 387 o = G = 

12633210 2 10, 1015104 
Mult. Diff. of Long. L = 53* oO = 3 3.502421 


The Product is G I. — 3,6039378 


Which divide by T—-T Xx 10000 = PR” 
ee, 3 35279654 


The Quotient is the 
Tangent of 8 = 49597 107 — 10, oy 50721 


Courſe required 


2022. Then to find the Diſtance ſailed, uſe this Proportion 
of plain Sailing, viz. As Co-Sine of the Courſe is to Radius, (ur a 
Radius to the Secant of the Courſe) ſo is the Difference of Latitude 
AC to the Diſtance run CB = 3429,38 nautical Miles or 2 
nutes of a Degree. (See Fig. 9.) 

2023. Example to Cay IT. 

Suppoſe a Ship ſails from Latitude 49* 55/ to Latitude 13˙ 10, 
on a Rhumb or Courſe of 4950 10%; to find the Difference of Lu- 
gitude. The Solution will ſtand thus. (See Theorem 2019). 
Multiply T—T x 1000 = 3372-60 5 — 3,5279654 
By Tang. of the Courſe? C = 49 59/ 10% — 10,07 59721 


13.6393) 
Divide by conſtant Tang: G= = 5153879“ — 10,101 5104 


The Quotientis Diff of Long. L53500 — 21502427 


fail 
Lat, 


te · 
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Thus, by two good Obſervations of the Latitude and the 
Courſe ſteered, the Reckoning of a Ship's Way is beſt aſcer- 
ined, eſpecially if you fail near the North or South. 


2024. Example to CAsE III. 

Admit a Ship ſails from Latitude 49* 55% on a Courſe of 4.9* 
5 10% ſoutherly, till her Difference of Longitude be 53* oo, or 
2180 Miles; to find the Latitude he is then in. The Solution of 
this Caſe is thus (by Theorem 2020), 


To che Log. of the conſtant Tang. G —— 10,1015104 
— Log. of the Diff. of Long. L =2 325024270. 


The dum is the Log. of G x L 13,6039375 
Then to the Tang. of Courſe = 49® | i 

ww ang. of Courſe = 49* 50 91000759721 
Add the Logarithm of 10000 = 4,0000008 
The Logarithm of t C 10000 14,07 50721 


Then Wa. . 3 
t C X 10000 


0,3372605 


Now one Latitude being given 49* 55”, the Logarithm. 
Tang. of half its Complement is — 9,5620477 ,. 
To which add —— 0, 3372605 = T —T. 


— 9,5279654 


The Sum is the Log. Tang. 38 25 — 0,8993082 = T. 
The Double of which is 76 507, which is the Complement ot 
135 107, the Latitude of the Ship required. (See 2021). 

2025. From hence it is evident, that theſe three Caſes, add- 
ed to thoſe of plain Sailing, ate ſufficient for all practical Compu- 
tations of a Ship's Ways, or for keeping a Reckoning at Sea, 
which are all performed by a Table of Logarithmic Tangents, or by 
the common Gunter properly made, as we ſhall hereafter ſhew, 
when we come to give the Theory and Con/iruttion of mathemati- 
« Infruments, 

2026. 


— — — — 


| 
: 
| 
: 
| 
| 
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2026, What has been hitherto delivered is upon the com- 
mon Hypotheſis, that the terraqueous Globe is of a ſpherical Figur, 
but that it is not ſuch is well known ; and not only fo, but the 
Difference therefrom is ſo conſiderable, as not to be without 
its ſenſible Effects in Afronomy, Geography, and Navigation, » 
J have at large ſhewn in my New PRINcI LES of GROOCRA. 
PHY and NAVIGATION, and have there conſtructed | 
Charts to 70 Degrees Latitude, and new Table of meridional 
Parts adapted to the true ſpheraidical Figure of the Earth; by 
which the Solutions of all Caſes of Sailing are rendered juſt az 
eaſy as by the falſe Charts and erroneous Tables in preſent 
Uſe, which are no ſmall Diminution of the Glory of naval $i. 
ence in ENGLAND, What farther relates to this Subject we 
propoſe to deliver in the Theory and Conſtruction of Inſtruments 
uſed in Navigation (in which there is great Room for Improve- 
ment) but this we muſt defer to a future Part of this Work, 
and proceed with our Inſtitutions relative to the Theory of the 
Sciences, which ought to precede the mechanical and inſtrumen - 
tal Part, | | 


PHY- 


PHYSICO-BALLISTICS: 


G | 
INSTITUTIONS of GUNNERY. 
CONTAINING * 


The philoſophical and mathematical ELR- 
MENTS of that Art, connected with, 
and illuſtrated by the Experiments pub- 
liſhed by the late Mr. Rozins. 


8 


ſhe TueoORY of RESISTANCE 70 BoDIEs moving in 
a reſiſting Medium.“ 


2027. 2 in the preceding Part delivered the true 
Principles of the Art of navigating a Ship, which is 
to be conſidered as a Part of Military Science, we think it may be 


rery properly connected with its Siſter Science, Bar Lis rics, 
or 


It appears, (ſays Mr. Ronins) that the modern Writers on the 
Art of Gunnery have been very much deceived, in ſuppoſing the Re- 
ſſtance of the Air to be inconſiderable, and thence aſſerting, that the 
Track of Shot and Shells of all Kinds is nearly in the Curve of a Pa- 
bola. That by this Means it has happened, that all their Determina- 
tions about the Flight of Shot diſcharged with conſiderable Degrees of 
Celerity are extreamly erroneous, and conſequently that the preſent 


Theory of Gunnery in this its moſt important Branch is uſeleſs and 


fallacious, Preface to principles of Gunnery. 
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or the Doctrine of Projefiles (not in Vacuo, but) in a reſiling 
dium, eſpecially as nothing conſiderable has been wrote dired 
on this Subject in our Language to explain the true Pic 
or Tyeory of GUNNERY, nor any Thing of a practical N 
ture, but a Treatiſe of Gunnery confirmed by Experiments il 
Mr. RosiNs, an excellent Performance it is true, but unleſs 
phyſical PRINCIPLES og THEORY on which the greateſt Part 
pends, be explained and connected with the Experiments, | 
At of Gunnery will, after all, be deficient in the moſt eſt 
tial Part, as we preſume will be ſufficiently evident from the e 
ſuing Diſcourſes. | | 

2028. Since the Path of Projection is through a H, M 
dium, the firſt Thing neceſſary is to eſtabliſh the Tygoky 
REsIsTANCE t6 Bodies moving in a fluid Medium, where ti 
Particles, both in the Body and the Medium, are ſuppoſed tol 
abſolutely void of any elaſtic Force, and to act upon each o 
only by Virtue of the Vis inſita. We ſhall here alſo ſuppoſe tl 
Fluid to be quite perfect, or free from all Tenacity of Parts, u 
that the Friction is of Courſe nothing at all. | 


2029. Therefore let AM B be any 1 
Curve moving in a Fluid in the Di- 
rection of the Axis CA; then to any 7. 


Point M let be drawn a Tangent, in 
| which take Mm = z = Fluxion of the 
Curve; and let LMP be drawn per- 
pendicular to the Baſe B C, and draw 
the Perpendiculars LM and mr; and 
put CB = a, CP=x, PM= 5; 1 
then Mr = 5, andrm = #; and be- PG 
cauſe of ſimilar Triangles CMP and | - 
Mn, we have CM (= a): PM (=y):: Mm (=8#)*! 
S... : S$ 22 

(= x) ; whence _= 4 and 8 = 77 4 
20 0. Let the abſolute Force of a direct Stroke of a Parti 
of the Fluid be repreſented by LM, and ſincę the Stroke at M 
oblique to the Curve, it muſt be reſolved into two, viz, M my 
Ly; the firſt of which does not affect the Curve, but the Jatt 
acts perpendicular to it. And therefore the whole Force 18 
the Oblique Force as LM to Lm, or as Radius to the. Sine 


Of Gunnery, 289 
cidence (1033). Wherefore the whole Force being = 1 
at by which the Point M is ſtruck will be as = ; ſor becauſe of 
milar Trian. LM, * we have Mm ( A): mr(= 3) 
LM (= = F371 Lm = =o | 
2031. But this Force Lm muſt be reduced to another acting 
painſt the Point M in the Direction in which it moves, that is, 
muſt be reſolved into the two Forces Lr and mr ; of which 


e latter being perpendicular to PL does no Ways hinder its 
rogreflive Motion; but the former L r acts wholly Kar it. 


erefore expreſſes the Reſiſtance to the Particle M moving in 
he Direction MIL. | 

2032. But as this Force acts perpendicularly (not to the 
utye, but) to the ordinate M D, it * be N by the 


luxion thereof, and the Product, viz. — X * = 7 will be the 
xpreſſion for the Flux. of the Reſiſtance of the Arch AM, Then 
px 


Ca: p ＋ = Circumference of a Circle whoſe Radius 
x; if we multiply this Circumſerence by the Fluxion of Reſi- 
ance, the Product Lc r will be the Fluxion of Reſiſtance to 


e Surface of the Solid ELIE by the Revolution of the Curve 
M about its Axis A C. 
2033. In order to find the Fluent or Reſiſtance for the Sur- 


2 ** * 
ace of a Globe, we have & = 2 (2029) therefore 2 = 
2 yy 4 
2 3 but y a@a—xx (828) whence 2 = 2 * 


** — xs, whoſe Fluent 2 wax” — 2 * „for the 


eſiſtance; and fo wins x = @, we ſhall have 4 ap for the Ex- 
reſſion of the Reſiſtance to the Surface of the 2 — or 
lobe moving in the Fluid. . 
V 01, II. ; a p : 2034. 


ut Mm (S ) mr.(=#) : LA (=: :) Lr= S which | 


4 
4 
1 
4 
: 
7 
4 
Ul 
4 
4,80 
* 
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2034. If a Cylinder were to move in the ſaid Fluid in the 
Direction of the Axis, ſince the Stroke of every Particle would 
be direct, and the whole proportional to the Area of the Baſe; 
it is evident (ſuppoſing the Diameter of the Cylinder and Globe 
equal) that the whole Reſiſtance to the Cylinder will be (as the 


Area of its Baſe) - (ſee 830) whence it appears, the Refiflauc 


to the Globe is to that of a Cylinder (of equal Diameter ) as 1 1 2. 
2035. A Cylinder falling upon ſuch à Fluid, will in the 
Time of paſſing through its whole Length, communicate a 
Motion to the Particles, as will be to the whole Motion of the 
Cylinder, as the Denſity of the Medium to the Denſity of the 
Cylinder, For let Q, M, V, B, D, be the Expreffions for 
the Quantity of Motion, Matter, Velbcity, Bulk, and Denſity of the 
Cylinder; and g, m, v, b, d, denote the ſame Things in the 
Fluid. Then the Motion of the Cylinder will be Q = MV, 
and that communicated to the Fluid will be 9 = vm (970); 
but it is M = BD, and: —= d (973). Whence Q = VBD, 
and g = v6bd; and ſo Q: :: VBD: vd; but VB = vh, 
therefore 9: Q:: d: D. DFO | 
2036. If the Axis and Diameter of the Cylinder be equal to 
the ſame in a Globe; it is evident, fince the Reſiſtance to the 
Globe is but 3 that of the Cylinder, the Globe, that it may 
communicate the ſame Motion to the Fluid, muſt move through 
twice the Length of its Diameter. If the Velocity and Denſity 
of the Cylinder and Globe be equal, (and Q, M. J, B, D, 
ſtand for the ſame Things in the Globe) then, ſince V = V, 
it is A: Q:: (A: M:: B: B) :: 2: 3 (837). Alſo the Mo- 
tion of the Cylinder is to that communicated by the Globe in 
paſling through two Diameters, as the Denſity of the Cylinder 
(or Globe) to that of the Medium, viz. Q: :: D: 4 (2035). 
Laſtly, let q be the Motion communicated to the Medium by 
the Globe in paſſing through + of it's Diameter; then q:qt::2 
4 :: 3: 2. And by compounding theſe Ratios, we ſhall have 
2: q:: D: 4; that is, the whyle Motion in the Globe is to that 
communicated to the Medium (equal to the Reſiſtance of "the Medium 
1 the Globe) in paſſing through © of its Diameter, as the Denſity if 
the Globe to the Denſity of the Medium. age 
| | : 2037 · 


, 
* 


— 
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2037. If the Particles of the Cylinder, Globe, and Medium 
de ſuppoſed perfectly elaſtic, then the Velocity of the Parts, af - 
ter Percuſſion, will be double to what it is in the Medium be- 
ſore mentioned (1015) and therefore the ſame Effect will be 
produced in half the Time, or in paſting through half the Space, 
Conſequently, in a perfectly elaſtic Fluid, @ Globe, in the Time 
of paſſing through 5 Parts of its Diameter, will communicate a 
Motion to the Panieles that will be to the whole Motion of the 
Globe, as the Denſity of the Fluid to the Denſity: of the 
Globe. 

2038, There is no ſuch Thing in Nature as a perfect Fluid 
or ſuch whoſe Parts are abſolutely free, and unaffected by any 
external Force; for all Fluids ate heavy Bodies, that is, their 
Parts gravitate towards the Center of the Earth, and conſe- 
quently on one another, Therefore the lower Parts will be 
compreſſed by the Weight of thoſe above them; and therefore, 
when a Body is conſidered as moving through ſuch a compreſled 
Fluid, the Motion-or Velocity of the Body will be leſs than that 
with which the Particles will ruſh into the Space relinquiſhed 
by the Body, by Virtue of the Compreſſion, I ſay, in this Caſe 
we are to conceive the Force of Re- action on the fore Part of 
the Body, in ſome Degree abated by the Particles circulating 
round to fill up the relinquiſhed Space, in order to reſtore the 
Equilibrium (that would otherwiſe be deſtroyed) by the conſtant 
Influx of the Fluid behind the Body. | 

2039. This complexed Caſe of real Fluids makes the Com- 
putation of their Reſiſtance to Bodies very difficult and tedieus; 
but Sir Jſaac Newton has fully conſidered the Thing, æ and found 
that the Reſiſtance to a Cylinder moving in ſuch a compreſſed 
Fluid, is but a fourth Part of what we have ſhewed it would be 
in a perfectly non- elaſtic Fluid (2035.) ſuppoſing the Veloci- 
ty of the Body and Denſity of the Fluid the ſame in both Caſes; 
that is, the Motion imparted to ſuch a Fluid in the Time it paſſes 
through four Times its Length, is to the whole Motion of the Cylinder, 
a the Denſity of the Fluid to that of the Cylinder. 

2040. In ſuch a compreſſed Fluid, Bodies of every Form (if 
their tranſverſe Sections are equal) will be equally refiſted ; for 
if a Cylinder, Globe, Cone, circular Plane, &c. of equal Diame- 

Pp 2 ters 
See his Principia, Lib. II. Prop. 37, Ec. 
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ters were placed i in a Canal of ſuch 2 current Fluid, it is evident 
the Fluid would be equally obſtructed by them all, or the in 
creaſed Velocity of the Fluid paſſing by each will be the ſame; 
they therefore equally reſiſt the Fluid, and, were they to more 
in the Fluid, would be equally reſiſted by it. * Conſequently 
ſince the Motion of a Globe is but 3 of that of the Cylinder ci 
cumſcribing it, the Force that wil generate or deſtroy the 
whole Motion of the Cylinder while it moves through 4 Time 
its Length, will generate or deſtroy the whole Motion of the 
Globe while it moves uniformly through 4 of 4 Diameters, or! 
Parts of its Diameter, that is, through 2 2 Diameters. 


-2041. It will be neceſſary here to obſerve; that the Theory y 


R-ſ5iance in a rare elaſtic Medium is, by the Newtonian Mathejs, 
arrived to its Perfection, ſince thereby it is determined what the 
Figure or Form of a Body muſt be, which, moving in ſuch : 
Medium, fhall meet with the leaf Reſytance poſſuble. And as 
this Part of mathematical Philoſophy is of primary Conſideration 
in Naval Architecture, and Military Science, we fhall here ex- 
plain the Principles of the Calculus, as follows. 

2042. On the 77 
Right-line B C, DRY 
ſuppoſe the Pa- | 
rallelograms B | 
Gegeb, MN nn, 
of the leaſt 0 ; | 
Breadth, to be * | 
erected, whoſe i NI 96 B 6 R 
Heights BG, MN, their Diſtance M b, and half the Sum d 
their Baſes : M + 2 Bb = a, are given: Let half the Diffe- 
rence of the Baſcs 4 * m - i Bb be called x: Let G and N be 
Points in the Curye G N D; and producing b g, and mn to- 
and u, (fo that gg nn = ,) the Points g and u may allo 
be in the fame Curve. 

2043. Now if the Figure CDN GB, revolving about the 
Axis BC, generates a Solid, and that Solid moves forwards in 
a rare and elaſtic Medium from C towards B, (the Poſition of 
the Right-line BC remaining the ſame ;) then will the Sum of 


the Reſiſtances againſt the Surfaces generated by the _ 
| , 7 
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Ge, N n, be the leaſt poſſible, when Gg is to N . as BG 


; Bb to MN x Mm, 
2044. For the Force of a Particle on G g and Na, to move 


tem in the Direction B C, is as ——; and = (2031); and 
p: Nu 


fices generated by Gg and N », are as (the Annul: deſcribed by 
og and nn, that is, as BG x gg and MN x nn, or as) BG 
ud MN; therefore the Reſiſtances againſt thoſe Surfaces 


as 2 © to ==>» thatis (putting y for d , and x for N., 
Gg N | 1 IIA 
BG MN 


3—— to 
2 


2045. But the Sum of theſe Reſiſtances ( + = is a 


in. Therefore B G * 2 MN = =0, 
. *** \ DES OR 


MN x = = —BG * L. But y = (Gg = BY + 
22 557 N 


92 =) aa—24x + xx - bb; and 2 2 (NA Mm + 


mdz = 244 + 2x4: Conſequently — * 24 X a+x 


; — MN 
=— X2xXa —x; or ( — X a + = — 


39 2 2 ZZ 
n (Us Xa — * = oy * Bb, (2042. There- 
Jy Jy 3 


fre ()) Ig (zz) N:: BG x Bb: MN x Mm, © 
2046. Conſequently, that the Sum of the Reſiſtances againſt 
the Surfaces generated by the Lineale Gy and Nn, may be the 
laſt poſſible, Gg. muſt be to NA as BG BI to NM 
x Mm, | | | | 
2047. Wherefore, if gg be made equal to g G, fa that the 
Angle gG g may be 45˙, and the Angle BGg = 135?; alſo 
Ge =22g , and Gg = 4902"; then 484: Nu: GB 


x By 


ve Number of Particles that ſtrike in the ſame Time on the Sur- 


n=) aa + 2ax + xx + bb; therefore j = 2x3 — 22% 
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x B NM x Mm; and fince GR is. parallel to N, 20 
BG, B R parallel to zn, Nn; alſo an 2 28631 


follows, that EE =) B: (Nn=)Mm:: BG BR; 
therefore Bb = — alſo (un g G: N:; 30: 
; — fr 
n 488 _ \4BG BG x By 
GR; Conſequenty, ( N =) = MN I= 
- Err . 

MN TEE Therefore 4 BG X BR is to GR*'asGRy 
MN. 


2048. How this Curve DNG is to be conſtructed by Mean 

of the Logarithmic Curve, and from thence 'a practical Method 
of forming the SOLID of la? RESISTANCE, we may hereafte 
ſhew, in its proper Place, when we ſhall have premiſed and ex. 
Plained the general Doctrine of Curves, | 


CHA P. II. 
The DocTRINE of abſolute, ſpecific, and relative 
WE1GHT in BoDIts, explained on the ſtatical 


PRINCIPLES of reſiſting FLuiDs, as WaTzs, 
AIR, &c. | 


2049. B EFORE we proceed any farther, it will be neceſi- 

ry (inthe THEORY of BALL1sTICs) to premiſeafey 
Things relating to the various Diſtinctions of Gravity, or 
Weight in Bodies, viz. abſolute, relative, and ſpecific Gravity. 
Abſolute Weight is the whole Weight of a Body in Vacuo. Relative 
Weight is that which a Body has when weighed in a reſiſting 
Medium. Specific Gravity is the comparative Weight of Bodies of 
equal Bulk. Thus if the Weight of a Cubic Inch of Water be to 
that of a Cubic Inch of Copper, as 1 to 9, we ſay the Specific Gra- 
vity of Copper is 9, or its Weight is 9 Times greater than that of 
Water. 


EE” -: 2050. 
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2050. But to illuſtrate this | I, 
air, let A B be a Ballance, 
nd from the Scale D let any A 
Body F be ſuſpended by a fine 
lorſe Hair E, and equiponde- 
"ted in the Air with Weights 
wt into the other Scale C. C — 
Aer this, immerſe it in the 
Fluid I H, contained in the 
ſa G H, and the Equilibri- = 0 
um will be deſtroyed. For the Body F will now appear ar lighter 

ind aſcend, while the Scale C deſcends, 

2051. That the Weight of the Body F ſhould be diminiſhed 
nthe Fluid, is hence evident, that it cannot deſcend therein 
without raiſing at the ſame Time an equal Bulk of the Fluid, 
which Quantity of the Fluid, thus raiſed, will reſiſt the Body F 
with all its Force (equal to its Weight) and therefore will de- 
ſroy juſt as much Motion (or Weight) in the Body F (965), 
And therefore, by putting Weights in the Scale D, till the E- 
quilibrium is again reſtored, we ſhall have the Compariſon of 
Weight between the Body F, and the Fluid, in equal Bulks : For the 
Weight of the Solid is in the Scale C, and that of an equal Bulk 
of the Fluid in the ScaleD ; and hence the ſpecific Gravity of 
the Solid and Fluid becomes known ; for which Reaſon this In- 
ſrument is called the HYDROSTATIC BALANCE. 


Weight of an equal Bulk of the Fluid, the Remainder is the 
relative Gravity of the Body ; and is all that Force by which the 
Pody ſinks or deſcends in the Fluid. But if the Weight of the 
vlid be leſs than that of an equal Bulk of the Fluid, it is evident 


i uch a Solid cannot be totally immerſed by | its Weight, but will 
Hal ſvin with a Part extant above the Fluid. If the ſpecific Gravity 
ing of the Solid and Fluid be equal, the Solid will retain any Pofition 
. of I "be Fluid, and neither ſin4 nor ſwim, Hence the Rationale of 
45 INKING and SWIMMING is evident, 

bh 2053. Not only the ſpecific Gravity of Solids, but alſo of 


4 Fluids become known by the ſame Balance; for if the Solid F 
de weighed in two different Fluids, the Weights put into the 
Sale D to reſtore the Equilibrium, each Time will expreſs the 
bravities of equal Bulks of thoſe Fluids; and hence a Table 

-; 


2052. If from the Weight of the Solid, in Air, we deduR the 
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of ſpecific Gravities for Solids and Fluids may be made, a 


men of which here follows, where the Compariſon is mat 
with the Gravity of Rain-water, put = 1,000, 


2054. Rain-water 1,000 
Sea-water —— 1,030 
Aqua- Fortis | 1,300 
Ojſof Vitriol —— 1,700 

Spirit of Wine rectified 0,840 
Spirit of Nitre rectiſied 1,610 
Burgundy Wine — , 953 
Canary 1,033 
Red Wine o, 993 
Diſtilled Vinegar — 1, 030 
Cow's Milk 1,030, 
Urine - | 1,030 
Mercury Crude — 13,593 
Amber - 1,040 
Sulphur. —— 1,800 
Borax — 1,720 
Red Coral —— 2, 689 
Cinnabar natural 7, 300 

Tartar common — 1,849 
Camphire —— 0,995 
Vitriol of Dantzich — 1,715 
Sal Gems — 2, 143 
Allum _ 1,714 
Nite 1,900 
Gum Arabic 1,375 
Verdigreaſe —— 1,714 
Bees Wax . 0,960 
Pitch — 1,190 
Roſin — 1,100 
Honey ——— 15,450 
Dry Box Wood — 04,950 
Dry Fir... —— 0, 546 
Lignum Vie 1,327 


Ebon7 


Good Wneat 

White Peaſe 3 | 
Bone 

Ivory — 
Horn 3 
Adamant — 
Glaſs — 
Flint — 
Marble — 
a Mundick — 
Chalk wm 
Magnet =—— 


Newcaſtle Coal —— 


Oil-ſtone— 
Slate — 
Alabaſter —— 
Copperas Stone —— 
Copper Ore —— 
Lead Ore ——_ 
Biſmuth — 
Tin — 
Iron ya) ² 
Braſs, wrought — 
Copper, —— 
Lead — 


Silver, Sterling — 


Gold, Sterling 


- 2055. Becauſe it is found by Experiment, a Cubic Foot of {Rain 
water weighs very exactly 1000 Ounces Averdupoit, _— 
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the Numbers in the Table will expreſs the Ounces contained in 
Cubic Foot of any of the other Subſtances, An Ounce Aver- 
dupois = 43759» and an Ounce Troy = 480 Grains, But 
437% : 480 :: 51 : 56, nearly. The Averdupoit Pound | is, to the 
Troy Pound, as 437.3 * 16 = oo to 480 X 12 2 57603 
that is, as 17 to 14 neatly. Therefore a Cubic Foot of Water, 
weighs 62 4 bh. Averdupois, and.76 U. Troy nearly. _ 
" 2056. What relates to the abſolute and ſpecific Gravities, the 
Magnitudes, Denſity, Sc. of Bodies, will beſt be underſtood 
ty ſymbolical Computation; in order to which let A and B be 
two Bodies of equal Bulk, but different Quantities of Matter ; ; 
and let B and C be two other Bodies With equal Quangites of 
Matter, but of different Bulks ; © 


> "D'= Denſity - Lie 24 
And let OB = Bulk Pin the Body A. 
'M = Quantity of Matter 
d D= Denſity) £1499 274 x A {24 
Alſo 2B = Bulk in the Body B. 1 
M = Matter on ee ewe 
d. = . "gap 
And b = = Bulk in the Body iS 


a% „ 


205. N becauſe the Dent of any Body is proportional 
to the Quantity of Matter under equal Bulks, we ſhall hade 
D: D:: M: M; and, becauſe when the Quantities of Mat- 
ter are equal, the Bulks muſt be reciprocally as the Denſities, 


therefore we have D:d :: b: B.  Whence P = A = 


®, conſequently D = 4M, But B = B, andM=m; 
therefore D BM = dM. Whence we have D: 4:2: BM: 
nB; and B: 3: : 4M: Dm; and Mn :: DB: 45. 

2058, The ſpecific Gravity of Bodies being as the Weights, 
that is, as the Quantities of Matter, in equal Bulks, will be as 
the Denſity : Therefore D: 4:: !'s; and by Subſtitution: of 
Ratios, we have the general T heotem above become 8 B m — 
$M. And fince the abſolute Weights (A, a) of any two Bo- 

Ni. U. 5 e dies 


© 
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dies- are as the Quantities, of Matter, we have 8 B 18. pre 
Wherefore 8: 5 Ab: 4 B; that is, the ſpecific Gravities Wl the 
| will be as the abſolute Weights directly, and the Bulls inverſe, Ef 
or as the abſolute Weights divided by the Bulks. B 
2059, Allo A: 4 :: SB 5b; that is, the abſohite Weight oF 
of 'Bodies' are in the compound Ratio of their ſpecifſe Gravities Wl 
and Bulks. Or the abſolute Weight of any Body is had UL mul- mu 
tiplying its Bulk and ſpecific Gray together. po, Ve 
' 2060. Again; becauſe B:b:: As: 48, it appears "that the WY 7% 
Bulk or Magnitudes of Bodies will be as the abſolute Weights Wl - 
directly, and ſpecific Gravities inverſely. Or. the Magnitude Wl M. 
of any Body is had by dividing its abſolute Weight by its ſpeck gin 
Gravity. be 
2061. From what we have ſaid, it is evident we have not tie Gl: 
abſolute Weight of Bodies in the Air, but only the Relative. Let I diu 
A abſolute Weight, and B relative Weight; then A —B WW int 
= B the Weight of an equal Bulk of Air, (2952) and the ſame 2 
may be ſaid for any other Fluid. Wherefore let the Motion of 2 Wi 4 
Globe moving in a Fluid be ſuch as will be generated. by the dete 
Foice of its relative Weight falling zn Vacus through a Space ($) Ml de 
that ſhall be to ; of its Diameters (? D) as the Denſity of the 1 
Globe (D) to. the Denſity of the Fluid (4), then will the Palxiy Wil © 
it will acquire by the Fall be the greateſt it can $offibly acquire by d. 512: 
ſcending in the Fluid; and the relative Weight of the Globe will le 2 
ual to the Reſiſtance, ariſing from * e = 
mentioned in (2039, 2040)... , 
2062. For let R = Reſiſtance, F= 1 * than will re 
or deſtroy the Motion of the Globe while it deſcribes 3 Parts of 


its Diameter; then F: R.. D: 4 (2039) and fo, P = 77 


And ſince 8 = Space deſcribed in the Fall, the Globe by © 
uniform Motion with the Velocity acquired by the Pall, will de- 
kribe a Space = 28 in-the ſame Time (993) and ſo,, becaul 
82 D:: (a8: 7D) D: 4 But the Times F, & in which 
the Spaces 2S and £ 2D are eniformly deſcribed are as thoſe Spa 
ces, viz. T :t: 127 * 2, hence : #: D; 4 
2063, Again, af the Times T and 7 * Quin 
ol Motion are produced (57 F. produces, the 155 Moon gf 
Globe in the Time:, and the relatirxe Weight (B) of che 


pro- 
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produces the. cave i in + Time T, (2061). And finte the leſs 
the Time is, the greater muſt be the Force to produce 3 given 
Effect; therefore F: B:: T.: t:: D: 4. Conſequently F 
2 = — =; whence R = B, and the 22 bring equal 
u the relative Weight, the Body can be no lon ger accelerated, but 
muſt deſcend with an uniſorm Motion in the Medium, with a 
Velocity equal to that acquired by the Fall through.” 8 * 
Vacuo. 

2064. Hence if the Denſity of the Globe and of the eſing 
Medium be given, as alſo the Velocity of the Globe in the Be- 
ginning of its Motion; then the Reſiſtance it meets with may 
be computed as follows. Let A = abſolute Weight of the 
Globe in Vacuo, and B Weight of an equal Bulk of the Me- 
dum; then A B B = the weint ous % the. Globe 
in the Medium, (2061). * 02 

2065, And ſince the Spaces deſcrivedia the ſame Time i Var 
us are as their accelerating Forces (999), therefore as the Space 
deſcribed in Vacuo by the Weight A is 16,2 Feet in one Second, 
the Space deſcribed in Vacus by the Weight B in one Second 


will be known, for as A: B:: : 16,2 2 = to the fait 


Mace, "Tru J 
2066. ating the Time of delerding the 3 8 — 


6,2 B . „ 48 
1 m We; 5 | | ID, :: 39% + | 
the Weight B is thus found as * 5 I 85 B 2 B 


n 
th — U = & - 
e Square of the Time required ; or "16a B = T che 
Tine, ng 4ADD 
ime, But 8 = == D (2061) ct 336 B 6B 2 


2067. The Velocity of the Fall will carry the Globe with a 
form Motion over a Space = 28 in the Time of the Fall T; 
and the Velooity of uniform Motion is always as the Space divid- 


ed by the Time (991); therefore AS = V = the Velocity a 


* 
Qured by the Fall. | 
2068. The Globe maving in the refiſting Medium meets wich 
2Reſiſtance = B (2063) ; if any other Velocity (V. ). be, given 
Q 2 ; the 
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the Reſiſtance apreeing to that Velocity will be thus found.” As 
V': Vir: B: = Reſiſtance to the velocity V. For that 


the Reſiſtance is as the Square of the Velocity in general, is 
hence evident; becauſe the Reſiſtance will be greater in Propor- 
tion to the Number of Particles which ſtrike againſt the Globe 
in a given Time, and alſo to the Intenſity of the Stroke of each 
Particle; and each of theſe will be as the Velocity, and therefore 
both together as the Square of the Velocity. | on 


- 
* 


2069. But, as] ſaid, this Ratio of the Reſiſtance to the Velo- 
city is only general, and agreeing to r Motions; becauſe in 
very ſwift Motions the Circumſtances will be altered, on which 
the Reſiſtance depends, both in regard to the Medium, and to 
the Figure of the Body moving in it. For with reſpect to the 
Medium, though compreſſed, yet if the Velocity of the Body 
be ſo much greater than that of the Particles ruſhing in behind 
the Body, that a Vacuum is leſt, the Caſe of this compreſſed 
Fluid will be nearly the ſame with one that is free (2028); and 
conſequently the Reſiſtance to a Cylinder moving ſo very ſwift 
as to leave a vacuous Space behind, will be near 4 Times a 
great as when it moves lowly through the ſame compreſſed 
luid (2039). ſs ; 

2070. Again, the Reſiſtance will vary in ſwift Motions ac- 
cording to the Figure of the Body. th ſuch a Caſe the vacuous 
Space will be more or leſs, and the compreſſed Fluid approaches to 
the Nature of one that is free, wherein the Reſiſtance to a Globe 
has been ſhewn to be but half what it is to a Cylinder (2034); 
therefore the Reſiſtance to a Globe moving very ſwiftly, even in 
a compreſſed Fluid, (becauſe of the Vacuum behind) may meet 
with little more than half the Reſiſtance of the Cylinder moving 
with the ſame Velocity. | 

2071. But we cannot ſuppoſe the Compreſſion of the Medium 
not at all to affect the Body, for even to a Globe, the Particles 
which ſtrike it obliquely, will be in ſome Degree confined by 
the comprefling Force, and therefore give more” Reſiſtance than 
when they are free to move. Alſo if the Medium be Elafic, 
this Reſiſtance will be thereby farther increaſed (2037), {0 that 
upon the Whole we may conclude that the Reſiſtance to a Gl 2 
moving ſwiftly in { compreſſed elaſtic Medium (ſuch as our = 


* 


Derr 


=> 
. 
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will be between that of a Globe and of a Cylinder in a free and per- 
ect Fluid, and that ariſing to either in a flow Motion from a 
compreſſed Medium; that is, it is more than ice and ſs thaw 
1 Times the Reſitance the ſame Globe would meet with moving 
ſowly in a compreſſed Medium. x7 P 
2072, Hence then we may take it for granted, that in very 
ſwift Motions, a Globe is reſiſted about three Times more, in 
Proportion to its Velocity, than when its Motion is ſloweſt ; and 
that the Reſiſtance will decreaſe as the Velocity decreaſes, and 
as the Circumſtances of the Medium return to their natural State, 
Let this ſuffice at preſent, for the Theory of the Reſiflance of 
Fluids, which is a fundamental Doftrint in the Science of Bar- 


LISTICS,* 


— 8 * rn, 
— _ —  — — — 


C HA P. III. 1 

Of the NarukxE and PROPERTIES of AIR; 178 
ELASTICITY, DENSITY, abſolute and ſpecifie 
GRAvITY explained by COMPUTATION and Ex- 


PERIMEN TS. 
* 


203. THE Nature of Ex As TIC Irx, and whence it ariſes 
has been already, in general, ſhewn (975980). 
We now propoſe to conſider the Päyſico- mathematical Theory 
thereof; and apply it to the Air, and other elaſtic Fluids, par- 
ticularly that which is generated by firing GunyowDER, that 
the ENGINEER may be fully acquainted with the Philoſophy of 
wis important Subject. | 3 
2074. In order to this, let there be aK. . B 
placed any Number of Particles in te W .. 
ryht-lined Diſtance AB at an equal 3 
| Diſtance 


* It is neceſſary here to correct an Error in the Table of ſpec; fie 


Gravities, Pape 296, where that of a Magnet is ſaid to be 1,840, 


whereas it ſhould be 4,840, as I have found by Experiment, Tis 


Error alſo paſſed unobſerved inthe larger Table of the PnILosorHIA 


BriTaxxiCa, ad Edition, 
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Diſtanee from each other ; and in any other equal Diſtanoe 
CD let there be placed twice as many Particles, at equal In- 
tervals alſo, theũ it is plain the Intervals between the Particle, 
in CD will be but half ſo great as thoſe between the Particles in 
the Line AB. Hence the Number (N) of Particles in the Line 
AB, CD, will be on as the Interval 2 between * 


chat is N will be always as L 


2075. In a Superficies, ſuppoſing the Intervals of al the Pu- 
ticles equal, we ſhall have N* as 1 (670); alſo i in a Solid it 


vill be Ns as 1 = (675). But N*, and Ns e the Denki 
(D) of the 3 and 4 the Solid (97 2); ; therefore D is a 


in a Surface, and as E in a Solid. 


2076. Let us now ſuppoſe each Particle repels the Particles 
next to it (and thoſe only) with a Force as (F) which is as any 


Power (n) of the Interval inverſely ; that is, let F be 7 


Wende whole Force in the Luperficioewll); be as the 
BN D, * As. the, centrifugal: Force F; arasD x 72 


— * * — Which therefore will wok the ayflie Bw 


ol the Fluid. | 
, 2077. But in the Body of the Find the Dus 


pb (2075), we be Ls as 1, 1 as 5 and L as Y T 


ſubſtituted in the Expreſiion of the elaftic Force rr gh 
D 275 3 therefore the elaſtic Force of the Medium is as the Cule 
Root of that Power of the Denſity whoſe Index is n + 2. 
2078. Hence if the elaſtic Force (BY; in any Fluid be xsthe 
+ 2 n+2 
| Denſity (D) then the Expreſſion D —_— = Ex: =E; and 


ttt = 1 N 223. and therefore 521 


whe 


* 
F 
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vherefore in ſuch a Fluid F will bags 1 (2076); ; that is, the 


Particles repel each other with Forces that" art inverſely ay ke 
of their Centers, * EIT; 4 
2079. And this is the Property of our Ait A e 

whoſe Denſity is always as the compreſſing g 
force, as is proved by the following Experi- 
ment. Let Mercury de poured j into an inflec-" 2 
id Tube A B CD, open at both Ends, to a 
fall Height BC; then ſtopping the Orifice 
D very cloſe, meaſure the Length of the con- 
fined Air DC very nicely; this done, pour 
Mercury into the other Leg AB till its Height 
above the Surface of that in CO be equal to 
the Height at which it ſtands in the Barometer. 
Then it is plain the Air in the ſhorter Leg will 
be compreſſed with a Force twice as great AS » 
xt fiſt ; for then it was preſſed only with the 
Weight of the Atmofphere, but now it is 
with that Weight, and an additional 
equal Weight of Mercury. With this double Force the Air in 
DCis now compreſſed into the Space DE — * DC, ag appears 
| by meaſuring it. 
F 2080. Hende it appears, that the Spaces S= =DC, ands= 
DE, which the ſame Quantity of Air poſſeſſes under different 
Preſſures p and P, are as thoſe Preſſures invetſely, viz. S: 72: 
P:p, And becauſe the Denſities d and D ( here the Quantity 
0 of Matter is given) are inverſely as the Bulks (973); therefore 
d:D::5:$::p:P; thatis, the Denſity of the Air in direfth 
ö wy ampraſſng 1 r er as the Ps: which is equal thereto 
„ a 
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| 

208 t. The ſpecific Gravity of Air, and thence its : abſolute 

We ight may be diſcavered by the following Experi- 
nt. Let AB be a Glaſs Tube, open at both Ends, 

= the End B immerſed in the Water E D of the 
Phial C D, and let the Mouth of the Phial C be 
ſealed cloſe. Then let a little Air be blown through 
the Tube A B, and it will condenſe the Air CE in 
the Phial, and thereby encreaſe its Elaſticity, which 
will raiſe a Column of Water B F in the Tube, whoſe, 
Weight together, with that of the Air, preſſing on 
the Surface F, will be equal to the encreaſed Spring 
of the Air CE. If now this Phial be carried to the 
Height of 72 Feet, or 864 Inches above the Earth's- 
Surface, the Water will riſe from F to G, through : 
a Space FG = 1 Inch; whence it appears, that 1 
Inch of Water is equivalent in Weight to 864 Inches 
of Air, of the Denſity it has at the Earth's Surface; 
and fo 1 Inch of Air is equivolent, or of the ſame W eight with 
rr Part of an Inch of Water. Whence the Weight of Air 
is to the Weight of Water (in equal Bulks) as 235 to I, ors 
1 to 864. Sir {ſaac Newton has ſtated it as 1 to 8606. 

2082. Now becaufe it is found by Experiment,: a Cubic Toh 
of Water weighs 25 3,3 Grains; therefore ſay, as 864 : 1: 
253.3: 03293 = of a Grain neatly, for the Weight 1. 
cubic Inch of Air; and becauſe a Cube is to its inſcribed Sphere 
AS 1: o, 524 ( 847); therefore ſay, as 1: 0, 524 07403 
o, 1535 Giain, the Weight c of a Globe of Air x lach 
in Diameter.* 

2083. The fame Inſtrument (viz. "the Phial with the Tube 
of Water (2081) being held near the Fi re, the Water will aſcend 
to the Height of ſeveral Inches in the Tube, which ſhews the 
Expanſion of the Air, or its increaſed E lafticity by He aT. On 
the other Hand, if the. Phial be immerſed in cold Water, the 
Water in the Tube will deſcend ſome Inches below F, which 
will demonſtrate the Contract ion of the Air, or the Diminution f 
its Elaſticiiy, by Col p. 


2084. 


* The Weight of a Pint of Air, Wine Meaſure, or 231 cubic Ia- 
ches, I have conſtantly found by the Ballance to be 8 3 Grains, W 
is at the Rats of + of a Grain, per cubic Inch, as above. 


Eruption and Ebullition of this new generated Fluid, 


M uuns. 1 305 


CHAP. Iv. 


Of the NaTuRE and PRoducTion of artificial Am; 
and a COMPUTATION of the exploſive Force of 
GUNPOWDER thense deduced. 15 


"I H E Phd of common Air hitherto conſidered 

are not ſo much the Subject of our preſent Specu- 
lation, as the ſame Properties in another Subject which the mo- 
detn Philoſophy has diſcovered, and which from its perfect Si- 
milarity to common Air, is uſually called artificial or factitiaus 
Alx. This Subftance, in its natural State, is no other than 
the common Subſtance of all Sorts of Bodies, and which being 
by chymical Operations, or otherwiſe, ſet at Liberty, acquires 
the Form of Air in every Reſpect, becoming a fin, tranſparent, 
inviſible, elaſtic, panderous Fluid. 

2085. One eaſy Method of obtaining this elaſtic Fluid is 
thus; let A B be a tall cylindric Glaſs, with a vety 
ſmall Hole E at-the Bottom ; in the Glaſs put any 
alkalinous Subſtance D as'a Piece of Chalk, Tartar, 
Ec. then fill the Glaſs to the Top with common 
Water (ſtopping the Hole E with the Finger) arid 
to the Water put a little Aqua Fortis, and then ftop | 
the Orifice A cloſe with the Cork C; this done, 
you will ſee the Acid act upon the Alkali, and pro- 
duce a Fermentation which conſiſts in the violent 


which wilt keep conſtantly aſcending to the Top of 
the Veſſel, in Form of ſmall Bubbles of Air; and 
by its Elaſticity, it will, by Degrees, force all the 
Water out of the Tube through the Hole E. | 
2086. By this Experiment the Elaſticity of this new genera« 
ted Air is ſhewn to be greater than that of the Atmoſphere ; 
and by many other Experiments, it appears to be extremely 
great, and to produce Effects thereby ſuperior to thoſe of any 
other Force we know of in Nature; but in order to make Eſti- 
mations of this Kind, we muſt firſt know what Quantities and 
Vet, Il, Rr Weights 


306 INSTITUTIONS 
Weights of this Fluid are produced from Bodies of ſeveral darts; 


and as theſe have been determined by Experiments, by ſevera 
eminent Philoſophers, I ſhall here 5 gn a Were thereof 


from the late Dr. Halt's Vegetable Statics. PATH N 
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2087. Dear's Horn E m7 tt c 3 
Oyſter Shell -——— 162 266 \ 46 $1 
Heart of Oak E 106 1233. ago .& 
Indian Wheat 270 388 4 
Peaſe — 1 396 3178 1713 + 
Muſtand Seed —— 270 437 77 
Amber —— — 2 135 133 N 54>; 
Dry Tobacco ——— 18 ma „ 8 
Honey with Calx of Bones x 144 83859 41 3 
Yellow Wax BD: i , $4: 243. 151 r 
Coarſe Sugar b. % %s 1905 oþ 
Newcaſtle Coal ++ 180 1368904 
Nitre with Bone Calx 1x 90 211 26 - 4 
Rheniſh Tarte ꝛxw — 1 504 442 144 1 
Calculus Humanus — 1 516 230 147 7 


2088. By this Table it appears how greatly this Fluid is con- 
denſed in its natural State in Bodies; thus 43 of an Inch of Cal 
culus Humanus, produced 650 Times its own Bulk of Air, 
which made nearly one Half of its fixed Subſtance, When this 
Air, therefore, comes to be ſet at Liberty, no- wonder we ſee 
ſuch violent Expanſions, Exploſions, Incaleſcences, Cc. 3 
happen in firing the Pulvis fulminans, GuxnyowDER, and in the 
Mixtures of various Sorts of Fluids, For ſince it has heen found 
by many Experiments, that the Elaſticity and Weight of this 
Air is the ſame. with that of the common Air; therefore its 
. Eloftitity being as its Denſity (2078, 2079) will be as much greater 
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Bulk when ſet at Liberty (or in a State of Expanſion) — 
the Bulk of the Body which produced it (973). | 

2089. But to apply this to Gunyowper (with which we arp 
here more immediately concerned) we muſt firſt confidet its 
conſtituent Parts which are Nitre, or Salt-petre, Sulphur, and 
Charcoal Powder. As to Charcoal, it appears, by Experiment, 
to afford none of this fluid elaſtic Air; and as to Sulphur, it 
is ſo far from yielding any of this Fluid, that on the contrary, 
it abſorbs or attracts, and fixes the common Air in which it is 
fied, and thereby diminiſhes. its Quantity and Elaſticity, as is 
well known by Experiment. The elaſtic Fluid, therefore, that 
is produced, by firing Gunpowder, muſt be derived chiefly from 
the Salt-petre; and this is known to be a Subſtance imbibed 
from the Air by the Earth, becauſe thoſe who make it, extract 
it from the ſame Parcel of Earth many Times one after another, 
after it has been duly prepared, and expoſed to the Air for a * 
proper Time. 

2090. But becauſe Nite produces only 180 Times its Bulk 
of Air (2087) and Mr. Hauk/ſbee, by Experiment, found Gun- 
powder produced 232 Times its Bulk; and by moſt accurate 
Experiments, Mr. Robins has found it to produce 244 Times 
its Bulk; therefore it ſeems, that ſome additional Quantity of 
Air is produced by compounding theſe different Subſtances to- 
gether in this Sort of Powder. This Quantity of Air, from 
Gunpowder, was determined in the following Manner : Mr, 
Robins fired Ig of an Ounce, Averdupois, in a Receiver of about 
520 cubic Inches Capacity 3 this ſunk the Mercury in the Gage 
2 Inches; and as the Height of the Mercury was then near 39 
Inches, therefore 45 of an Ounce would have produced fo much 
. as would have preſſed all the Mercury ont of the Gage; that 

1 of an Ounce would produce 520 n Inches of Air of 
* fs Elaſticity of common Air. But 45 2: 520 :: 12575, 
the cubic Inches that one Ouwce of Powder am produce. 

2091. But as Heat augments the Elaſticity of Air, and this 
Powder was fired upon a red-hot Iron; Part of the Expanſion 
was owing to that Heat. But this Heat was leſs than that of 
boiling Water which encreaſes the Expanſion of Airto more 
than a 2. Part of the Whole, if, therefore, the Number 575 
be leſſened by; I Part, it may be nearly the Jame as would be 

"732 pro- 
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produced in the Receiver not heated, viz. 460 cubic Inches; 
but 17 Drams of Powder will fill 2 cubic Inches, therefore 16 
T7 : 460: 488 3 = cubic Inches of Air from 2 cubic Inches 
of Powder; therefore I cubic Inch of Powder will prey 244 
of Air. 

2092. Mr. Robin, to try how much this Elaſticity or n 
ſion of Air would be augmented by the Flame of the fired Pow. 
der, ſuppoſes the Heat of this Flame nearly the ſame with that 
of the extreme (or white) Heat of red-hot Iron; j and this he 
found to augment the Elaſticity of common Air in Proportion of 
1944 to 796. If then we ſay, 1944: 796 :: 244 999 43 
this laſt Number will ſhew how much the Elaſticity of the Air 
produced from Powder, when inflamed, is greater than that af 
the Air in its natural State, | 

2093. Since 1 cubic Inch of Mercury weighs very nicely 
148,1 Ounce Averdupois Weight, a Pillar of Mercury, whoſe 
Baſe is one Square Inch, and Height 29 3, will weigh 14 Pound 
15 Ounces ; therefore as the Air ſuſtains by its Preſſure or na- 
tural Elaſticity, a Weight of 15 Pound (at a Medium) upon a 
Square Inch; the Elaſticity of the inflamed elaſtic Air of Gun- 
powder, which is 1000 Times as great, will act upon ev 
Square Inch (at its firſt Accenſion) with a Force which = = 
7 yous tb, or ſomewhat above 6 Ton Weight; DI 
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CHAP. V. 


From the given Dixensons of any Precs gf A- 
TILLERY, the DRNerry of 4s BALL,-: and the 
 QuanTITY of its Cnarce, are determined the 
VzLociTY which the Ball will acquire from the 
_ *Eplofion; and alſo the Length of the Charge pri 
ducing the greateſt / Velocity poſſible. | 


2094 P. che preceeding Article we have ſhewn what the Force 
of the Powder is at the Inſtant of its Accenſion or 

raking Fire, but bnce this Action of the Poder is not inſtanta- 
* 
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geous, but continues to urge the Bullet all the Time it is in the 


Barrel ; and fince this Force is not uniformly the ſame, but del 


creaſes from firſt to laſt, and is every. where inverſely as the 
Space which the elaſtic Fluid fills, that is, as its Bulk, ( 2080) 
it will be neceſſary in order to make a Computation of the Mo- 
tion or Velocity of the Bullet, to premiſe the following Lem- 
mata. | 

2095. Let AC be the Space G 

r a Body is propel- YE. 

led by any Force whoſe Action 
is continued and determined, 
and which may be repreſented 
by the Ordinate & E moving 
on the Abſciſs A C, and let B G be the Curve deſcribed by the 
Point G; draw DF indefinitely near to EG, and put AE = 
x, EG = y; the Velocity of the Body in E'= v, the Time 
in which AE is deſcribed :; then will & (= ED) & and: 
(the Fluxions of the Space, Time, and Velocity) be as the naſ- 
cent or evaneſcent Increments of thoſe Quantities x, v, and t 
(788), | 3 
2096. Now though the Velocity upon the Whole is not uni- 
form yet for a Moment, or while the Lineola E D is deſcribed, 
it may be eſteemed ſo (992) and therefore we ſhall have v = 


- (by 991). Alſo we have the moving Force y = —(998) 7 
ö | OY t ö 


wherefore it is: = - = ” whence yz = vo = EG x ED 
= the Fluxion of the Space ABG E; therefore 2 v* = ABGE 


(804), and ſo we have v=\/2 ABGE; that is (fince 2 is a 


conſtant Quantity) the Velocity will be every where in the ſubduplicate 
Ratio of the Area AB GE, TH 


2097. Since the Quantity of Motion Q is always proportional 


U 


tothe moving Force GE, or y; therefore Q = - = om 970) 


4 


whence # = = 3 alſo, becauſe when Q = 1, a given Quantity; 


3 N 1 
then, alſo v = —, and 7 as v; therefore — t N vr u 
2˙ * th - | | 
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nts 9 2 21 that i is, the vai of any Body ey 


through a given Space by a given Power acting with a determingy 
Force in every Part of that Space will be reviprocalh & in the ſubdupli, 


te Nutio of the Quantity of Matter, 
J K 


0 j 


2098. Theſe Things premiſed, let A B repreſent the Axis of 
any Piece of Artillery, A the Breech, and B the Muzzle; DC 
the Diameter of the Bore, and DE G C a Part of its Cavity filled 
with Powder; O' the Ball that is to be impelled thereby, lying 
with its hinder Surface at the Line G E. Then, becauſe the 
Force (F) of the Powder againſt an Inch Square is known (2092, 
2093) the Force (F) exerted on the Area of a Circle, one Inch in 
Diameter, will be known alſo ; for it will be F: F:: 1: 0,7854 
whence F = 0,7854 F (269). Now let D = 1 Inch, and 
4 = Diameter of any other Circle as that of the Ball O, that 
is, let d = EG, and (/) the Force of the Powder exerted on 
this laſt Circle; then F: F:: D*: d' (840) therefore f FA 
'= , 7854 F d* = the Force of the Powder acting at the firlt 
Inſtant of its Accenſion on the Ball O in the Direction of the 
Axis A B. 
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2099. Let this Force then be repreſented by any Line F H, 
ndicular to A B in the Point F. Then, becauſe the Den- 
ſity of the elaſtic Fluid confined in the Space ED CG is to the [ 
Denſity thereof when expanded into any other Space aD C6, as 1 
thoſe cylindric Spaces inverſely (2072) or as the Lengths A M, |. 
AF; and fince the elaſtic Force is in the ſame Ratio with the | 
Denſity ; therefore by making MN: FH:: AF: AM; and 
BQ: FH:: AF: AB; then ſhall MN and B O be as the | 
Force of the Powder upon the Ball at M and at B, and the 
Curve which connects the Points H, N, Q, will be an Zhper- 
bola (by 778). | 
3000, To the Point Adraw the Right-line AI parallel to FH, 
and 8 H parallel to AB; then will A I, A B be the Aſymptotes of 
the Hyperbola, and the Rectangles AF x FH = AM MN 
= ABN BQ = 1, the Power of the Hyperbola (779); and 
from what has been ſaid, it is eaſy to underſtand that the whole 
Force of the Powder exerted on the Ball while it moyes from F 
to B, is as the hyperbolical Space HFBQ, and therefore as the 


— — — 


hyperbolical Logarithm of the Ratio KF (829, 8 50). 


3001. Since the Force impelling the Ball at F is known (2098) 
and the Weight of the Ball is ſuppoſed given, the Ratio between 
the ſaid Force and the Weight of the Ball'is known, which 
let be as F H to FL; then if the Ball were to be impelled to 
the Diſtance FB by a Force equal to its Gravity, becauſe 
the Force of Gravity through ſo ſmall a Space is uniform, or 
acts in every Point with the ſame Tenour, therefore in any Point 
Mor B the Force will be as MR = FL, and BP = FL, and 
conſequently the Line which joins the Points L, R, P, is a 
Right-line, and parallel to the Axis A B, and the whole Ac- 
tion or Force of Gravity impelling the Ball through A B will be 
as the Rectangle FLPB = FB x FL. 

3002, But the Velocities acquired by the Ball = be 
by the Force of Gravity, and by the Force of the Powder, thro 
the Space F B, are as f F LBP, and /FHQ B:(2096). 
And ſince F B is a given Length, the Velocity acquired in ſalling 
through that Space is known. Thus ſuppoſe the Length of the 
Bore AB 45 Liches, and the Length of the Charge AF 

24 
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2+ Inches z then AB—AF = FB = 421 Inches (as in 
Mr. Robins's Example). Then 16,2 Feet; 42 3 (= 3553 Feet): 
32,4 : V* (by 996). Whence 4/64,8 x 3,53 =V = 15,05 
Feet per Second, the Velocity acquired by the Body falling thr 
the Space F B. 8 | 8 | 

| 3003. Again, to find the Ratio of FL to FH, ſuppoſe the 
Ball O be of Lead, whoſe Diameter 4= f of an Inch; the 
will its Weight be z of a Pound Averdupois. Therefore the 
Gravity of the Ball is to the Force of the Powder at F, as Ir 0 
0,7854 F d* (by 2098), that is, as I to 79521, 63 and ſuch is the 
Ratio of FL to FH, ſuppoſing the Preſſure of Air on a ſquare 
Inch juſt equal to 150. | DU ants i 

| 3004. But the Number 79521,6 is ſomewhat too large, ſince 
a Column of Mercury, whoſe Baſe is 1 ſquare Inch, and Alt. 
tude 29 2, weighs but 14. 15 Ounces; and I find Mr. Revin 
has taken for a mean Altitude 28,2 Inches of Mercury, or 3; 
Feet of Water, whoſe Weight is but about 14. 4 Ounces, 
and he alſo makes the ſpecific Gravity of Lead to that of Water, 
2s 11,345 to 1, conſequently a Column of Lead, 34,9 Inches Al. 
titude, will have the ſame Weight or Preſſure ; and multiplying 
this by 1000 (2093) the Product 34900 Inches, will be the 
Height of a Column of Lead, whoſe Preſſure is equal to that 
exerted on the Bullet at the Moment of Accenſion. 

3005. Now the Bullet being 4 of an Inch in Diameter, is 
equal to a Cylinder on the ſame Baſe, and a Inch in Height; for 
the Solidity of the Sphere is br and that of a Cylinder 5 27 
(by 836, 831). Wherefore if : pd* pub, then 4d'=66; 
whence hb =3d4 = 4 of 3 = 4, the Height of the Cylinder, 
equal to the Ball in Weight and Magnitude. Therefore 
234900 * 2 = 69800 ; whence the Ratio of the Force of Pow- 
der is to the Weight of the Bullet, as 69800 to 1. And fo F L: 
FH:: x : 69800, a | 
3006. But we have FB: FA: : 4a $: 25: 339: 21 
Hence the Rectangle FLBP is to the Rectangle A FS H. a 
x X 339: 21 X 69800: : 1: 4324. And ſince the Rectange 
AFSH is equal to the Power of the Hyperbola (853) it is te 


any byperbolic Logarithm FH QB, as 0,4300, Gr. to the 
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tabular Logarithm ghz the fame Ratio AF = = whith is. 


12340579 (N. SS Fhereſore the Rectangle FL BF 
: Space FH AN , 9543420 4324 X 1340579 
:: 1 : 12263; Vaſtuengly.v : V :: FLF: VIFHNB 
/ 1: 1226 2 1: 110, :: 15,07 Feet : 1668 
. Vd of th Ball DR ON 1 rk the Velo- 
city communĩcated to the Ball by the whole Force or Action of 
che Powder will de wat ef F668 Feet per Second, of uniform 
Motion. nene. N | 
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the Turony „er determining the VeLOGUTY of the 
Burr ET af the Mozzxl of the Ox arifing from 
the Quaxtrify of the CHarGt; the LENGTH 
of the PIECE; and DIAMETER, its Bore ; alſo 
the CHARGE producing the GrraTesT VELOGH 


TY in a Pitce of given Dimenſions. 
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4007. A the Titzory of milttaty Pet os oH conſiſts 

I chiefly" in two great Points, viz. (1.) To ſhew | 
how far the Velocity of the Bullet gr Cannon: ball is affected, 
whilſt in. the Piece, by the For of the Powder, the Diameter of 
the Bere, and the Qbantit) of the Charge, under iy given Varia- 
tions; or (2.) After it is out of Ge Files, by the Ry/fance of the 
fir; and having premiſed the neceſfury geometrical Princi- 
— we ſhall now proceed directly to an Illuſtration of them 

th. 8 

. 3008. Let a AB, the LENOrRH be Pires under Con- 
ſderation, and 6 = Length of any other Piece of Artillery. 
Then if the Length of the Chatge A F andthe Bore be the ſame 


in each, we ſhall have the Area FHQB, arL — z YV* 25 


Vos, N. 5: SC "S 3 
"AF 
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L =: V (3006). Pann ro ion 


and N V = Velocity of the Bullet through the Length 
the Bore denoted by (4) will alſo be known. 2 appears, 
— Barrel is, he gra will be ene 

3009. If the Box of the Gun be varied, all other | Thing 
remaining the ſame ; then, putting I = Diameter of the Ban 
in the preſent Inſtance, and D = Diameter of any other Bore ; 
it is evident the Quantity, and, conſequently, the Force of the 
Powder in each will be in the Ratio of D* to D, and the Force 
of-the Powder in the Bore, whoſe Diameter is D, will be reſiſt- 
ed in the Ratio of the Weight of the Ball or of its Magnitude, 
that is as D® (by 841). r FHQB will be 
varied in the Ratio of 55 orgs that is, D: D: V. * 
and ſo B: B v the Velocity ol dhe Bulle 
fought. Hence the ſmaller the Bore is, the greater will bidde Vir 
city 7 the Bullet. 

30 10. If A F, or the Qvabrityer the Cuanch be varied, 
other Things remaining the ſame ; then the Rectangle A FH, 
and, conſequently, the Area F H Q B will alſo vary, but not in 
the ſame Proportion; for there is a certain Quantity of Powder 
or Length of A F, which with Reſpect to the Length of the 
Biece A B, will give a ** Velocity to the * any 
other. 
| 3011. Therefore kt AB = 6 and AP = x, > cl 
the Velocity be as the Force of the Powder at the firſt Inſtant of 
Accenſion, VIZ. a8 AH, or AF x; and alſo as the ; whole 


ee 


the Area F HQB=L of 93 —— vs 


L 25 or is x La— Lx. Let a = — . 
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3012. 1 the Velocity of the Bullet at the "Muzzte & 


Guns of a different Length, Bore, and m_ will be as in 
the n Analogies, vix. ys 
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Vi: Pe: L- : L?, for Lengths as @ to b. 
V; >: "7 D, P of Boop: as D to D. 
VeF 2: *L=:2L-, for Lengths of Charge as x to 2. 


* 5 4 Pager gar tRT 
Conſequently, V : V:: Dl 37 DzL*1 2 
P13: But ſince it is evident from the Expreſſion of the Velo- 
0% L = — = e there will be one determinate Va- 


lue of x which will make i it a Maximum, therefore by putting its 
Fluxion = ©, we have zLa—#zLz—+=0O (becauſe the 


Fluxion of L x = 5 (849); wherefore La — 1 = L x. Now 


jet a= 10; then, becauſe, the hyperbolical Logarithm of x0 
is 2,302585 ; therefore Lx 1, 302585; but as 1 : 0,4342448 
: 1,302385 : 0,565710 = tabular Lt of x (853). 
Therefore x = 3b7g = AF, when the Velocity is a Maxi- 


Mum. 


3014. And becauſe in this Caſe 7 ax 8 (for La—Ls= 


1 =L 2) the Velocity x L 2 when a Maximum, will be as 
x or 3,679, Alſo when x or AF = e of AB, then becauſe 
x = 1, we have the Velocity L. = La=u2,302585, which 


is not quite 2 of the Adaximmm Velocity. And thus the Velocity 
acquired pally any other * of Foudes may be compared wy the 
greateſt Velocity. 

3015. It is obſervable, that when the Velocity is ark, 
then A F: AB:: (3,679: 10 ::) 1: 2,71828; 277 Ratio 


is called the madular Ratio, hacaufs i its Meaſure (2 L-) ins = 


the Module of the Sy/fem, or Power of the Hyper bola ( 779). 

3016. This Maximum Charge is to that in common Uſe, 
(in Art. 3003) as 2% to % = 47, that is near 7 Times as 
large. The Reaſons why we do not, or rather care not to uſe 

82 this 
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this Charge for the greateſt Velocity, are many; for frh, it 
would make too great a Conſumption of Powder, viz. 6 or 
Times more than what we now uſe, ' 8:condly, the Force of the 
Powder in the Gun, would in that Caſe, be ſo great, that the 
Barrels muſt be 5 or 6 Times as thick as they now are to avoid 
burſting ; by which Means they would be rendered too expen- 
five and unweildy. - Thirdly, the Velocity of the Bullet, from 
common Charges, is ſufficient in long Guns; and the greateſt 
Velocity would be much too great. Laftly, in ſhort Guns, az 
Piſtols, &;. we may uſe this Maximum Charge very well an 
many Occaſions, for 1: 2,7 :: 23: 7 Inches, the wr ern 
the Barrel, whoſe Charge AF = 24 Inches. 

3017. If inſtead of one Bullet, * be 2, 3, or 4, laid be- 
fore the Charge, then will the Velocities of the Bullets, in each 


reſpective Caſe, be as V+ 2 3s 25 N 4 (574). Therefore, 


fince 7 = 25 the Velocity of a Bullet when there is 4, will 
be but * that of a ſingle one. Hence alſo the ſo the Velocity of a of a 


Jeaden Bullet is to that of an Iron one, as An, 7,645 
or V to . 

3018. In this Theory, Mr. Robins has ſuppoſed two Thing, 
viz. (1.) That the Action of the Powder upon the Bullet ceaſes 
as ſoon as it is got. aut of the Piece; and (2. ) That che Pow- 
der of the Charge is fired before the Bullet i is ſenſibly moved out 
of its Place. The firſt of theſe Peſlulates is ſelf evident ; and 
the Second is very ngarly true, that, the few Grains uſually 
thrown out unfired, can but little affect the Theory ; - and he 
found it ſo by many Experiments upon Guns of different Lengths, 
and diſcharging a different Number of Bullets from the ſame 
Gun. But this was more particularly confirmed afterwards hy 
many Experiments made by Appointment of the Royal Society. 
The general Reſult of which proved, that not above 3 Part of 
the whole Charge was collected in Grains unfired ; and this, in 
Reality, could be reckoned no more than a r Part, For theſe 
Experiments were made with common Powder, which produ- 
ced 2 larger Quantity unfired, than the fineſt grained. 12 
will do (ſuch as Mr. Robins uſed) in the Proportion of 5 to 3, 45 
was found by Experience, And again, the Saltpetre extracted 


from the Powder, thrown out unfired, Ms with _ 
e 
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the Charge, was bound to be nearly the Ratio of 7 to 91 and, 
therefore, though 2 Penny - weight of unfired Grains were eol- 
lected from a Charge of 12 Penny-weight, which was 2 Part, 
yet this reduced in the. Proportion of 5; to 3, will be but x TF ; and 
this again reduced in the Ratio of 9 to 7, is nearly ! x of the 
Whole. In ſome, Trials, the Deficiency was but the n Part 
of the whole Charge, from whence, it will appear, how inſtan- 
taneuoſly the whole Body of the Charge is fired, and hoy little 
the Velocity of the Bullet muſt be affected by the ſmall Part un- 
fred, as will be evident from the n e in 
Chap. VIII. 1 . 


F. F-4 


C HAP. vn. 


The THEORY of the Macums tontrived by My: 
RoziNs, for determining the VELociTY which 
any BALL moves with at any Di n che 


Piece it is diſcharged from, 


3019. 12 aſcertained by the THzoRY what the Ve- 

locity of a Bullet ſhould be under any given Quan- 
tities of Charge, Length of Barrel, and Diameter of Bore; it re- 
mains in the next Place. to confirm this excellent Theory by 
Experiments. For this Purpoſe, Mr. Robins invented a Me- 
thod, which by Means of a compound PENDULUM, and its p- 
paratus, gives the Velocity of any Bullet iſſuing either from the 
Muzzle of the Gun, or at any Diſtance from it. The Ratio» 
wk of which Machine, and the A of applying it for ſuch 
Uſes, are now to explained. 

3020. To this End the Machine muſt be firſt of all deſcribed, 
of which the Body conſiſts of three ſtrong Poles or Legs B, C, D, 
ſpreading at Bottom, and joining at Top in the Head-piece A: 
On two of theſe Legs, towards. the Top, are ſcrewed on two 
Sockets R, 8, in which a Pendulum E FH I is hung, by Means 


of the Croſs-piece E E, which is the Axis of Suſpenſion on which 
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che Pendulum vibrates very freely. The lower part of the 
Pendulum is a thick ſquare Pjece of Wood. G HIk, fafterea 
to the Back- part (which is of Iron) by Screws. A little below 
the Bottom of the Pendulum, there is a Brace O P fixed to the 
Legs B, C; and to the Brace is fixed a Part MN U made with 
two Edges of Steel, bearing on each other in the Line U N, 

ſomewhat in the M anner of a Drawing- Pen; the Strength with 
which they preſs on each other being diminiſhed or encreaſed at 
Pleaſure by a Screw Z going through the upper Piece. At the 
Bottom of the Pendulum is faſtened a narrow Ribbon LN W, 

which paſſes between the Steel- Edges, and paſſing thro 2 Hol 
in the lower Piece of Steel hangs looſely down as at WM. 

3021. The Artifice of this Contrivance, tho' fimple, is ad- 
mirable; the Bullet diſcharged from the Gun againſt this Pen- 
dul um puts it into Motion; and both the Bullet and Pendulum 
are to be conſidered as Non- Ela/tic Bodits 3 the Bullet being of 
Lead, is evidently ſo; and the Wood tho to flow Motions it 
may bę conſidered as ſomewhat elaſtic, yet with reſpect ta yery 
ſwift Motions it cannot be conceived in the leaſt Degree — 
ſince there is no 1 or Gs Parts to 2 by their * 
Reſort. 

3022. | The Bullet Ind Bundchen, date Py in ther 
Motions and Action on each other, obſerve the Laws of Percuſ- 
non laid down for Non- elaſtic Bodies (from Art. 1003, 102. But 

before we can come to apply them in the preſent Caſe, we muſt 
Arſt ſhow how the Momentum or Quantity of Motion is to be ef- 
timated in the Pendulum when put into Motion' by the Bullet, 
and alſo with what Velocity it moves after the Stroke. 

3023. In Order to this we muſtknow that the Height of the 
Pendulum (Mr. Robins made Uſe of) was 5616. 30. The Centr 
Gravity was diſtant from the Axis of Suſpenſion 52 Inches. And 
200 of its ſmall Vibrations were performed in the Time of 253 
Seconds; wherefore the Time of one Vibration is 243 Parts 
of a Second; and therefore ſince the Length of a Pendulum which 
vibrates in one Second is 39,2 Inches (1125) and the Lengths of 
Pendulums are as the Squares 7 their Time of Vibration (1116 


Therefare ſay, as 17/3: . : : 39-2 Inches 62,73 liche, 


n of Oſeillation from the Axis of Vibit- 
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bon. Laſtly the Center of the Piece of Wood G HI K (o 
which the Bullet is ſuppoſed to impinge) is diſtant from the ff 
Axis 66 Inches. x 
3024. Now if all the Matter of the Pendulum were concen- 
tered in the Center of that Piece or Wood, it would reſiſt the Bul, 
let with all its Force, viz. of 5615. 3oz. becauſe that would then 
be the Center of both Gravy, and Oſcel/atian ; but ſince the Cen- 
ter of Gravity is ſhort of this Point, the Reſiſtance will be dimi- 


niſhed in Proportion, vz. in the Ratio of 66 to 52. And again, 
another Diminution of the Force will ariſe on Account of the 


Velocity of the Motion, becauſe alſo the Center of Oſcillation | 


(by which that is eſtimated) is ſhort of the Center of the Wood 
where the Stroke is made in the Ratio of 66 to 62.2. - Therefore 
the Force or Reſiſtance will be diminiſhed in the Ratio of 66 
66to62 2 * $52 ; that is, al be 66%” 623 Xx $2.:5.56B 
zu.: 42 . Z. 

3025, What has been hitherto ad, is rather by Iluftration 
deduced from the Conſideration of a compound Pendulum of the 
myſt ſimple Firm, but ſuch was not the Pendulum which Me: 
Robins uſed in his Machine, the Theory of which N e 


fore give with its Demonſtration, as follows © 


3026. Let FC be the Shaft, and AT 
ABED the Weight of the Pendulum, II 
both Parallelopipeds, and HI the Axis 
of Motion ; then is FG (= LEC), W 
the Diſtance of the Center of Gravity of | 
the Shaft, and FN (= FC), he 2 7d 
Diſtance of the Came of Oſcillation, and | 
put the whole Length FC = 4. And 
let the End C be the Center of the | 
tquare Parallelopiped ABDE, whoſe 2 
Weight let us call W, — A — 
of the Shaft to. 471 


3027. The two Centers of Oy, of 2 . 
G and C, will have a common Center " id 36 
tg; and it will be w: W:: Cp: 1 
of Put Cg = d; then is S ©. 2 THT 


' 
| 


| 
1 
ö 
N 


Diſtance of the compound Center gong the g, 


the Body AD a ſimple Pendulum of the ſame Weight, may 


320 INST IT UDIQNS | 
wa, 


=$a—d; og pretty by 4 ne 


+ 8 . * 


11 1 


Fe=a—d=a— IWF aw 6. 


_- TJ 
3028. By the Addition of the Weight AD, 5 Center 
Oſcillation will be drawn down from N to ſome other PH. 
to determine which, we proceed thus. Since FN = 1. (109 
and the Momenta of the Weights in the Shaft is * aw Uſe 
fore a X 2a = 4 aato = Monenta, or Sutn"of Wu 
Fortes i in the Shaft. Alſo the whole Force of the Body R 
(conſidered alone, vibrating at the Diſtance F C = @) is Wd 
and the Momenta of its Weight will be a W. If bre 
dum if the Forces of the Shaft and Body AD; be e 
22 20 + . 

by the Sam a we wall have 4. e e 


oe The =1n= Fn, the Diſtance. * Center af c 
cillation from the Axis H 1 (ogg, 4 a 4 al : Woh 
3029. From what we have ſhewn, it appears chat 1 


a:igiiW+w : : W + 4 (3023). my 


4 n:: WT TW. w + % (3024). * * bw - 


Wherefore by Compoſition of Ratios, wehais ai: _ 1 
:W + 2 w; and therefore gn. x WF = 
WA. 3 
3ogo. But gn WT w=F, 8 4 
lum expreſſed in a general Way (1095). and and herber ith 
gard to the Point C, the Force is aa x W- 4 w. | Rut 


at the ſaid Point would be aaxW + w, which is to the Þ 
in its preſent State, as W + w to W + 2 and whic 
therefore, is the * of Diminution. 1 2 


- 
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- 4041. To apply theſe Theorems to the Machine here uſed, 
e have a = 66, g = 52 = 62,73, (or 62 5 to uſe Mr. 
b.linss Number) and the Weight of the whole W + w — 
6b, 38, = 899 Ounges. Then we have 66 (= 4356) : 


Duntes, or 42 1h. nearly (3025. As 899 — 671 = 228 oz, 
= 2103 therefore w = 342 c. and W = 557 S.. 

3932- This compound Pendulum, then, is reduced to the 
aſe of a ſimple Pendulum whoſe Length is 66 Inches, and 
Weight = 426. 5 ex. which is to the Weight of the Bullet = 
„ 1h, as 504 to 1. Let this equivalent 
mple Pendulum then be repreſented 

yAC= 66; and on the Center C 

nd Diameter DE deſcribe the Semi- 

ircle DAE. Let As E be the Arch 

leſerided by the Pendulum impelled by 
be Bullet; and A E the Chord of that | | 
uch. Then we have ſhewn (1113) 
at the Velocity of the Pendulum by | . 
hich it ſhall deſcribe the Arch E A is 5 
he ſame as would be acquired by an 
heavy Body falling through the ſame , _ 
perpendicular Height GE; which Ve- 


ined, In order to this, it is eaſy to 138 
underſtand, that when the Pendulum is in its perpendicular Po- 
con in a State of Reſt, and the Ribbon drawn ſtrait, with a 
Fin put through that Part which is contiguqus to the Edges LN, 
bat when the Bullet impinges on the Pendulum, the Rib- 
bon will be drawn out in ſuch Manner as to meaſure the Chord 
of the Arch deſeribed by the Point L; for it will be equal to the 
Interval between the Pin, and the Edges UN. 

333. Now by an Experiment made with a Gun 45 Inches 
in Length, 2 4 Inches Charge of Powder (weighing 12 Penny- 
weight) the Bullet 2 Inch-diameter, and -*. 16. Weight; and 
the Muzzel of the Gun at the Diſtance of about 16 or 18 Feet ; 
it was found that the Ribbon was drawn out 17 Inches. Now 
the Diſtance of the Point L is 71 Inches from the Axis, and 


verefore if we ſay, as 71 f: 17 4:: 66 16 Inches nearly; it 


22 * 52 (= 32583) :: 56. 3%. (= $99 oz.) : 671 


Jocity is the next Thing to be deter - = 8 > ii ; 


Vol. II. | 754 wiy | 
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will appear, that the Chord of a fimilar Arch deſcribed by the 
Center of the Piece G H IK was 16 Inches nearly. 

3034. Wherefore (in the Fig. 3026) AE = 16, and DE 
= (2AC=) 132. And drawing AD, we have DE: AE 
 ::AE:GE, that is 132-:16:: 16: 1,939 = GE. If then 
we ſay, as 1937: 32:: V1, 939: 3% = Number of Feet 
per Second, that a Body would deſcribe by an uniform Motion 
with the Velocity acquired in falling through GE. The Velo- 
city therefore with which the Pendulum moved after the firſt 
Moment of Impact was that of 3 4 Feet per Second. 

3035. The Caſe of the Bullet and Pendulum is therefore re- 
duced to that of the two Bodies B and A (in 1003) ; add ſince 
m: M:: .: 421b. Z oz. :: 0,083 : 42,031 : 1 504,6; 
and becauſe the Pendulum was at Reſt, we have (1009) the Ve- 


loqity of the Bullet =v= — 15 — (= 505,6) * V= 505,6 


X 34 = 1647 Feet * 1 That is, by Experiment, 
the Bullet moved at the Rate of 1643 Feet per Second, and by 
the Theory it was determined 1668 Feet (in 3006); and as this 
was at the Muzzel of the Gun, and the other at the Diſtance of 
16 or 18 Feet from it, the ſmall Difference of 15 Feet is nomore 
than the AHowance which ought to be made for the Reſiſtance 
of the Air to the ſwift Motion of the Bullet paſſing through that 
Space. Whence appears the wonderful Degree of Exactneſs be- 
tween the Theory and Experiments made quite independent ofit. 
3036. Having thus determined the Velocity for the Length ef 
one Chord; the Velocity of the Pendulum for any other Length 
of a Chord (or Ribbon drawn out) will be known ; becauſe the 
Velocities have the ſame Ratio with thoſe Chords, for fince DE 
x GE = AE,, and DE is a ſtanding Quantity; it will al- 


ways be GE as AE?, and conſequently AE as / GE, that 
is, as the Velocity acquired in falling through GE (by gt). 


And hence, becauſe the Velocity of the Bullet v x 505; 


and this Number 505,6 (for the ſame Bullet and Pendulum) is 


_ conftant, we have the Velocity (v) of the Bullet always propor- 


tional to (/) the Velocity of the Pendulum, and conſequently to 
the Chord of the Arch in any Vibration, 
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CHAP. VIII. 


An Account of the EXPERIMENTS mad: for com- 
paring the actual VELoctTIEs with which BUI 
LETS of different Kinds are diſcharged from their 
reſpective PIECES, weutb their VELOCITIES cam. 
pured from the Tukokv. 


3037. T THEORY for determining the Velocities of Bul- 
lets diſcharged from given Pieces of Artillery having 
been fully deſcribed ; and in the laſt Chapter it has been ſhewn 


how the aftual Velecities of Bullets are meaſured and aſcertained 


by Means of a Machine ; it now remains to compare tbe Reſult 
of the Theory with Experience, and thereby to evince hom ac- 
curately this Theory agrees with the real Motions of Bullets 
though founded on Principles ao ways connected with thoſe Ex- 
periments, Some of theſe we (hall ſeleR- for illuſtrating the 
Theory by a particplar Application; and then give a general 
View of the Experiments as we find them tabulated by Mr. e- 
bins himſelf. 

3038. By Experiments diaet a Barrel only 12,37 5 Inches, 
the Theory was farther confirmed, For - perils) we 
have by the Theory (3008) the L - - 17. 775 :L 212 

3 

: 162,37 = Square of the Chord — Length is ſought in 
the preſent Caſe, which therefore would have been 12, 74 In- 
ches, had the Weight of the Pendulum been the ſame, but as it 
was ſome ſmall Matter lighter, than that in (3020), the Chord 
was by the Theory à little larger, viz. 12,8 Inches; and by 
Experiment it was 12,7, 12,0, 12, 43 on three different Trials. 
Here the very ſmall Differences are little more than what muſt 
reſult from the Bullets lodging in the Pendulum and making it 
thereby heavier each Time. 

3039. By Experiments made with a Barrel 24, 312 Inches in 


Length, all other Things the ſame; the Length of Chord, by 


de Theory, agreed exaQly with the Length of the Ribbon drawn 
3 out 
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out being both = 14.4 Inches. Whence the Velocity of the Buller 
from the preſent Gun was to that from the Gun of 45 Inches, a 
14,4 to 17,1; that js, as 1, 1: 14,41 1647: 1544 nearly, 
And for the Velocity of the Bullet from the Gun of 12,375, we 
have by Theory 17,1: 12,8 $% 1647 : y 1432”, »Whence it 
appeats; the Velocity in a ſhort Gur, js much greater (ali 

A aribus) than 1 in a long one. 

3040. Again, by varying the Quantity of Ponder. | in the 
ſame Space or Cavity DEGC the Theory is {till farther con- 
firmed ; for if inſtead of 12 diut. you put only half that Quan. 
tity, viz. 6 dwt, Then by the Theory (2096) the Velocity by 
6 .dwt. is to that of 12 dwt. in'the ſibduplicate Ratio 6 1012 
(becaufe thoſe Numders are as the Forces or Elaſtici impel- 


ling the Ball)*hat is,” as ary ,: 12; the Chord 
or Length of Ribbon therefore ſhould be nearly 12 ſarder when 
the Bullet was diſcharged with 6 Mot. of Powder, and by two 
Expetiments he Length' of the Ribbon drawn out was 11,2 ; 
12,2) att the Deficiency was owing to this, that the Heat in 
firing ſmall Quantiti es of Powder i is pot proportionally ſo great 
as in firing larger Quantities; and therefore the Impulſe | is not 
to be expected quite fo great as by the Theory. Thus 1 tt, 
of Powder by the Thedty gives a Velocity of 482 Feet per de- 
cond, but by repeated Trials with that Quantity, the ng, 
was not quite 400 Feet per 1, 
| 3041. The leſs Space the Fire or inflamed Powder las tq 
aft i in the more Denſe it is, and conſequently the ſtronger. its - 
Action; therefore when the 6 deut. of Powder was rammed intq tl 
but half the Space D EG C, it was found in two Experiments b 
ty! produce Lengths of Ribbon which meaſured 13,2 and 13,9 
Inches, whereas by the Thebry it ſhould be 1 3,6 Inches. 
304 2. Let us now apply the Theory to determine the Velo, 
city of a Ball of 24 1b. ſhot from a Cannot of 10 Feet = 120 lu. 
ches Length, with = of its Weight (viz, 16 b.) of Powder, 
The Diameter of an Iron Globe of that Weight (and conſe- 
quently of the Bore 'of the Piece) will be found to be 5,325 Ins 
ches, allowing the ſpecial Gravity of Tron to be as in (2054): 
Alfo, 164, of "Powder will fill a Cylinder of that Diameter ta 
the Hei elt of 21763 Inches, allowing 87 87 ; Penn's to a | Cubic 
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Inch. Hence (in in Fis of Art. 2098.)'we have AB 10 


Ar = 21,63; and FB. 98,37. e in | 


2002, zoog,) We mall find FL: F H: 22 1473. 


3043. Therefore FP: FS: 14.4 1 * 98,37 21563 * 1 | 
AB . 


1 : 4078,1- Allo, we have. ES; F (> BE „43429 L f 


= 0,744125- Oanſegquentiy it is FP. FQ * 0,43429 2 
4078 X 04744125 :: 1698), 4. The fabduplicate of this 
Nati is that of 1 to 83558. And the Velocity ae quired in full. 
ing through the Height F B r 98,37 Inches is 23, og Feet pet 
„. Whence 83,50 & 23,5 = 1926,6 Feet per 1/7 which 
the ſaid Bullet acquires at its Exit from the Muwzzel of the Can 
non. And ſince the ſpecitic Gravity of Iron and Lead are (ns 


| the Quantities of Marter' under equal Bulks) as 2 to 3 nearly 0 


thereſore ſay (by 2097) as V3: v2: : 1926,67; 157% 
the Feet per 1“ ſuch a Bullet would move e through if ma fe with 


Lead, 

3044. In theſe creat Guns it will be neceſſary to underſtand 
what Space the Piece will recoil through, in firing it, or rather 
what Space the Gun will move through Rackwards, white the 
Ball is carried forwards to the Muzzel thereof, In order tq 
this, we muſt conſider, that it is one and the ſame Power (viz. 
the Elaſticity of the Powder) that acts both on the Gun and 
Ball; and therefore in the Theorem Q V = GSM 1001) 
js a given Quantity; and fo in the preſent Caſe, we have 
=S M, but Q = V M in every Caſe (yo) therefore 8 = V*; 
that is, the Spaces deſcribed in à given Time, by * Forces wil 
be as the Squares of the Velacity, = 

3945. LetS = (F'B=) Space deſeribed by FE Ball, nd Vi its 
Velocity ; and let 5 = Space through which the Gun recoils 
with the Velocity u; M = Quantity of Matter i in the Gun, 
and m = the ſame in the Ball, The we e 8 Tit 0 22 


1 10 M (by 2097). Whence 8; $3; : N n. Now the Weight | 


of the Gun is about 4.7 ( Cr. or 5264 bb. and that of the Ball 
24 b.alſo S=98,37 ( 3042), Therefore we have 5264 1b, 24 B. 
7: : 98,37 


* The Reader is deſired to correR an Error i in the Table of ſpeci- 
fe Gravities (2054) where that of Lead is 10,131 inftgad of 11.131, 


| 
| 
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: 08,37 : 0,448 = Space of the Recoil, which is not quite : an 
Inch, when the Ball is juſt out of the Gun. 

3046. Hence we ſee the uſual Methods of conſtructing Plat. 
forms for Cannon with ſo much Strength and Firmneſs, and 
conſequently with ſo great an Expence, are not at all neceſſary ; 
ſince if it be but ſufficiently Ready at the Beginning of the Re- 
coil, the remaining Part may be much flighter (as Mr. Robin 
obſerves) ſince ĩts Unſteadineſs or Shaking beyond the firſt * Inch 
can have no Influence on the Ball, (which is then out of the 

Gun) nor any how alter the Direction of the Shot. 7 
23047. Having thus finiſhed a particular Application of theſe 
Experiments to elucidate the Tyzary of Gunnery according 
to the new Principles of Mr. Robins; we ſhall now give a gene- 
tal View of the many valuable Experiments he made, and di- 
gefted into proper Tables, by which it will appear how ſurpriz- 
ingly the Theory agrees with and is corroborated and confirmed 
by thoſe Experiments. In theſe Trials it became ne 
ſometimes to change the Board of the Pendulum (when too 
much battered and over-charged with Bullets) but when its 
Weight varied any Thing conſiderable, Mr. Ralins has taken 
Care to acquaint us with it. The following Account we ſhall 
give in his own Words. Ry 23 

3048. The firſt Table contains three Experiments only, made 
with a Barrel 45 Inches in Length, and the Board on the Pen- 
dulum was 4 B. lighter than that deſcribed (3023). 


| , = 4g | Arch —— — | . 
| | the Ribbon. | ; 
No, Bus | 
1 12 18,7 19,0 +3 
«3 20 19,6 19,0' | —,6 
3] 6 | i961 24] 


2049. The next Experiments were made with the ſame Bar- 
re}, but the Board on the Pendulum was now of little more 
Weight than that in the Example of (3023). 


N'. 
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1 afcend- r 
Lo | tity of * mea- | ro — 
Cavity {| Powder. | ſured on the | 
44. | Ribbon, IF | 
ve. Inches, | Dw. Inch, | tack. 
41 2+] 6 11, { 12,01 
51 2F 6 I'2,2 1 12, 
1114 6 | 1392 | 136 | 
1113 | 6 4. 13,6 
N 
2 3 2 7 
ls 5 12 16.0 | 16,8 
11 253 | 12 17, 1 16,8 
21 24 66 „ „ Ig ö 
13] 238 24 2 | a” | 
141 24 12 16,7 1 16,3 
4 The laſt five Numbers reſulting from the Theory are correct 
: ed from the Quantity of Bullets lodged in the Board, which, as 
| many other Experiments of a different Kind. were tried in the 
7 Interval, amounted at laſt to above two Pounds; whence the 
, Weight of the Pendulum being increaſed, its Vibration with the 
lame Blow muſt be proportionably diminiſhed, 
| 3050. The next Experiments were made with a Barrel of the 
ſane Bore with the laſt, but only 12,375 Inches in Length - 
| To diſtinguiſh them, we ſhall for the future denominate the 
| ficſt Barrel by the Letter A, and this ſhort one by C. The 


Board on the Pendulum was at firſt rather lighter than in (3023). 


Extent Quan- {| Ohordofaſ- The ſame { Error of 
of the tity of {| cending Arch | by Theary. | Theory. 
| Cavity | Powder, — on 8 f 
| ing the | 4 
Powder. | . 
*. Ine ua. I oe. „„ | toe. 
151% 24 | #2 12,7 12,8 4,1 
16 C 21 [12 | 126 J 128 | +,2' 
7 C j} 24 a | 124 12,8 174 
1A] 244 12 | 17,0 17,3 | +3 
9% 421 =] wa | mal o 
20] A £43 53 1 13 17,2 +,1 
21] A 2 4 I2 17,2 TT © 
1 A | . 12,2 {| 2 
30g1. 


* 
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3051. In ſone of the following! Experiment 4 third Barre 
Was uſed of the ſame Bore with the other.twoy E 24,3 21n 
ches in Length: 8 t denominate B; the Board fixed 
on the Pendulum was at fuſt but little Sov] r than that 
(3923) and when in the Cdurſe of the Experi ents it 

bly incteaſed in the Weight, I dimigiſh the 


from the Wen by a correſ ponding Part. , 


: 4 Bxtene | Quantity | Chord of by The. 6 
6 of the | pf . cending Arch by 
bs 2 Cavity | der, £ L on I 
„ f contam- . I | the Ribbon. 
ff of 7 oy 
8 —— | I Powder, ; _ $: ' | 4 
Ne, | Birrel | Ine | De- . I 
20. A! | av j 12.574: 
24 A 2 + | WY us | 
4 : „ 9 1572 
443445 
25 | 4 
n 26 >; . N 2 a my 12 | 1175 
227 'G -. 42 * 12 th, $a | 5 
28 6 [ 2 * 1 4,6. | 8571 13 . — 4 
29, 4.2 Io 12 12, 43564; 99 A4 
7 B . 2 7 if 12 14,4 1 144 4485 | 
AL-B 12.43.0272 | 144" 4 1640008 
„ DB] 23-Þ- 6] 103 Þ- 105" at 
1 33 A „ e 8 8 ö 14.7 12 14,5 4 | 5 
. _ * 4 1 12 J 13% + "1637 aft 


The Error in the 26th, and 27th Experiments being mu 
Sreater than what has occurred to me in any other Trials, wy i 
peRt, that ſome Miſtake was made in the Weight of the 6 j8 
or that the Barrel (which had indeed lain by in à oiſt P 
very damp; which Circumſtance, I know * 
conſiderably diminiſh the Action of the Po xder. 

3052 The follqwing. Experiments wee made with 5 X 
dulum much heavier, it weighing in the v Thole 97 {b. it 
of Gravity was 55,625 Inches diſtant! froqi its Axis of Suſpen- 
ſion, and 200 of its ſmall Swings were performed in the Spher o 
255” 2, whence its Center of Oſcillation is 63,9 Inches diſtant 
from the Axis of Suſpenſion. Alſo ſometimes another Barre 
was uſcd 7,06 Inches iu Length, and 83 in Diameter, its Ball 
was <:a&tly fitted to the Pore without apy Windage, ſo 1 
it Went in with Difficulty, the Weight of this Ball was 335 
Au. This Barrel we ſhall denominate D. N. 
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ecaſioned by the Imp 
n this large Quantity of Powder was plainly to be diſcerned. 
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The Pen in the goth Experiment; the greateſt i in this Set, 
vas doubtleſs owing, .to the Wind; for the 49, which was made 
mmediately before jt in. the ſame Manner, and with the ſame 
Quantity of Powder, differs but little from the Theory. The ; 
Exceſs of the 38th Experiment above the Theory was in Part 
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ulſe of the Flame on the Pendulum, which 
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CHAP. "08-351 


The foregoing menen applied to rnveſtrgate the 
VEtLociTY which the Fame of GuxrOWDRR 


acquires by expanding itſelf, ſuppoſing it be fired in 
2 given Piece of ARTILLERY without either 


5 ullet or _ other Body yore 1 

30 53.4 Fe: order to experiment the tab. wich which the Par. 

ticles of Gunpowder ' expand themſelves (in the Ex- 
ploſion) at the Muzzle of the Gun, Mr. Robins charged the 
Barrel of 45 Inches (Art. 3033) with 12 pwr. of Powder, and a 
ſmall Wad of Tow only; and then plading the Muzzle 19 lu- 
ches from the Center of the Pendulum (mentioned Art. 3023) 
it was fired, and the Impulſe of the Flame on the Pendulum 
made it aſcend through an Arch, whoſe Chord was 13,7 Inches. 
Now fince a Chord of 17 + Inches agrees to the Velocity of 34 
Feet per 1, (ſee 3034) therefore ſay, as 17 2 Feet: 3 Feet 
:; 13,7 Feet; 2,6 Feet; that is, the Velocity of the Pendulum 
was at the Rate of 2,6 Feet per 1. 

3054. Now the Weight of the Powder and Wad was about 
13 prot. and that of the Pendulum 42 1b. 3 0%. (when reduced 
to the Center 3024). Whence m : M :: : 42,031 
2: 1: 1034,Q 3 thereforg the Velocity « of the Powger v = 


— 2 4 x} = 1035,6 X 5 := 2692, 363 (fee 1009 and 


"tl Hence the Velocity of the Particles of Powder, (ſup- 
poſing the Whole of it (together with the Wad) impinged upon 
the Pendulum,) was at the Rate of 2692 x Feet I: i of uni- 
form Motion. 

305 5. And this is the leaſt Velocity the Particles of Powder can 
be ſuppoſed to acquire in the Expanſion. F or firlt we may ob- 
ſerve, that not more than 3 3, of the Whole is converted into 
this elaſtic Fluid. Since 1 oz. = 437 grs. produced 460 Cubic 
Inches (2086) and each Cubic Inch weighs 0,293 = of a 


Grain (2082). Whence 460 x 0,393 = rat” 
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elaſtic Air. But 233 = 4; of the whole Powder, nearly. 
Therefore the other i muſt; in mixing with the elaſtic Part, 
greatly impede the Action, and retard the Motion or Velocity 
thereof in Exploſion ; -eſpecially if it be conſidered that this inert 
Part is in ſome Meaſure of an unctuous Nature, and will not 
be thrown outs but ſtick or adhere to the Inſide of the Barrel ar 
Impediment to the Reſt, | 4 W | 

3056. Again, ſome Part of the Flame muſt be loſt in Expan- 
ſion Sideways through 19 Inches of Air; for an elaſtic Fluid ex- 
pands itſelf equally every Way, and conſequently only a Part 
thereof dan impinge upon the Pendulum. And even that Part 
will meet with a great Reſiſtance from the Air, and ſo will have 
its Velocity diminiſhed on that Account. . The Quantity theres 
fore of the Powder, and its Velocity, eſtimated this Way, is 
ſhort of what it is in the Barrel, and atthe Exit from the Muzzle 
thereof. Now to diſcover what that is very accurately, Mr. 
Robins contrived the, Experiment in a different Manner, which 
I ſhall here explain, with a Variation of ſome Circumſtance to 
render it eaſier to be underſtood. and pratiſed.® _ we” 
3057. The Method of proceeding is this; let the Barrel be 
fixed to the Center of the Pendulum, and let the Weight of the 
Pendulum, Barrel and all, be 5615. (or 4216. reduced to the 
Center, as per Art. 596); in this Sitution let it be charged with, 
12 pwt, of Powder only, put cloſe. together with the Rammer, 
and then upon diſcharging the Piece, the Pendulum will aſcend 
through an Arch; whoſe Chord, at a Medium, will be 14 f In- 
ches. Now ſince in this Caſe: the Powder (or rather its elaſtic 
Air) acts equally on its ſelf and on the Pendulum, therefore 
the Quantity of Motion or Momentum of the Powder (viz..g =. 
vm) will be equal to that of the Pendulum (Q VM) that is, 
VM = vn (oo). Alſo, ſince to 14 f Inch Chord there cor- 
reſponds the Velocity of 2 4 Feet per 1” ; therefore ſay, as m 
rs: M= 42 :: VS 21: = 3082, nearly; fo that the 
Velocity is by this Means determined for the whole Maſs of 
Powder to be at the Rate of 3082 Feet per Second. 

| Uu 2 | 3058. 
This Pendulum with the Barrel fixed upon it in the Manner re- 
preſented by Fig. 2. of the preceding Plate, we apprehend is the 
molt facile and fimple of any. | 


332 INSTITUTIONS 

3058. If now ſo light a Body as 1 Pt. vf Tow be plareũ he. 
fore the Powder contiguous to it, it will-prefttitly ncczulte the 
Velocity with which the claflic Patt of this Powder Will exvhind 
itſelf when uncompreſſed, and by this Means we may be able 
- to meaſure that Degree of Velocity pretty nearly.” THY if the 
Barrel be charged with 12 prot. of Powder,” and r of Willing, 
and thoſe fired, the Pendulum will aſcend chrotiph an Arch, 
whoſe Chord is 17,3; from which, if we ſubdact 14, 5 fer the 
Powder, the Remainder 2,8 will be owing tö the Wad; and 
therefore ſince 2,8 Inches of Chord gives the Velority o, 53 of 4 
Foot per 1“; therefore ſay, as 229: 44: 26,57 : 7128 Feet, 
the Velocity of the Wad, or that which the ſwifteſt Part of the 
Flame moved with per 1”. R 

3059. In this Way alſo the Velocity of the Bullet inay be de. 
termined to a greater Exactneſs than by the former Method 
where the Barrel was fired, and at a Diſtance from the Pendu- 
lum. Thus let the Barrel be charged with 12 put. of Powder, 
and Bullet 2; 1b. (as at 3033); then upon diſcharging it, the 
Pendulum will aſcend through an Arch, whoſe Chord will be 
32,3 Inches. Now 14,5 of this-Chord is owing to the Impulſe 
of the Powder (as above 3057); therefore 17,8 is vccafioned 
by the Motion of the Bullet, and is ſomewhat greater than that 
determined (in 3033). Now to a Chotd of 17,8 Inches, there 
anſwers the Velocity 3,45 Feet (as per $034); whence the Ve- 
locity of the Bullet o = . XV =505,6 x $45= 1734 
Feet, nearly. Whence we find the Velocity of the Bullet, at 
the Muzzle of the Gun, is at the Rate of (at leaſt) 1700 Feet 

g bis 0 5 N 

3060. From this Experiment it appears, that the Actlon of 
the Powder on the Gun is the fame, whether it impels a Bullet 
before it, or whether it be fired alone; arm it is therefore à con- 
vincing Proof, that the whole Quantity of Poder is fired in the 
latter Caſe, as well as in the former. In all the Experiments 
hitherto mentioned, the Ballet has been ſuppoſed contiguous to 
the Powder; and Mr. Robins found that it was laid at a ſmall 
Diſtance from it (as an Inch, or two, at moſt) the Theory will 
agree very nearly with the Experiments. But when the Bullet 


1 
L 


2 88 


e A, &@. = @©a 


joel wn ad do LW 


„ 


+ a 


Of Gumwrky, 433 
i; laid at a conſiderable Diſtance from the Powder, as 12, 18, 
or 24 Inches, the Cafe will be very much altered, and the Bul- 
et will be impelled or ated upon in a Manner very different from 
what it was before. | 5 
306 1. For now we are to conſider the Powder, by the Time 
+ reaches the Bullet, as acting with two Forces, viz. one by 
puſſon or Percuſſion, which it receives from the great Velocity 
with which it's parts expand, and ſtrike againſt the Bullet, as 
ſhewn above (615), and the other Force is by Preſſure ; for 
when the inflamed Powder has expanded itſelf into all the Ca- 
vity behind the Bullet, it will, after the firſt Impact, continue to 
preſs on the Bullet with all the Force of its Elaſticity, till the 
Bullet be out of the Barrel; and hence it will be eaſy to undet- 
ſtand that the Velocity of the Bullet will be in this Caſe greater 
chan if it were impelled by its elaſtic Preſſure of the Powder on- 
ly; and it is demonſtrably ſo by Experiment. | 
3062. For Mr. Rosixs charged the Barrel of 45 Inches with 
12 pt. of Powder as uſual, and then placed the Bullet at the 
Diſtance of 114 from the Breech (or 84 from the Powder) and 
upon diſcharging it againſt the Pendulum, he found that it had 
acquired a Velocity of about 1400 Feet per 1“. Whereas if it 
bad been acted upon by the Preſſure of the Flame only, it would 
not have acquired a Velocity of 1200 Feet per 1”, as may be 
eaſily made appear by the Theory, thus; let M be the Place of 
the Bullet (ſee Fig. to 2097) then will MN repreſent the Force 
- of Preſſure on the Ball the firſt Inſtant ; but it is AM = 1 1, 26: 
AF = 23 :: HF = 69800: MN = 16131, (2099). Then 
we find (by the Methods in 3006 and 3002) the Rectangle 
MRPB : Space MNQB:: MR x MB * o, 43429: AM 


X MN x L I. which Quantities are all known; the Sub 


duplicate of this Ratio is that of 1 to 86, 338; now the Velocity 
acquired in falling through the Space = M B, is 13,51 Feet per 
1”, Therefore ſay, as 1 : 86,338 :: 13,51 : 1166 Feet, the 

Velocity acquired by the Force of Preſſure only (by 2096). 
3063. And to this the Experiment agrees; for the ſame Gen- 
tleman (with his uſual Sagacity) in order to ſeparate the two dif- 
ferent Actions of Powder upon the Bullet, and to retain that 
only which aroſe from the continued Preſſure of the Flame, con- 
trived 
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trived the following Method. He no longer placed the Powder 2 

at the Breech from whence it would have full Scope for its Ex- it 

| panſion, but ſcattered it as uniformly as might be through the F 
whole Cavity of 11 + Inches left behind the Bullet, conceiving j 

that by this Means the progreſſive Motion or Velocity of the b 

Flame in each Part would be prevented by the Expanſion of the v 
neighbouring Parts. And he found upon diſcharging the Bat- E 

rel, the Velocity of the Ball was (inſtead of 1400 Feet per 1) o 

no more than 1100 Feet per 17. Which was 66 F cet ſhort of 0 


what it ſhould be by the Theory. 

3064. This Deficiency he ſuppoſes was owing to ſome inte- 
ſtine Motion of the Flame; for the Powder being kindled in a 
Space much larger that it could fill, muſt have produced many 
Reverberations, and Pulſations of the Flame; and from theſe 

Internal Agitations of the Fluid, its Preſſure on the containing 
Surface, he ſuppoſes, muſt be conſiderably diminiſhed ; and ! 
from hence he judges it neceſſary, to avoid any ſuch LIrregulati- 
ty, to take particular Care to have the Powder confined cloſely 
in as ſmall a Space as poſſible, even when the Bullet lies at ſome 
little Diſtance from it. 


! 


3065. From what has been ſaid, it will be apparent, that 3 
when the Ball lies at a great Diſtance from the Charge, the | 
Action of the Powder will be ſo greatly augmented in the B 
behind, and will be ſo accumulated and condenſed by the elo- in 
city each Part has acquired by the Time it comes to the Ball 1 
that if the Barrel be not of an extraordinary Firmneſs in that th 
Part, it muſt by this reinforced Elaſticity of the Power infallibly or 
burſt, And the Truth of this Reaſoning he experienced in 2 P 
exceeding good Tower Muſquet, forged of very tough Iron; 
charging it with 12 pwr. of Powder, and placing the Ball at % pi 
Inches from the Breech, on firing it, the Part of the Barrel juſt pr 
behind the Bullet was ſwoln out to double its Diameter, like 1 N 
blown Bladder, and two large Pieces of two Inches long, were ty 
burſt out of it. w 

3066. From what has been ſaid, we ſee the Reaſon of all the B 
extraordinary and enormous Effects of warlike Engines in which di 
Gunpowder is uſed ; as in Erenades, Bombs, Petardi, Mines; at 
&c. For as we have ſhewn the Force of this Powder upon every m 


ſquare Inch is 1 5000 /b. (2093), and that it expands itfelf 7 lo 


rr 
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i Velocity more than 3000 Feet per 1“ (3057) it is no Wonder 
it ſhould burſt the Shells of Bombs and Grenades with ſuch 
Force and Violence, and rend the Planks and Parts of Gates, 
Bridges, Walls, &c. in Petards, with fuch ſudden inſupera- 
ble Power and Impetuofity, For the Powder in the Petard 
weighing 5 B. will have an Effort equal to that of a Cannon- 
Ball of 10 fl. moving with half the Velocity, wiz. at the Rate 
of 1500 Feet per 10. For the Momentum is the ſame in both 
Caſes (970). A | 7 
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CHAP, x. 


The QUANTITY of the A1R's RESISTANCE 70 PRo+ 
JECTILES, and BULLETS in particular, deter- 
mined by EXPERIMENTS on the Balliſtic PENDU+ 
LUM, | 5 


3067. WE have demonſtrated the Principles on which the 
Computation of the Velocity and Reſiſtance of 
Bullets depends; and hayę confined the Theory by Experiments 
in reſpect of the former: We now proceed to do the ſame 
Thing for the latter, that is, we ſhall ſhew how the Quantity of 
the Air's Reſiſtance to Bullets is to be computed from the The- 
ory joined with the Experiments made by Mr. Ronins for that 
Purpoſe. | 
3068, We have already ſhewn, that when two Bodies im- 
pinge on, or ſtrike each other, the Magnitude of the Stroke is 
proportional to the Loſs of Motion in the percutient Body (1008). 
Now in the Caſe of a Shot made with a Gun, Bow, Oc. the 
two impinging or percutient Bodies are the Bullet and the Air; 
which, indeed, are very different in their Natures ; the leaden 
Ball being a continuous and unelaſtic Subſtance ; but the Air a 
Ciſcontinued elaſtic Body, The former in Motion, the latter 
at Reſt, Yet this, notwithſtanding their Agions on each other, 
may be eaſily eſtimated both by Theory and Experiment as fol- 


lows. 
3069. 
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. . Zobg: Mr. ReBzxs charged the Muſket-bacrel of 45 Ingh 
with the Bullet and Powder as uſual, and fired it 28449 c. 
Pendulum at the Diſtance of 25, 75, and 125 Feet from g& 
Muzzale of the Piece at three ſeveral [Times reſpectively ; and} 
ſound that it impinged againſt the Pendulum in the fikC n 
with a Velocity of 1670 Feet per 1”; in the ſecond Caſe, Wit 
-8 Velogity of 1550 Feet er ah and in the third Caſe, with 
Velocity of 1425 F ect per 10. Therefore in ſtriking 964908 
50 Feet of Air, it loſt a Velocity of about 120 Feet. 
Now fince the whole Motion of the Bullet in the firſt Cife u 
2670 X xx (by 970, 3003) and in 22 Caſe it was 1 135 
X r; therefore the Difference 120 r = F = 10, wil 
be the Loſs of Motion in the Bullet which it ſuſtained in paſlin 

through the 50 Feet of Air; but this Loſs of Motion was t 
Effe& of the equal Reaction or Reſiſtance of the Air; conſe 
quently the Reſiſtanee of the Air to a Bullet moving with 


mean Velocity of i610 | : .. 4030 . 32590) Feet i, 1's 


bout 120 Times its Weight. 

3070. To find the Time which was ſpent in | paſting throug 
this 50 Feet af Air; ſay, as the mean Velocity 1610 Feet: 1 
60“ :: 56 Feet: 1,877, And therefore to find the Reſiſta 8 
of the Air to the Bullet paſſing through the ſame Space with an 
given Veloeity, and Time will be eaſy as follows. In a {egor 
Experiment made with all poſſible Care, the Mean of three Di 
charges againſt the Pendulum placed at 25 Feet Diſtance. w 
the Velocity of 1690 Feet per 1”, and of 5 Shot againſt gl 
Pendulum at the Diſtance of 175 — the Mean was a Vele 
city of 1 300 Feet per 1”, The Velocity loft in this Cab 
paſſing through 1 50 Feet, was that of 390 Feet per 1”, 01.13 
Feet per 17 for 50 Feet of Air. 

3071. Now the Mean velocity in this Cale 
(=== 2 ) 1490 Feet per 1/7. And n 2 | 
ſtance is at leaſt as the Square of the Velocity ( 2068): 
fore ſay, as 1490* : 1610 *:: 130 Feet: 152 Feet, — 
that the Loſs of Motion would be 152 Feet per 1, with 
Velocity 1610 Feet per 10%. Rut the Time ſpent in paſſing 
50 115 of Air is about 2/1; and ſo this Loſs of 152, Fg 


* 
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2//! will be but 142 in 1,87”, the Time of paſſing through 50 
eet with the Velocity of 1610 per 17%. Conſequently the Loſs 
f Motion or (its Cauſe) the Reſiſtance of the Air in this Caſs 
25 142 X 5E tb. = 11,83 16. or almoſt 12 1b, vis. 142 Times 
e Weight of the Bullet. | 

3072. Let us next ſee what Reſiſtance a leſs Degree of Velo- 
ity met with from the following Experiment made by the ſame 
entletnan with great Accuracy ; he charged the ſame Gun 


the Mean of 5 Shot made againſt the Pendulum, at the Di- 
dance of 25 Feet, was a Velocity of 1180 Feet per 1//; and 
en of 5 others againſt the Pendulum removed to the Diſtance 
f 250 Feet, the mean Velocity was that of 950 Feet in 144. 
ience the Ball in paſſing through 225 Feet of Air loſt a Ve- 
ocity of 230 Feet per 1“, or 51 Feet in ſtriking againſt 50 Feet 
ff Air. Now the mean i Velocity is that of i065 Feet per 17%; 
whence the Time of deſcribing that Space 225 Feet was about 
14%; and that of deſcribing 50 Feet, about 3,1“; conſe- 
quently in 1,87” the Loſs of Motion will be about 31 Feet per 
7; whetefore 31 X r = 246, 10 o. nearly, which is the 
Reſiſtance of the Air to this Velocity. 

4073. Having thus determined by Experiment what Reſi- 


of great Velocity; let us next ſee what will reſult from a Com- 
putation made from the Theory eſtabliſhed by Sir J. Newton 
for ſlow Motions, the Principles of which we have already 
xplained in Chap. V. and ſhall now apply them. Since 
he Weight of a Globe of Air, equal to the Bullet, is incon- 
derable in Compariſon of the Weight of the Bullet itſelf, 


e have (2061) A = B. And conſequegtly = = T, 
(2066). Alſo becauſe it is D = 2, we have $ De = 1; and 
0 8 = >; but Lead is 11,345 Times heavier than Water, 


and Water is 860 Times heavier than Air; whence D: 42: 
9756,7 : 1. Conſequently 8 = 9756;7 Inches 813 Feet; 
Vor. II. X x whenee 


vith the ſame Bullets, but with a leſs Quantity of Powder; 


ance the Bullet meets from the Air with two different Degrees 
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hone SJ —=”=T, the Time of the Fall through d. 


Then the = V: zz LY = 229,5 Feet per 1. 


3074. Now this is the greateſt Velocity the Bullet can ac- 
quire by falling in the Air (2061) and the Reſiſtance it then meets 
with is equal to B = A = r 1b. = Weight of the Bullet; 
if we would have the Reſiſtance, therefore, to any. other Ve- 

locity, as that of 1600 Feet per 1”, we muſt ſay, as 229,5! 
1600 :: Tr Ib.: 4 1b, nearly. But we have before found by 
 underiable Cari, that a Velocity of about 1500 Feet fur 

1// (3072) meets with a Reſiſtance of 12 lb. nearly ; therefare the 
Reſtlanes to ſwift Motions is greater than that ta flow Motions 
(which is as the Squares of the Velocity) in the Ratio of 1240 
4, or 3 to 1; according to what was delivered in the The- 
ory (2072). 

3075. If we enquire by the Theory what Reſiſtance, a Velo: 


city of 950 Feet per 1“ will meet with, we ſhall find it to be 


about 1,427 lb. but by Experiment i it was found to be in Reality 
216, 100z. which is nearly as 1 to 2. We ſhall ſee. that this 
Reſiſtance is very ſenſibly encreaſed, even in ſo ſmall a Velocity 


as that of 400 Feet per 1/7, For by Experiment, a Bullet dif | 


charged with that Velocity ranged but 319 Vards, or 957 Feet, 
on the Surface of Water. Whereas by the Theory for low Mo- 
tions, it ſhould have ranged to the none of 1109 Feet, as 1 
ſhall now demonſtrate. 

3076. The Reſiſtance to a Velocity of. 400 Feet by the Theo- 
ry is 0,253.8. (found as above); then ſay, as r = O 
0, 253 lb. :: 16,2 Feet: 49,4 Feet, the Space a Body would 

deſcend chrough i in one Second if urged by a conſtant uniform 
Force equal to the Reſiſtance 0,253 lb. (999).  Whence 49,4 
X 2 = 98,8 Feet is the uniform Velocity acquired-in 17. And 
ſince the Times are as the Velocities (1000) when the Force is 
given; therefore ſay, as 98, 8 Feet: 400 Feet : : 1“: 4,049 
== the Time in which the Velocity of, 400 Feet Per 1 ff wi be 
generated by the Force = 0,2 53 U. Oo 


* 


* 
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077. Now let ICF be an Hyper- 

bola, whoſe Aſymptotes are A E, AD. | 

Let AB be the Time juſt now found | 

= 4% 049; and B C the given Velo- | 

city of 400 Feet per 1% generated in | a — 

that Time — the Force 0,253 lb. Alſo | A f 


let BE = 4“, draw CG parallel to AE. B E | 
AE, and EG toBC, then will the 
Rectangle BC GE be as the Space deſcribed by * W 
uniform Velocity B C in the Time BE ; and the hyperbolic 
Space B C F E will be as the Space deſcribed with the ſame Ve- 
locity B C decreaſing by the Refiſtance (2096). 

3078. Now AB 87 0 = 1 = Power of the Hyperbola, 


(779) whence BC = - * 3 ; therefore - the Rectangle B CG E 


1 B E 


= (BC x BE =)BE x — IB — 


is the hyperbolic Logarithm of the Ratio - ll which is equal to 
the tabular Logarithm of the ſame Ratio multiplied by 2,302 58 5 


BE 
(854). But AB = —E— = = 1, nearly; and the Logarithm 


of —- (=) 2 o, 301030; therefore o, 301030 * 2,302585 


= 0,6931, &c. Therefore ſay, as 1: 0,6931 :: (BC x BE 
=) 1600 Feet: 1108,96 = 1109 Feet nearly, as before aſſer- 
ted (3075). The Reſiſtance therefore by this Theory is 
much leſs than what it really is, in as much as it gives a Velo- 
city of 152 Feet in 1109 more than the Truth, in this ſo flow a 
Motion. 

3079. Where this Theory can take Place, we have FE = 
Velocity at the End of the Time BE; and is eaſily had thus, as 
AE (= 2) : AB(=2) : B C (E 400 Feet) : FE (= 200 
Feet). Alſo, by drawing A F, it will cut BC in H; and B H 
will be as the Reſiſtance at the End of the Time BE, in the 
Hypotheſis of the Reſiſtances being ſimply as the Squares of the 


Velocity, which is very erroneous as We have ſhewn in all the 
2 | above 
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above Inſtances, and therefore cannot be applied to any cus 


Caſes of Gunnery. 


3080. As in all the foregoing Caſes of ſmall Shot, 
the greateſt Velocity has not exceeded that of 1700 


Feet per 1“; and as it has been ſhewn that the Re- 


ſiſtance to ſuch a Velocity is three Times more 
in Proportion than what it is in ſlow Motions (3074) 
it will be ſtill neceſſary to ſhew what Proportion of this 
increaſed Reſiſtance belongs to all other leſſer Degrees 
of Velocity in arder to compleat the Theory, and 
render it of general Uſe. For this Purpoſe let A B be 
a Right-line divided into 100 equal Parts, and let 
CD SIA, be divided into 1700 equal Parts; 
then ſince DB: AB: 1 : 3 : : Reſiſtance to a Velo- 
city of 1700 Feet per 1! : Reſiſtance given to the 
ſloweſt Motion; it is evident, that to a Velocity of 
any given Number of Feet in the Line C D, there 
will correſpond a Number in the Line A B, which in 
reſpect of the whole Line, will ſhew what Ratio of 
the encreaſed Reſiſtance belongs to that given Velo- 
City ; thus for Inſtance, to the Velocity of 1500 Feet 
fer 14 correſponds the Ratio of 2; = 2, nearly; to 
the Velocity of 1000 Feet ap 1”, the Reſiſtance is 
nearly in the Ratio of r or 2; and that of 500 
. Feet per 1“ has the Ratio = 75 nearly. And 
ſo for any other Velocity propoſed. 

3081. Hence then if the Reſiſtance for any propo- 
ſed Degree of Velocity be calculated by the Theory, 
the Error of the Theory in ſwift Motions may be 
hereby corrected, and brought pretty near the 
Truth. Thus, ſuppoſe I find by” the Theory that 
to a Velocity of 1000 Peet Joy 1”, there is a Reſi- 
ſtance of 1,5 B. to a Ball of r l. __ if this be en- 


110 


392. 
8 
* 


rr l 


4 


610 


8 . 419 


creaſed in the Ratio of 2, by: ſaying, as 3: 5 :: 1,5 B.: 2,5 B. 
this 4th Number 2,5 = 2 U. 8 oz. will be A the ſame as 
was found by Experiment (3072) to be the true Quantity of Re- 
ſiſtance. So that by this Contrivance the Theory for flow Mo- 


tion may ſtill be applied to very good —_ 


* 
P 


3082. 


„ 4 0 


W 
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282. We have ſhewn that when a Cannon Ball of 24 B. is 
impelled by a ſull Charge of Powder, it acquires a Velocity of 
1900 Feet per 1 ; but if it were impelled with only a common 
Charge (viz. 12 1b. of Powder = the Weight of the Ball) its 
Velocity will then be about 1700 Feet per 1”. With this Ve- 
locity we have ſeen a Bullet of à of Inch Diameter will meet 
with a Reſiſtance of 10 lb. (3096). And fince the Reſiſtance is 
{cateris paribus) in the duplicate Ratio of the Diameter, or as 
the Surfaces 3 and the Square of 5,325 = Diameter of the Can- 
non Ball, is equal to about 50 Times the Square of 3, the Dia- 
meter of the Bullet ; therefore the ſaid Cannon Ball will meet 


with about 50 Times the Reſiſtance of the Bullet, or 500 lb. wt. 


or about 20 Times its own Weight. 
3083. That the Reſiſtance is in the duplicate Ratio of the 


Diameter in Globes or Balls of different Size, is deducible from 


(2033) where it was ſhewyn tobe as + ap, which is half the Area 


of a great Circle (830) and 3 of the Superficies of the Sphere 


(839) ; therefore the Reſiſtance is in the Ratio of the Superfi- 
cies of Globes, or in the duplicate Ratio of their Diameters 


842). 


- 
* 2 0 » % 7 7 * Fe, po. 


CHAP. I. 


The THEORY of RESISTANCE, VELOCITIES, 
TiMEs and SPACES deſcribed by PRoJEc- 
TILES in their perpendicular ASCENT and DE- 
SCENT in reſiſting Mediums. 


3084. B ORE we can proceed further, it will be neceſſary 

to raiſe Theorems for aſcertaining the Spaces, Times, 
and Velscities in the perpendicular Aſcent and Deſcent of Projectiles, 
in a Medium reſiſting in any multiplied Ratio of the Velocity. 
In order to this, let s = Space, t = Time, v = Velocity, 
S Reſiſtance. Then (by 971) we have vt = 5; and ſince 
this holds in every Caſe of t and , therefore v ; = ;, 


3085, 


— ———ü ä EO EE (——:.— ns TIT — 
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3085. The Reſiſtance being the Reaction of the Medium, 
will be proportional to the Decrement of Motion it cauſes in the 
moving Body; that is, r —- = — © m (970); and when 

m is given, it is 7 = — &, or the Reſiſtance is as the Decre. 
ment of Velocity. The Reſiſtance (7) will alſo be inverſely as 
the Time (7) in which it produces a given Effect (— ), there. 
fore r = - ; wherefore in general 7 = — or re == . 


Hence i = — = == - (3084) therefore r = — v4, 

3086. If the Body . it will be retarded by two Forces, 
the Reſiſtance (7) of the Medium, and the centripetal Force, 
or Gravity (g); and this Retardation will produce a Decrement 
of Velocity (=) which will be as the Moment of Time (.), 
and the Sum of the retarding Forces » + g, (as is evident from 


the Nature of the Thing); thirelbes] in general r? + g=. 
And for a deſcending Body, if the Reſiſtance be leſs than Gra- 


vity, it will be g - rr e . But if Gravity be leſs than the 


Reſiſtance, then 1: —g += — b. 


3087. We have ſhewn that v? = ; „hence v = 5 ; there- 
c 


fore for the aſcending Body, we have 77 + 27 X = —y 
7 


Xv=r;+2i. But for a deſcending Body, if Gravity be 
greater than the Reſiſtance, the Theorem will beg; —r; = 
v 1;—g; = =, when the Reſiſtance exceeds Gravity. 
3088. If the Body aſcends in an unreſifting Medium (or in 
Vacuo) then r = o; and g; = -, and g: = -v; but 
if the Rody deſcends, it will beg ; = v, andg; = vw. When 
the Reſiſtance becomes equal to Gravity, then r = g, and g! 
S s; that is, the Velocity will then become conſtant or 
uniform. And fince till then the Velocity is continually in- 
creaſing (for there will be v = g — x, in any given Time, ) it 
is evident, the Velocity is in that Caſe a nnn as we have 
before ſhewn (2063). 
3089. Suppoſe the er (r) be as any multiplied Ratio 


of the V elocity (== „that is, let = 7 
is 


* 
e 


N -, where (a) 


18 


Ca 


+ _—— „„ = a of? 
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is 2 given Quantity. Then for a deſcending Body it will be g: 


um, 
che Ba 2 v6 and fo ; — — Alſo, be- 
hen we ES. (944) 2 =o M 
s : £=2 6 
* cauſe ; = =» we have ; = 27 gan And for the aſcend- 
re- „ —9 — 2 

ing Body, 2 * e re 


3090. If we ſuppoſe the Reſiſtance to be as the Square of the 
Velocity, then n = 2, andy = - (3089) let V = greateſt 
Velocity acquired in the Deſcent, and becauſe in that Caſe r = yg 
(3087) and v becomes V, we have g = , and ſo eg = V*. 


Let z = Space which a Body falls through in Vacuo, to ac- 
quire the greateſt Velocity V; then gz = VV (3088), and 
(taking the Fluents) gz = + V* ; therefore 242 = V a3 
Whence a = 22, 


3091. Therefore in the deſcending Body, it will de 4 


oy >> ; let V* . ms and taking the 


ag — VV 9 


Fluxions, we hall have vw = — xx; and ſo; = — 
4 X * 
- — And taking the Fluents, 32 Q — 22 Lx. 


(Here Qis ſome conſtant Quantity, and L. x is the Fluent of 
* by (849). But 1 2 L. æ * 22 Q22L. . = Q— 


2 L. U. Now when 5 = o, and then v = the Cele- 
rity with which the Body begins to deſcend, we ſhall have Q in 


that Caſe = 2 L. V*— ©. And conſequently s = z L. 


= 9 9-i0” . vv WS 


18 
= 
3092. LetL, d=1 ;anditwillbe sL.4=2L N == and 
) 
0 V* 5 v 
-Ld= Ld, =L nA — and therefore d — e 


whence 
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V2 4s + — 


5 whence we get v* — . And for the Time 
5 42 | 
| (t) of the Deſcent, we have = —== (3089) = == 7 — 


3 2 
— 7 — Y 
V l 


V 
= FIT : TR == (as will appear by reducing the two laſt 


Fractions to a common Denominator. ) Therefore taking the 


, 


Fluents, we have t =Q + LV +v + v—7 L.V —v 2 
7, £ it "PI 
Tyr 
2 


Q==— v . * n we have t = 1, 


: let ft =o, then v = c; and we ſhall have 


V 


Vox V=5 
V+cxV—s 


3093. If the Body falls "Mo a State of Reſt, then the incep- 


tive Velocity c = 0; and the above Equations will become for 


the Space s = z L PUN for the Velocity at the End of the 


V2 dz — V 
4 
5 If we put 4s = m, G Vi/4 =; 
3094. * the ſame Manner, we find the Theorems for an 


Fall v* = and for the Time of the Fall 7 = 


VI o 


aſoending Body are 5s = 2 L 


_ as 

aw 1 22 
ag + vv v v 25 VV 
fluxionary Equation is analogous to that which is found for the 
Fluxion of an Arch of a Circle, by Means of the Radius and 


Tangent of that Arch ; and therefore BA Fluent of the Time 
may 


and ; = 


(3089, 3090). Now thi 


* 
ce 


ve 
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may be found in the Meaſure of the Arch of a Circle, as ſol- 


lows. 
3095. On the Center D, with 


the Radius AD = V, deſcribe the 
Quadrant ATE; let the initial 
Velocity c be expounded by the gi- 
ven Tangent AP, the reſidual Ve- 
Jocity v by a Part of that Tangent 
AM; and draw DN inhnitely near 
to DM; and then & = Mm; 
draw DP; and from the Point M let fall the perpendicular M R 
upon D m; then are the Triangles DN », and DMR ſimi- 
= and ſo DM: DN (or DA) :: MR: N. Alſo the 


Triangles m RM and MAD are fmilac ; and ſo DM: DA 


: M: MR. The reſpective Terms of theſe two Analogies 


being multiplied together, give DM*:DA*:: M: Na; 


VV 


bat is, VV + vu: VV. . NS — = the 


VV + vv 
Fluxion of the Arch AN, 
TO If this laſt 'Equation be multiplied in each Part by 


22 x Nu 22 
, it will become 75 * Fo „ 


75 
n (3094); and taking the Fluents, it is ? Q — 
RR oth. Let t = 0, then will AM = AP, and AN = 


AT, and in that Caſe, therefore, Q = * N * 


2X ATaoAN _ _ 2%.X TN TN 


V.V — * 2 
becauſe 2 2 g V., by (3090). a 

3097. To apply theſe Theorems to the Motion of a Bullet 
ſhot from a Gun in a perpendicular Direction upwards, on Sup- 
poſition that the Reſiſtance is always in the duplicate Ratio of the 
Velocity. Let us take the Example of (3059) where the Bullet 
is projected with a Velocity c AP = 1700 Feet per 1”. To 
determine the Height o or Space of that Projection, we haye s = 

Vor. II, Y y 3 zL 


There- 


fore it will be t 


— ͤ—Zĩ——é ͤ —— - 
- . _ 
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BY + © (by 3094) becauſe in this Caſe v = e. Nos 


ſince c = 1700,-V = 22055 (3073); and x = 813 (i.) we 
ſhall have 5s = 1420+ Feet, for the perpendicular Altitude 6 
the Projection in a reſiſting Medium. No this is conſiderably 
greater than the real Altitude, becauſe we have ſhewn (2072) 
the Reſiſtance to the initial Velocities is three Times more than 
what we have here ſuppoſed. | | 
3098. But let us ſee what Height the Bullet will aſcend to is 
Vacuo, projected with the fame Velocity of 1700 Feet per 1/, 
This is found by the Theorem = = 8 {is 54) where m = 
1700, and# = 16,11, and t= 1”. Whence m* = 2890000, 
and 44 = 64,44 ; and ſo a = 45675 Feet, which is about 32 
Times higher than before; and very likely 40 Times higher 
than it does really aſcend in Air with the given Velocity. 
3999. The Time in which this perpendicular Altitude in Ja- 
eu is deſcribed, is found by Theorem (1152) _ = T, for 
in this Caſe s = r = I, and ft = 1”; therefore the Time of 
Aſcent and Deſcent is — = —— 
6 


3100. Now the Time in which the Bullet aſcends perpendi- 
8 


cularly to the Height of 1420 f Feet in the Air is equal to = 
(by 3096), becauſe in this Caſe T N becomes T A (fee Fig. 
to 3095). To find the Arch A T we have the Radius AD = 
V = 22, 5, and AP = «© = 1700; wherefore ſay, | 


= 57 nearly. 


* 


* bb — As 20h; 
Is to AP — — 1700 — 3.230447 
So is Radius — ä "go? 00” — 10.000000 


— 


To the Tangent of the Angle PD A = 82 18/ — 10.869664 


3101. The Diameter is 2 AD = 459; therefore ſay, A 
1: 3,14159 :: 459 : 1442, the Circumference of the Circle. 
Then ſay, As the Circumference 3609 is to the Arch 826: 18 
ſo is 1442 to the Length of the Arch A T = 32948, go 


* 
e 
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Gravity —__ an uniform Velocity g = 32,22 Feet per 1”/ 


29,8 AT 
Whence _ (= ir” "i = 1c nearly, the Time of the 


Aſcent in the Medium of Air, refiſting according to the dupli- 
cate Ratio of the Velocity, The Time therefore in this Caſe is 
not more than + of that which js ſpent in the Aſcent in YVacuo 
3090). 
3ioz. The Time of che _— a the Air from the 
V+v 
{aid Altitude of 1420 3 Feet, is - V LE 1 (by 3093). 


Bur in order to determine this, we muſt Gif find the Velocity 


j acquired in the Deſcent from the Theorem v = V of I _ 
(in Art. 3093) where V = 229,5; 4 = 10, (becauſe ts Lo 


rarithm = 1 (by 3092), 5 = 1420,5; .2= 813; and m= Fe: 
= 55,86. Whence we find the Velocity v = 227,44 Feet 
per 1“. Therefore V ＋ v 9003 and V —v 2, 06; 


and L = 


1. Whence it appears that the Times of the Aſcent and 
Deſcent are in the Ratio of 10 to 8, 33 or nearly as 5 to 4, and 
both together make but 18”, 3 which is 3 1 leſs than the Time 
in Vaeuo (3099). oo 

3103. Hence it appears FR: are widely miſtaken who aſſert, 
that if an heavy Body be projected upwards with a Velocity 
greater than that which can be acquired in falling, the Time 
of the Deſcent will be greater than that of the Aſcent; ſince it 
is demonſtrated, that a longer Time is required to deſtroy a 
great Velocity in aſcending, than in generating a much ſmaller 
one in deſcending; through the ſame Space. 

3104. From this Theory alſo it is manifeſt, that ifa Ball or 
Shot be projected downward with a Velocity equal to the great- 
eſt that can be acquired in falling, the Motion will be uniform; 
but if it be projected with a Velocity greater than that, the 
Motion will be retarded ; if with a leſs Velocity, it will be ac- 
celerated, but never:will become equal to that greateſt Veloci- 
ty, all which is evident from the T.heorem | in Art, 3092. 


1 94 Y.y: 2. 1221 - 3105, 


= = *F 24345992 3 alſo d v = 35435 therefore : = 


7 — — = = - 
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3105. Hence alſo we ſee the Reaſon why the Force acquired 
by a Bullet in falling is ſo much leſs than that with which it is 
projected; for ſince the Maſs of Matter continues the ſame, the 
Forees will be as the Velocities, that is, in the foregoing Ex- 
ample (Art. 3097, 3102). The Force of the Bullet, when pro- 
jected, from the Muzzle of the Gun, is to the Force it acquires 
in falling, as 1700 to 227, 5; or nearly as 8 to 1. 

3106, Indeed, with reſpe& to very light Bodies, the Caſe 
may be a little different; and the Times of Deſcent of an Arrow, 
a Ball of Wood, &c. may be greater than that of the Aſcent, 
ſince they are reſiſted by the Air in a much greater Proportdon 
to their Quantity of Matter, on Account of their larger Quan» 
tity of Surface; what this may be, as nothing of Conſequence 
depends upon it, I have not here calculated; but it may be 
eaſily done by any one who underſtands the foregoing Theory, 
and has Curioſity and Leiſure for ſach Amuſements. 

3107, In all that has been hitherto ſaid of the perpendicular 
Projection in a reſiſting Medium, we may obſerve what an egre- 
gious Difference there is between ſuch a Shot and one made in 
Vacuo in regard of the Height, the Time, and the Vellrity and 
Force of the PROJECTILE ; and how widely the latter is different 
from the Truth. 


— _ 


CHAP. XII. 
The common practical Rules of GUNNERY, . 
rived from the parabolical HYPO TRHESIS, com- 


pared with EXPERIMENTS, and thereby fhewn 


to be extremely fallacious, and of no Uſe in PRAC- 


TICE. 
3108. WI next proceed to ſhew how very fallacious all the 
Rules and Caſes of pradtical Guxxxxv are, as they 
are derived from the Principles of the parabolical Hypotheſis, which 
we have explained (in 1141, Sc.) and ſhall here apply, in or- 
der to confute them by Experiments. After this we ſhall conſt- 
der the Nature of the Motion of a Body projected obliquely in a 


err 


22 
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refiting Medium, and the Form of the Path it deſeribes, and 


ew it to be no PAR ABO TA (as is always n nor any 
other regular or geometrical Curve. 


109, It was ſhewn (1155) that the greateſt Amplitude 5 
Random of a Shot (in Yurus) was that which was W 


an Elevati- 1, 
on of 45˙. 
And it ap- FF 
pears, that | 
ADis equal c 
tohalf AL, 
and there- 
fore ſince | 
AD = 2 MET | SJ 
AM ww... 1 N 
ſhall have AM = 2 AL = the greateſt Random poſſible. 
But we have ſhewn (in our common Example (3098) that 
AL = 45675 Feet; and therefore 2 AL 91350 Feet = 
AM, the Random on 45% Now this is about 17, 3 Miles; 


but all experienced Gunners, and practical Writers aſſure us 


that this Range is actually not quite 5 a Mile; and ſo Merſennus 
found the horizontal Range of an Arquebuſe of 4 Feet to be leſs 
than 800 Yards, which is not quite 4 a Mile. The Range 
therefore by this falſe Theory is about 35 Times greater than the 
Truth. | 

3110. The Caſe is the ſame with reſpect to large Shot as in 
ſmall ones; for St. Remy (as quoted by Mr. Robins) tells of ſome 
Experiments made by Mr. Du Metz, in which the Range at 
45*, of a Piece 10 Feet in Length, carrying a Ball of 2416, and 
charged with 161, of Powder, was 2250 French Fathom, which 
is not quite 3 Miles. But ſuch a Ball was projected with a Ve- 
locity of about 1900 Feet per 1“, (Art. 3043.) and therefore 


per Theorem (1154. a = =AL= 56021 Feet; and ſo 2 AL 


=AM = 112042 Feet a=-28 Miles, which is more than 7 
Times the real Random, in the reſiſting Medium of Air. 

311t, The fame Difference between this Hypotheſis, and 
the Truth, will be found in Proportion to obtain in ſmaller De- 
grees of Velocity, and on any other Elevations, as is evident fron 


Mr. 
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Mr. Robins's 32 compared with this erroneous T 

For a leaden Bullet, I of an Inch, Diameter, diſcharged with a 
Velocity of 400 Feet per 1½ and in an Angle of 199: os, of 
Elevation ranged on the horizontal Plane no more than 448 
Vards, whereas by the Tron it , to hang "RA 1023 
Yards. 


3112, Forin this Caſe AL (=) = * Feet; ind 24 


= AM = 4966 Feet = 1655 Yards = the greateſt horizon- 
tal Random. But all Randoms, in Vacuo, are as the diner of 
double the Angles of Elevation ; as is thus ſhewn. - Draw C K. » 
then is the Angle of Elevation HAM = ALH (665) = 
HCA (642) therefore F H is the Sine of double the Angle of F 
vation; but FH AD SAM, the Random. Conſe- 
quently the Randoms are as the Sines of double the ue of 
Elevation. Therefore ſay, . 2 

As the Sine of double 45 = 99% — 10. To 
To the Sine of double 19? : 5 389 10/ 1 9.790954 
So is the greateſt Random 1655 Yards ———— 3.218798 


To the Random on 19˙: 5' = 1023 Yards ivy 009752 
So that the Range made in the reſiſting Air is but about ; of 
what it would be in the parabolic Hypotheſis. 
. 3113. Again, a Ball was diſcharged with the pe Velocity 
as in the laſt Experiment, but on an Elevation of 9? : 45"; and 
its Range on the Horizon was at a Medium 99o Feet, or 330 
Yards, Now if this were to be deduced directly from the The- 


oem (in 1152) = = AM, we ſhould find A M-=="1655 
1 5 


Feet, or 552 Yards nearly, as in the following Operation. 


(ine of 95 45, — 0. 128784 
Add the Logarithms of Coline, 805 1575 — : 9 993081 
| And of n 3 — - 5: 204120 


From that Sum | 4 426585 
Subduct the Value of 1 = 16,11 —— — 1.207095 
——— 

oth Remainderi the Range AM = 1666 6 3 .419490 
3114 


r The Reader i is defied to draw this Line i in the — 
as it is there (by Accident) omitted. 


— ww Way" 


4 
0 
5 
5 
0 
4. 
EN, 
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3114. But if this Random were to be computed from the 
Random on an Elevation of 19% : : 30 found in (Art. 3112.) it 
would come out a yefy diffetent Number ftom either of the 
foregoing 3 ; for lay 


As the Sine of double 1 ** _ - 385; 10%— 9. 790954" 2 


Is to the Sine of double g* 45 = 19 30 — 9.523495 
do is the Random on 19? : S= 448 — = 2.651278 


To the Random at 242 Js 2. 38 3819 


Now this is as much too little as the other was to big, and ptoves 
the Theory falſe on every Account. 

3115. Again, for greater Variety, a Ball was ; fired at an Ele- 
vation of 8%, and with a Velocity of 700 Feet in 1”, and the 
horizontal Range at a Medium was 690 Yards ; but if this 
Range 0 e from the common Theory, we ſhall have 


2AL— — = AM = 15208 Feet, and then by (Art. 1154.) 


we mal "find the Random at an Elevation of 80 to be 4192 
Feet, or 1400 Yards nearly, which is more than double the 
real Diſtance. 

3116, Laſtly, a Ball being fired at an Elevation of 4? with 
the ſame Velocity as in the laſt Experiment ranged 600 Yards 
on the Horizon. Now this Range if deduced from the laſt Ex- 
periment, and the Theorem (in Art. 1154.) ſhould not have 
been more than 350 Yards, From all, which Inſtances of the 
Inconfiſtency of this vulgar Theory, with Facts and Experi- 
ments, we obſerve the Falſity of the Hypotheſis on which it is 
founded, and may juſtly wonder to ſee every Day Books pub- 
liſhed relating to GUNNERY, and the Dacirine of Projectiles, 
with as ſtrong a Preſumption of theſe falſe Principles, as though 
Philoſophy were not in the leaſt underſtood, and the Nature of 


theſe Things had never been enquired into by any one. 


CHAP. 


* 


gsa ente NS 


C H A P. XIII. 
Sir Is AAc Nxwrox's Method of 1 bi 


Parn of 4 PROJECTILE in @ reſiſting Mediu 
iluftrated, applied to practical GUNNERY, { 
exempl, ified by EXPERIMENTS, 


31 17. Bur now that the Enola may ba allure * 
genuine Phyſico- mathematical THE OR, that thi 
Path which a Projectile deſcribes, when thrown from the Gus 
i any oblique Direction, even when the Reſiſtance of the Me 
dium is no more than proportional to the Square of the Velacity 
cannot poſfibly be a PARABOLA, nor any regular geometric 
Curve, he is to conſider in the firſt Place, that ſince the Bod 
is prevented going on in the Right-lined . AB wy 
ndicular Action of To. 
Gravity by which it is 
brought down from any 
Point C to the Point-D in 
the Curve of the Parabola 
ADF in Vacuo, ſoif we 
ſuppoſe marking to 
be made in/a reſiſting Me- 
dium, the Reſiſtance will 
lefſen the Velocity of the 
Ball, and prolong the A 
Time of its arriving to the | 
Diftance of D, and therefore as Gravity aQs al the Time v uni 
formly, it will produce in the Projectile a greater perpendicul 
Deſcent from the Point C, and carry it from C to ſome Poi 
E below D; and ſince this is the Caſe every where, it follow! 
that the Curve A E G deſcribed by the Projectile, cannot beth 
Parabola AD F, but ſome other Curve contained within it. 
3118. Again, ſince the Velocity of the Projectile in the« 
ſcending Part of the Curve H G will be always much leſs th 
that in the aſcending Part AH, as we have above demonſtrat | 
13102 
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goa) therefore Gravity will in this Part carry the Ball through 
uch greater perpendicular Spaces (in the ſame Time) from 
parabolic Curve and ſo the Curve in the Part HG will 
aye à leſs Degree of Curvature, and therefore the Point G, 
here it falls on the Horizon, will be much nearer to the Line 
Jof che greateſt perpendicular Altitude, than the Point A 
om whence it was * — from Fat 3 in 
le Purabols. N 


3119. And Sir IsAAc NRW rox has ſhewn, that che Curve 
\HG approaches nearer to the Form of an Hyperbola than that 
f a Parabola; for an Hyperbola wilt be truly deſcribed in a fefift= | 
59 Medium, whoſe Denſity is every Where inverſely as the 
angent to the ſaid Curve, as he has proved in Prop. X. Lib. II. 
the Principia. And therefore if AG K be che hyperbolic 
rajetory of the Ball, projected from the Point A in the 
Direction A H, (in a Medium of a variable Denſity) whoſe 
ſymptotes are M X, XN, cutting the horizontal Line M N 
the Points M and N; and of Which the latte? X N is 
endicular thereto; then ſince in this Caſe the Denſi 

n any Points A and G i is inverſely as the Tangerits Af and 
Vor. II. Z 2 1 
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GT, it is manifeſt if the Medium be nom - ſuppoſed: of an 
uniform Denſity, ſuch as is equal to the mean Denſity of the 
Medium in Queſtion, then in ſuch, an one, on Account of 
the greater Denſity at A, the Velocity of the Proje&ile will 
be more diminiſhed; than in the other Caſe, and conſequent- 
ly the Trajectory will be continued within the Hypetbola 
AG K {by 3117) in the aſcending Part A G. But in the de- 
ſcending Part G K it will approach nearer to the Aſymptote XN 
than the Hyperbola, (which can never meet it, by 776); con- 
ſequently in the uniform Medium, the horizontal Motion of the 
Projectile {ſetting aſide Gravity) will be infinite; and therefore 
after a determinate Time, the Projectile will arrive at the ſaid 
Line XN (3097). . 

3120. But notwithſtanding the real Trajectory is not truly 
an Hyperbola, yet it approaches ſo nearly thereto in the ſmall 
Part of it above the Horizon, that in practical Affairs the Cmic- 
Hyperbala may be uſed without any ſenſible Error, for eſtimating 
the Motion of a Projectile in an uniform reſiſting Medium. Now 
ſuppoling AGE ſuch an Hyperbola, and drawing AI and 
HC parallel to NX and MX, then Sir Iſaac Newton has proved 
(in the above cited Propoſition) that the Velocity of the Projec- 


tile will be as 1 A a7 1 = that is, . Velocity at 


=xÞ 


A is to the Velocity at any other Paint G, as 7 — fo 


Al 


7 G Alſo, that the Reſiſtance of the Medium i is to the 


Force of Gravity (in any Point A) as AH to Al. More- 
over, from the Nature of the Curve, A M = KN; and Al 
= AC; and by Conſtruction I C = (2 AIR) HX. 
23121. Theſe Things premiſed, it is evident that if the Line 
Al and AH be given in Magnitude and Poſition, the Hyper- 
bola AG K may be deſcribed, becauſe in this Oaſe we have gi- 
ven HX 2 Al, and therefore the Center of, the Hyperbo- 
Ja x. Hence alſo the Aſymptote X N, and ſince the Point i 
given, we haye alſo the other Aſymptote X M cutting the hori- 
zental Line in M. Hence, aftly, we haye giyen the Point K. by 


taking 


« 
Ld 


s FE KAN FFI FS 


/ Gun ERI. 355 
aking KN = AM (776 to 780). It remains now to ſhew 


how the Lines AI and A H may be determined in the preſent 


Caſe of the Problem by Experiments, and thence an expeditious 
Method of deſcribing the Hyperbola A G K, or Trajectory of 
the ProjeCtile ; and thence a Solution of all the Caſes of the 
P oblem. R S L ; 
3122. In order to this, let two equal Balls be diſcharged 
with the ſame Velocity on two different Angles of Elevation 
HA K, and h Ak; and let the Points K and 4 where they 
ll on the Horizon be obſerved, and the Proportion of their 
Diſtances A K and A be found by Meaſuration. And let AK 
'Ak:: 4: . Then having erected the Perpendicular ATI of 
any aſſumed Length, take A H or Ah alſo of any Length what- 


ever, and then by Scale and Compaſſes find the Lengths A K, 


and A 4, as directed in the laſt Article ; and if they are found to 
de in the ſame Ratio as d to e (by Experiment) then. was the 
Length AH rightly aſſumed, and the Hyperbola AGE every 
Way ſimilar to that deſcribed by the Ball in the Air. 

3123. But if not, take in the indefinite Right-line SM, the 
Length S M equal to the aſſumed Length AH; and erect the 
perpendicular M N equal to the Difference of the Ratios of AK 


+ A 
toAk, and of d to e; that is, let MN = INT And in 


like Manner, aſſuming ſeveral Lengths of A H, find ſeveral o- 
ther Points N, thro' all which draw a regular Curve N.N X N, 
cutting the Line S MMM in X. Laſtly aſſume A H= SK, 


and thence again find 

the Lengths A K and 

At; theſe ſhall have 

the ſame Ratio with 

d and e, or the ſame > 
Lengths found by 
Experiment; and Al, 

and this laſt 'found eg 
AH, ſhall be ſimilar 8 bet T% ts a4 : Na 
is, or have the ſame Proportion with thoſe which belong to the 
Hyperdala deſcribed by the Ball in the Air, For fince * — 
| 4 
7 


2 2 2 


8 INS TITUNνπoNs 
= MN, where SM = SX there MN = = + aol ga: 


5 AK. 
quently there 2 and ſo A K: Lain . 


3124. To iloſtrate this — an Example; let it be at to 
find AI and AH for the two Shots made upon the two Eleya- 


tions of 19 57 and 9* 45 (in Art. 3112, 3113) where the bo- 
rizontal Ranges were 448 Yards d, and 330 . There. 
fore - = $33. = $530. Then aſſuming AI= 10, and AH 


1 * 


= 70, you find A K — 455 and Ak — 278, and o = 


4 AK 4 
In 1,19 (by * And 4 FEE 1,36 — 519 


= 0,17 = MN. In like Manner, if you fume other Lengths 
AH = 60, 50, 45, 40, reſpectively you will find other Values 
of MN — 1,23. 1,28. 1,39- 1,50. Then drawing a Curve 
through the extreme Paints of all the Ordinates MN, andit 
will interſe& the Line SM in X, fo as to give the Abſciſſa $X 
= 46:'= AH fought; and in this Caſe A K will be to A} 2 
£48 to 330; or meaſured upon the Scale by which AI and AH 
were laid down, they will be AK = 25,7 and A = 18,8, 
3125. Having thus obtained the Proportion or Values of the 
Lines AI and AH in this one Caſe, they remain unalterably 
the ſame for all other Angles of Elevation, for Diſcharges of the 
ſame Velocity. And indeed in all Cafes whatſoeyer, the Value 
of A H will remain as being reciprocally as the Denſity of 
Medium, which is ſuppoſed to be uniform ; but if the Vitociy 
of the Projection * iy, then will alſo \the Value of Al. For 


en diy = (3r20) ir will be AT = e dt 


will be always i in the inverſe duplicate Ratio of, the Velocity 
greater or leſs. And therefore in any Caſe; of, a given Velocity 
you have the Lines AI and AH, and fo the TrajeQory may by 
deſcribed. for nes af eration. A Ns Is "20 
Thee A 1 2d Scl a tell cla 1d ben 6.9013 


— 


as — hos BA «£__ + es 


| to 
a- 
do- 
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- 4126. Henoe likewiſe the Ratio of the Refiſtance (R) in the 
* A to 8 (G) is given. For R: G:: AH: 4 AT 
(3120) :: 4,58: 4 1, 33303124). Therefore if the Weight 
of the Bullet were 12 b. then 5 : 456 5 * 775 8 — 0,288 B. 
the ame nearly as found by the common munen to che ſame 
Velocity (in 3076). N 

3127. Having now found the Vatues/ of A I and AH for any 
propoſed Velocity of Projection, we may proceed to find the 
Random A K generally for any given Velocity and Angle of 
Elevation HAN; in order to this let AH g= a, AI=5, and 
then HX 2 AIZ 23. Alſo let AK , AN = x, and 
NH=y; and we ſhall have z — * = KN=AM = AE, 
and AC = AI = 5. Alſo EN AK =x, Then by the 
ſimilar Triangles E A C, ENH, we have this Analogy AE 


(z—#):EN(s): AC G): HN). And thence com- 


* 22422 2 + y: 273 3 whence - TY — 7575 0 2 = 
| —z 1 
22 + 2, nnd Ex Rx 2 & X K* | But boeuuſe of th right 


ws h 2 
Angle ANH, icio = #2 = #5 X 3725 And ſo 


| - y — e ext ATi 22 2 


b+z S 

3128. Hence alſo if the Aiden A K be given, then may 
the dine HN of the Elevation neceſſary for ſtriking any Object 
K at the given Diſtance A K be found by the fame Theorem, 


For we ſhall thereby get 5* x* = a*—x* x — * —2b&y; 
from which Equation by a few eaſy Trials, the Value of y = 
NH may be found. Or in a Method eaſy for Practice thus. 
On the Center A with the Radius AH deſcribe a Circle, as 

(4b); and on the given Point K erect the Perpendicular K F; 
then apply a Ruler to the Point C in ſuch Manner that the Part 
FH intercepted between K F, and the Circle ah may be equal 


to CE. Then through the Point H, draw the Right-line A H, 


and it ſhall be the Direction or Elevation required. For ſup- 
poling the Angle given, we have always CE = F H, becauſe 


(by 


. , 
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(by Conſtruction 3120) the Angles AC E and HE Ne ſimi- 
1, and therefore CE: AE :: EH: EN : FH: RN,; 
hence ſince AE (= MA) = KN, we have CE FH. 
And the Point H muſt be in the Circle 4 3, becauſe of the given 
r os may 1 
3129. By putting the above Equation (3127) into Fluxions, 
and making the Fluxion of x = AK equal to nothing, we ſhall 
get an Equation for the Sine N H of the Angle or Elevation 
which of all others will produce the greateſt horizontal Random 
AK; for then we ſhall get 2 49% — 45% 22834 


2x*yj; and dividing by 2y, we have & — 25 t 


"Saget - OF PW 24 mngeons N wrt ao 2 


0 „ 4 y* — | 
2 NN == A 5 Whence by Re- 


6 + 
duction, and by dividing by y, we get aab = 2 byy + . 

3130. Here it is plain the Quantity 2 ö is leſs than gab, 
and therefore yy leſs than 3 aa, or H N* lefs than Z A H*; and 
eonſequently the Angle HAN is leſs than half a Right-angle, 
which it would be in an unreſiſting Medium, (fee 1155) — in 
that Caſe, we have yy = 4aa, andy n, which Value 
of y, if it be ſubſtituted in the above Equation, in order to re- 


aab a 43 
w=—— and = — 
2b + ayY1 Gy > 


3131. Let us now ſee what the Quantity of this Angle is for 


the Values of AI and AH as determined above (3124) where, 
if we put Al—=b= 1, then AH = 4 = 4,65, and the Equa- 
| 21,0225" 
e. | 2 + 4665/4 
= 95 5555 = 2,03. But it is plain this Value of y is tos 
5 | uy . 
ſmall, for it makes 255 + * little more than 16, whereas it 
muſt be = 21,6255 ; this was occaſioned by making y N 
= 3,25 according to the cuſtomary Method, which makes one 
of the Roots too Jarge, and canſequently the whole Quantity 
25 + y* too ſmall. The beſt Way, then, to 7 to 
the Value of y is (Tentando) by Trial, for by this Means we 
ſhal} eaſily find that ) = 2,26 nearly. Therefore ſay, as AH 
=, 4,65: HN g 2, 26: : Radius: Sine of 29® nearly; where- 
as in Vacuo we have ſhewn this Angle is preciſely 45 Degrees 
(1155). , | 


tion is = 275 + == 21, 6225. NowWy = 


| WW un, 
Fs | 1 3132. 


om 


\ 
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3132. If it be required to find. what this Maximum of Am- 
plitude is for the above found Values of AI and A H, you have 
it determined by the Theorem in (3127) (and allo for any other 


Degree of Velocity, as ſhewn in 3125). So according to the 
preſent Caſe (3124) we {hall find the greateſt Value of AK =iF 


= | == 2,83 nearly; and therefore lay, as AK 


| J 10 
= 2,57 (by Experiment): AK = 2,83 (a Maximum) :: 448 
Yards : 490 Yards nearly, the greateſt Amplitude. PU 
3133. If the greateſt Ordinate or Height of the ey be 
required, let 2 DN be taken in the horizontal Line AN, 
a Mean proportional between A M and AN, and through the 
Point D, draw the Ordinate G D, and it will be the Maximum 
required, This Ordinate GD is equal to the Difference be- 
tween the vertical Line N X, and a 4th Proportional to the 
Lines DN, AN, and 2 AI = IC; or GD NX 


= 8 . A. The Demonſtration hereof may be eaſily dedu- 
ced from the abovementioned Propoſition of Sir Iſaac's Principia 
(3119). But it is too prolix and intricate to be here inferted, 

3134. To exemplify this in the laſt Caſe of ithe greateſt Am- 


plitude AK ; we have AK = x = 2:53, indy HN = 
2,26 (3131). Alſo we haves=AN = CRY 41 


7 . 
nearly (3127); then AN — AK =KN = 1,27 =AM 
Therefore DN = /AN x AM = 2,28. TO wo = 

| 2 AIX A ks 
NH + HX = 2,26 + 2 = 426; and . * 


— — = 3,6. Therefore GD = 4,26 — 3,6 = 0, 66 
which gives about 110 Yards for the greateſt Height of the Pro- 
jection. It is obſervable alſo, that DE = (DN — EN =) 
1, f and AD = (AK — DK S) 1,82; and fo the Point D 
is nearly g of the whole Random from the Point A; whereas in 
Vacus it is always the Middle Point between A and K. 
3135. From a bare Inſpection of the Trajectory AB GK, 
it is evident, the Path of the Projectile will nearly coincide with 
the Tangent AH for a conſiderable. Diſtance A B, which in 
a Shot of 24 1b. will be about 500 Yards (as the Angle there 
will not exceed 4 a Degree;) and hence we ſee the Reaſon 
why Mr. Anderſon, the moſt eminent of all practical Au- 
thors on Gunnery, found himſelf obliged to ſuppoſe that 


ſhe Track ef Shells and Cannon Balls was much leſs incur- 
vated, 


be tendered uſeſult 


* 6 
M's,” 


4 „ 
— | 5 


g6o INSTITUTIONS 


% 


vated, than what it ought to be on the parabolitel Fiypothgis; 
and in order to reconcile this Circumſtance with the ſaid Theo- 


ry, he imagined that every Shot was impelied to a certain Di. 
ſtance A B in a frait Line, or that in ſuch a Diſtance it was not 
affected by the Power of Gravity. But ſo ſtrange and abſurd a 
Suppoſition, as the Suſpenſion of the Power of Grayity for a 
oment, — evinced how ignorant he was of the great Di- 
munition of the Velocity of the Shot in its Flight from the Reſi- 
ſtance of the Air. The Notion, therefore, of 'a'Pojntsblank 
Shot, as they call the Diftance A B, is entirely groundteſs, and 
ovine o the vulgar Error of the Ait's Reſiſtance being ineonſi- 
erable. | | K 3 
3136. We have now delivered all we can think neceflary relat- 


ing the Theory and Practice of Gunnery; and it is with ſome 


Regret we are obliged to conclude, that from a true and genuine 
Theory, the prafiical Part of this moſt neceffary Science ap- 
pears very perplext and difficult; it is for this Reaſon we deſiſt 
from purſuing it any further. 'Fhe celebrated Mr. F. Bernoult 
has given a moſt exquiſite Theory of the Path of a Projectile ina 
_ reſiſting Medium, but as the Practice reſulting thenoe depends 
upon the Quadtature of mechanical Curves, it can by no Means 


3137. The'tate learned Mr. Simpſan has alſo given/us an ad- 
mirable Theory, but the practical Rules that might be from 
thence deduced would prove fo difficult, that few of eur-Exci- 


Gunnery. 

3138. In the la 
mous Trac, has left us ſome. of the beſt Methods of reducing 
the Genuine (though complicated) Theory of military Projectiles 
to practice, but even theſe will be attended with Trouble and 
Difficulty enough; and beſides, being publiſhed without any In- 
veſtigation, or Rationale, which he ptopoſed doing if be had 
lived, they will be found as little ſatisfactory as readyanPrachice. 


And | think we may conclude, Sir Iſaac Newton would not have 
given us the above Method for deducing the prattual Rules of | 


Gunnery if he had known of any other that was better. 
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Of the Nature and Deſign of CLock-WorK in 

general; and the PRINCEPLES on which it de- 

pends, 
3139. THEeoRky of CLockx-Work, I am inclined to think 
will be looked upon as a Novelty by the Engliſb 
Mechanic; as I have ſeen nothing of that Kind publiſhed in our 
own Language. Indeed I have met with but one Treatiſe on 
the Subje& of Clock-work in Engliſh, viz. The artificial Clocks 
maker ; but this is altogether practical and refers in every Parti- 
cular, almoſt, for the Rationale, to a Treatiſe in Latin, entituled 
Horobgium Oſcillatorium, by Mr. Hucens. | 

3140. But this Treatiſe of Mr. HuGtns is upon the Theory 
of one Sort of Clock only, viz. that which moves with a Weigbt, 
and is regulated by a ſingle Pendulum. This great Author being 
the firſt that applied a PENDULUM to a Clock for this Purpoſe ; 
though Pendulums were long before in Uſe as CHRONOMETERS, 
to meaſure Time by their equable Vibrations in aſtronomical 


Obſervations, and on many other Occaſions. But more of this 
Vor, II. Aaa here 


r 
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hereafter, when we come to treat directly of Nature, Uſe, and 
various Forms of the Pendulum. 

3141, The Deſign of Clock-work is twofold, viz. (1.) To 
meaſure Time exactly, or to divide a given Portion of Time in- 
to very ſmall equal Parts; for Inſtance, to divide the Time of a 
Day into Hours, Minutes, Seconds, &c. (2.) To Prod uce Mo- 
tions, or periodical Revolutions ſimilar to any given ones, as 
thoſe of the heavenly Bodies, together with their Phaſes, Aſpects, 
Poſitions, &c. at a determinate Time. But Clock- work of 
this Sort is uſually called a Planetarium, Orrery, Ec. 

3142. A CLOCK is the principal Machine, or Capital of all 
mechanical Contrivances, for meaſuring TIME. Its Principle 
of Motjon is derived from a two-fold Power or Force, viz. that 
of a Weight, or a Spring. For either of theſe Forces are ſufficient 
to actuate, or put into Motion, the Syſtem of Wheels and Pinions 
which compoſe the intermediate Parts or Body of the Machine ; 
the Indexes fixed on the Axles of the Wheel point out the pro- 
per Diviſions of the integral Portion of Time on appropriated 
Circles upon the Face of the Clock, and a Pendulum or Balance 
is added, to regulate the Motion communicated te the Ma- 
chine, or render it uniform. 


3143. The two phyſical Principles of all Automata, viz, the 


WEIGHT and the SPRING are now to be conſidered. With 
Reſpect to the firſt, as its Force is derived from the Power of 
Gravity only, and this Power being always the ſame in a given 
Quantity of Matter (968) it follows that the Force of a given 
Weight is a conflant Quantity, or always remains the ſame in the 
ſame Medium, and therefore in ſuch Caſe, this becomes abſo- 
lutely a uniform Power or Principle of Motion ; ſuch as is ne- 


' ceflary in perfect Clock-work. 
3144. The ELasTICITY of a well-tempered Steel Spring is 4 


fit Power or Principle of Motion in a Clock, for when it is bent 
or coiled to any given Degree, the Intenſity of its Force conti- 
nues the ſame; but as it is coiled more or leſs about its Axis, 
the Force becomes increaſed or diminiſhed ; and ſince the Action 
of a Spring in Clock-work is by unbending itſelf by Means of 
its renitent Force, the Force it exerts on the Wheels would 
gradually decreaſe; and therefoie if it was at firſt ſufficient to 
keep the CH in Motion, it could not long continue fo, - 
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the Pendulum would at Length ceaſe to move, and the Clock 
ſtand ſtil]. 

3145. When a SPRING, therefore, is applied to Clock-work, 
it becomes neceſſary to contrive a Method by which its variable 
Force may be rendered equable or uniformly the ſame on the 
Wheels of the Clock from its firſt or greateſt to its laſt or leaſt 
Degree of intenſive Force. And this is done by giving a requi- 
ſite Form to the Barrel on the Axis of the firſt Wheel, which it is 
connected with by a proper Chain, or String. 

3146. The Force, therefore, of the Weight or Spring is the 
Primum Mobile, or firſt Mover, in Clock-work ; and it may be 
proper here to obſerve that the Force they communicate to the 
Machine is continually diminiſhed by the Wheel-work, till at 
Length upon the ſerrated Teeth of the Crown- wheel it is but 
juſt ſufficient to keep the Pendulum in Motion ; that is, the 
Force is there required to be equal to the Reſiſtance the Pendu- 
lum meets with from the Air and the Axis of its Motion, for 
then its Motion will be continued in the Arch of Vibration pro- 


poſed, : | 
3147. But if the Force of the ſaid Crown-wheel on the Pal- 


lets of the Verge of the Pendulum be ſuperior to the Reſiſtance, 
it will only cauſe the Pendulum to vibrate farther, or in a ſome- 
what larger Arch than the given one. But if the Force be leſs 
than the Reſiſtance of the Pendulum, then the Arches of Vibra- 
tion will decreaſe gradually to nothing, or the Pendulum and 

Clock will ceaſe to move, | 
3148. The more perſectly the component Parts of the mov- 
ing Syſtem are wrought and finiſhed, the leſs Force of a Weight 
or Spring will be required to keep it going. But when the Work 
is coarſe, and clogged with Duſt, inſpiſſated Oil, &c. the 
Force of the Weight or Spring will be ſo much diminiſhed thro” 
the Train of the Work, that unleſs it be in Proportion encreaſed 
it will not keep the Clock in Motion. But whatever be the 
Condition of the Clock, while it does move, it will meaſure 
Time equally; for on Suppoſition the Pendulum continues of 
the ſame Length, it makes all its Vibrations, in larger or ſmall- 
er Arches, in the ſame Time, as we have. forgzerly ſhewn 
(1122, 1126); and, therefore, if ence a Clock be {et right, or 
Aaa2 hag 
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has its Pendulum duly adjuſted, it muſt (as Hugens ſays,) always 
meaſure Time truly, or not meaſurt it at all. 

3149. Upon the Whole we may conclude, that fince a Wight 
is, in its own Nature, a conſtant Principle and muſt neceſlarl 
act with an uniform Tenour; and on the other Hand, the Ac. 
tion or Force of a Spring is in itſelf alway variable, and can only 
be rendered of an equable Tenour by an Artifice, it muſt ſol- 
Jow that the former is more eligible in Clock-Movements 
than the latter; and that a Spring i is preferable to a Weight 
only on a fingte Account, viz. of its bringing the Clock into a 
more compendious or portable Form than can be admitted where 
a Weight is made uſe of for giving it Motion. 


C HA P. II. 


The Wa Foxx, and ACT10N 7 the Fuzz, 
explained from Mechanical and Mathematical 


PRINCIPLES. 
3150. WE are now to explain the Theory of that Invention 

by which the SPRING is made to act with an equa- 
ble Force on the Syſtem of Wheel-work by. the Mediation of a 
Part called the Fus EE, which for that Purpoſe is required to 
have a peculiar Form; every one knows how a Weight acts 
upon the Cylinder, and thereby communicates an equal Force 
and Movement to the Machine. But the Manner in which 
the Spring and Fuſee do the ſame Thing conjointly, is not ſo ob- 
yious, but yet will be eaſy to conceive by attending to the fol- 
lowing Particulars, 

3151. The Chain being fixed at one End to the Fuſee, and 
at the other to the Barrel, when the Machine is winding up, 
the Fuſee is turned round, and of Courſe the Barrel; on the 
Infide of the Barrel is fixed one End of the Spring, the other 
End being fixed to an immoveable Axis in the Center. As the 
Barrel moves round, it coils the Spring ſeveral Times about the 
Axis, thereby increaſing: its elaſtic Force to a proper _— 
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all this while the Chain is drawn off the Barrel upon the Fuſee 
and then when the Inſtrument is wound up, the Spring by its 
elaſtic Force, endeavouring conſtantly to unbend itſelf, acts up- 
on the Barrel, by carrying it round; by which Means the Chain 
is drawn off from the Fuſee, and thus turns it about, and con- 
ſequently the whole Machinery is put in Motion. 

3152. Now as the Spring unbends by Degrees, its elaſtic 
Force, by which it affects the Fuſee, will gradually decreaſe; 
and therefore unleſs there were ſome mechanical Contrivance in 
the Figure of the Superficies of the Fuſee to cauſe, that as the 
Spring 1s weaker, the Chain ſhall be removed farther from the 
Centre of the Fuſee, ſo that what is loſt in the Spring's Elaſti- 
city is gained in the Length of the Lever; I ſay, unleſs it were 
for this Contrivance, the Spring's Force would always be une- 
qual upon the Machine, and ſo would produce an unequable 
Motion of the Parts thereof. f 
3153. The Figure of the Curve, which ſhall form the Super- 
ficies of the Fuſee by a Revolution about its Axis, may be in- 
veſtigated as follows. (Fig. 1.) Let BCD be the Curve, AL 
the Axis of the Fuſee produced ; let D be the Point where the 
End of the Chain is fixed on the Fuſee when the Watch is down, 
or the Spring uncoiled, and B the Point where it touches it 
when the Spring or Machine is wound up. From the Points B 
and D let fall the Perpendiculars to the Axis BA and DH; in 
which produced, let there be taken AE and HI proportional to 
the Force or Strength of the Spring, when the Chainis at B and 
D. Through E, I, draw the Right-line EI K interſecting the 
Axis ſomewhere in K; and from any Point C in the Curve, 
draw CF perpendicular to the Axis in G; then will FG be as 
the Strength of the Spring when the Chain is at G. CNT 
3154. Now ſince the Force acting on the firſt Wheel ought 
always to be uniformly the ſame ; and this Force being always as 
the Strength of the Spring expreſſed by F G, and the Diſtance 
at which the Chain acts from the Axis of the Fuſee conjointly : 
Therefore the Force at any Point C will be as the Rectangle FG 
* GC, and ſince this is a given Quantity it may be made F G 
x GC = ab, and ſo we have FG = 8 | 

3155. 
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3155. Therefore to determine the Equation of the Curve 


BCD, let K Hg a, HI, HG =>, andGC=,, 
Then becauſe of the ſimilar ne HKI and G K F, we 


have HK : HI: : GK: FG ==; thatis, a: b::a + x; 


=; whence we have aa = ay + xy, which is the Equation 


— the Curve, and ſhews it to be that of the Hyperbola with Re- 
ſpect to the Space between the Curve and its Aſymptotes, as is 
evident from (779). | 

3156. Hence when x = o, then @ =, or HK = = HD; 
alſo when the Point G arrives at A, then y = AB. And be- 
cauſe _ X 22 =IHx HD, we have EA: IH: : HD: 
AB: : ſo is the greateſt Force of the Spring to its 1 
Force, on — Fuſee (3154). 

3157. Becauſe the Ordinates HD, A B, &c. are at Right 
angles to AL, (3153) the Curve BCD is that called an equi- 
lateral Hyperbola (ſee 780). By the Revolution of which about 
its Axis or common Aſymptote AK the true Form of **, 
or Fuſce is generated, as in Fig. 2 

3158. In that Figure ADE, FGH, and, I KL, MNO, 
are oppoſite equilateral Hyperbolas deſcribed about the Aſymp- 
totes PQ, RS, interſecting at Right-angles in the common Cen- 


ter C. Put CT (TD) r, then CD = \/2 = Radius 
of the Circle DE GN touching the four equal Hyperbolas in 


their reſpective Vertices. And CF (= CY = /C@* & QY)) 
= 2, is the Diſtance of the Focus of each Hyperbola from the 
Center. Laſtly, the Parameter ab = KN, the Diameter of 
the Circle. All which is evident from what we have heretofore 
demonſtrated of the Properties of the Hyperbola in general 
(765, Se.) 
3159. It is therefore demonſtrated that the Section of any gt- 
ven Fuſee B D KX through its Axis Z T is determined by two 
equal Arches B D and K X of two equal and adjacent Hypetba- 
las beginning from their Vertices D and K. 
3160. It is alſo evident, that ſince T D and Z B do repre- 
ſent the Force of the Spring, when it is wound up, and when 
quite down, therefore in every Fuſee truly made the Diameter: 
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DK and B X of the greateſt and laat Ends thereof muſt be exatily 
proportionate to the greateſt and leaf! Force of the Spring. RR 
3161. Alſo it follows, that when the Proportion of the great- 
et and leaſt Force of the Spring is known, or the Ratio of TD 
to Z Bis given, then allo the Length of the F uſee T Z is a gi- 
ven Quantity; or there can be but one determinate Length for the 
Fuſee, to anſwer to the two given Forces of the Spring. > 

3162. Laſtly, it is evident, that when the Length of the Fu- 
ſee, and one of the Forces, TD or Z g are given, then the 
other Force is given or determined, and not to be aſſumed at 
Pleaſure, | 

3163. Having thus determined the geometrical Form of the 
Fuſee, we next proceed to illuſtrate the Theory of the ſeveral 
Caſes by Examples. Therefore put T D g , Z B = ay, and 
TZ = x; and then the Equation a@ = ay + yx (3155) will 
appear in its uſual Form. Whence (1.) If @ and y are given, to 


find x; we have 7 — 4 K. (2.) When xis given, or x = 


1, we have given the Ratio of a toy; for then aa = ay + y. 
conſequently a: :: ＋ 1:3. (3.) When and x are given, 
then 275 =y. (4.) Laſtly, when x and y are given; we 
have a* — ay = xy, and (compleating the Square) a = 
f e +3 NS: 

3164. The proper Numbers for expreſſing the Forces (a) and 
(y) of the Spring will be in Ounces and Drams Averdupois Wet. 
which Ounces may be made Tenths of an Inch in the Meaſures 
of the Fuſee TD, T Z, and Z B. Theſe Forces are thus de- 
termined, In Fig. 3. let A B C D be the Barrel containing the 
Spring, and let FB X be the Poſition of the Chain or Cord upon 
the Barrel and Fuſee when the Spring is wound up; then ſup- 
poſe the Chain diſengaged from the Fuſee, and carried under the 
Barrel in the Direction E H to the Pulley at H, over which it is to 
de hung with ſuch a Weight W appended, as will juſt counter- 
act or balance the Force of the Spring coiled up. After the 
lame Manner, if CDE be the Chain when the Clock is down, 
then if this be taken from the Fuſee, and paſſed under the Bar- 
tel to the Pulley K, and a Weight L hung on to the End, ſuch 

as 
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as ſhall juſt keep the Barrel in the ſame Poſition; then this 
Weight L will be equal to the Force of the Spring ſo far e 
Therefore TD 4: ZB =y:;: W: I. 


3165. CAS E I, 85 
3 the Weight W be 63 Ounces, and the Weight I be 
z then a= 63 and y 21; or becauſe 63: 21:: 31, 
we have 4 3, andy = I; and then we find x 2 es 
6= 20, that is when the Forces are as 3 to 1, the Height or 


Length of the Fuſee T Z is equal to the Diameter of its Baſe or 

End D K. If W: L:: 2: 1:: TD: Z B; then & a, or TZ 

= TD. When W: L:: 3:2; then z a3 and univer- 

ſally if W: L:: : 1:4: :: 4 ＋ : a, then it will be —ĩ— 
a x. | 

| 3166, CAS E II. 

Given the Length of the Fuſee T Z = 6, to determine the 
Ratio of the Forces of the Spring, or the Weights W, L, which 
will give the Diameters D K, and X B of the Ends of the Fuſee. 
Since a*. = ay + 6y (3163) wehavea:y:: a 4 6:4; then 
by aſſuming the Value of a you have that of y. Thus ſuppoſe a: 
3, thena:y::3+6:3::3: 1. And in this Caſe the Diame- 
ter DE = 3XB. And becauſe ::: : n, (3165) there 


fore for any aſſumed Ratio, we have x Sa: thus if n 


n:: 2: 1, then S a, or if m:: 3: 2, then 2x = 4 
Conſequently if x = 6, we have a = 12, and y = 8. 


3167. Cas II. „ 


Given the Length of the Fuſee, and the greateſt Force of the 
Spring to find what the leaſt Force muſt be. Suppoſe x = T Z= 


6, anda=TD= 3; theny = —— - = = xr; ſothatifW 


= 63 Ounces, we have L 21. If x = a, then y=5 6 
or DK = 2 XB. 
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Given the Length of the Fuſee, and the leaſt Foros o the 
Spring, to find the greateſt. Let & = 6, and y'= 1; then 
VT FIF +339= VE +05=3=0 (3163) fo 
- if y = 21 Ounces, the greateſt Force of the Spring will be 
= 63. Therefore in every Caſe the Form and Dimenſions 


F the Fuſee are geometrically determined. 
3169. It only remains, now to ſhew the Method by which 


the Hyperbola A D E (Fig. 2.) is to be deſcribed in Plan i in or- 


der to be made a Gauge for giving the true Form of the Fuſee re- 
quired in any particular Caſe, Thus ſuppoſe it be found by 
Experiment (3164) that the gteateſt and leaſt Force of the Spring 
to be uſed is 63 and 21 Ounces; Then having. drawn two Lines 
PQ and RS at Right-angles in C for Aſymptotes, let the An- 
gs PCS and R C Q be biſected by a Right-line" 0 D continu- 
ad each Way indefinitely, © 

3170. Then having determined the Djaieter” of the Baſe 
DK of the Fuſee, take that Extent in your Compaſſes and ſet 
it off each Way from the Center C in the Line DG to F and C 
(in Fig. 4.) then will thoſe tws Points bethe F oculſes of two op- 
polite Hyperbolas A D E and FG H (774). 

3171. Having provided a Ruler ABC of the Form (in Fig. 
4.) you fix one End of a String AB F on the End A, and 
other End in the focal Point F of the intended H. n This 
Chord A B F muſt be juſt fo much leſs in Length than the Ru- 
ler A B C, as is equal to the Diameter G 5. of the Circle; 
that is, AB C = GDS AB E. Then if with a ſteady Hand you 
move the Ruler about a Pin fixed in the oppoſite Focus C, and at 
the ſame Time keep the Chord nicely to the Edge of the Ruler, 
as at B, with a proper Pencil or drawing Point, that Point B 
will deſcribe the required Hyperbola A DE (Fig. 2.) 

3172. For the Elip/is in the Figure to (768) becomes a Circle 
in the preſent Caſe, and the tranſverſe Axis T V there becomes 


the Diameter DG here; but in every Caſe the Difference of 


two Lines C B, F B, drawn from any Point B in the Curve of 

the Hyperbola will be equal to the tranſverſe Axjs, as is ſhewn 

(769) and therefore univerſally CB—BF=GD; or the 
Vor, II, Bbb hee 4.7 Point 
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Point B is conſtantly in, and therefore deſcribes the Hperbale 
Curve required, 

3173. When the Curve is thus drawn on Paper or Paſ.. 
board, it will be eaſy to transfer it to a Plate of Braſs, or Steel; 
and thereby form a Gauge, for giving a true Figure to the Fu. 
ſee propoſed. In ſuch Fuſees of the larger Sort, where the Dj. 
ameter of the Chord or Chain is large enough to be conſidered, 
it muſt be added to the Diameters DK. and X B of the greateſt 
and leaſt Helix of the Fuſce. 

3174. In order to draw the Fuſee by Scale and Compalſs, it 
has been ſhewn that there is a ſtated Proportion between the Di- 
ameters, and Length of the F uſee; and therefore in whatever 
Numbers one is expreſſed, the other may be expreſſed in the 
ſame. Thus for Inſtance ; if TD be to Z B, as 63 to 21, then, 
becauſe, in this Caſe, x = 2a, or TZ = 2 TD (3165); 
therefore T Z = 126, of the ſame equal Parts. So that if 
TZ = 1, 26 Inches, or 12, 6 Tenths of an Inch, then TD 
0, 63, or 6,3 Tenths; and Z B = o, 21, or 2, 1 Tenths of an 
Inch, which are laid down from n any decimal Scale, or other Scale 
of equal Parts... 

3175. Theſe Things are, I think, all that belong eſſentially 
to the Theory of the Fuſee in Clock-work ; and could the Artiſt in 
Practice execute this Part to the Perfection of Theory, it would 
then communicate a Motion to the Machine as equable as that 
produced by. a Fight itſelf, And by this geometrical Conſtruc- 
tion of the Fuſee, thoſe which are uſually made by Trial with 


| the Lever, may be compared and correQted in regard to their 
Figure and Dimenſions, | 


CHAP. 


Of CLock-Worx. 371 


CH A P. III. 


The Rationale of CALCULATION n CLock- 
Wokk; the ſame applied and illuſtrated in a 
DESCRIPTION of the original AUTOMATON 
invented by H U GENIUS. 


3176. HE Nature of the Weight, and the Spring with its Fuſce, 
| being, as the Origin or Principles of Motion in this 
Kind of Machinery, explained ; it remains to ſhew the Conſtruc- 
tion and Diſpoſition of the Syſtem of Wheel-work to anſwer the 
general Purpoſe of a Clock. But as little of a mathematical Theo- 
ryis here required, or employed, it will the ſooner be diſpatched. 

3177. The Communication of Motion being by Wheels and 
Pinions, it is in the firſt Place neceſſary to take Care, that the 
Diameters of the Wheel and Pinion it drives, have the exact 
Proportion of their Numbers of Teeth reſpeRively, that the 
Teeth of one may exactly correſpond to the Cavities or Interſti- 
ces of the other; thus if a Wheel of 80 Teeth be propoſed to 
drive a Pinion of 8 Teeth, then the Diameter of the Wheel 
muſt be to that of the Pinion exactly as 80 to 8, or as 10 to 1. 
If this be done throughout the Syſtem, the Movements will be 
every where natural and exact. 

3178. In the next Place, from the Nature of the Lever and 
Axis in Peritrochio, it appears that, the Power or Force on 
the Pinion is to that on the Circumference of the Wheel on 
the fame Axis, as the Diameter of the Wheel is to that -of the 
Pinion; conſequently by this Means, and by the Friction of the 
Parts, the Force at firſt impreſſed by the Weight or Spring is 
conſtantly diminiſhing through the whole Compages, till at laſt 
it is but very ſmall on the Pendulum, viz. juſt enough to conti- 
nue it in Motion. | | 

3179. The Revolutions of two immediate Axis in a given 
Time are inverſely as the Number of Teeth in the Wheel of one 
to that Number of Teeth in the Pinion of the other, which it 
Gives, thus if the Number of Teeth in the Wheel and Pinion . 

B b b 2 | be 


\ 
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be 80 and 8, then the Axis of the Pinion: will be turned round 
10 Times to 1 Turn of the Axis of the Wheel; therefore the 
Quotient of the Wheel, divided by the Pinion it Arives, is the Rati 
of Turns to Unity. Thus 8) 80 (10, as before. 

3780. Hence if there be any Number of Wheels A, B, C; D, 
Se. acting upon ſo many contiguous Pinions a, 6, e, d, &. 


and let the Quotients of each Wheel, by the Pinion it drives, be 


m, 6 J 2g, &c. then - —=m;ora:A::1 m. Again, B 
is the Wheel on the ſame Axis with the Pinion a, and drives the 
Pinion 5 on the next Axle ; ; theri > = TY the Number of Re- 
volutions in this third Axis to one on the Axis of the Pinion b; 

and dis me'= 377 =7 the Number of Turns | in this 


third Aude to one of the fiifh' Axle, or that of the Wheel A, 6 
that : B:: :. Let the Wheel on the Axis of the Pinion 6 


drive another Pinion 6 „e 2 with Reel to the Turns 


=nf=0; and fo we havec:C::n:0; and for the next 
Axle, we haved:D::9: p, and fo on for as man Axes as are 
required in the Train of the Work. 

3181. Then placing theſe Analogies one un- a: A:: 


it 

der another, and multiplying all the Antece-( 6b : B:: nm: 
: 

20 


dents and Conſequents 1 we have ab( c :C: 
cd: ABCD:: mno: mnop::1:p. Whete- d: D: 
ABCD 

| fore r þ; whence we have this Rule. Divide th 
Produ#t of the Number of Teeth in the Wheels by the Predu#? of th 
Teeth in the Pinions, the Quotient will be the Number of Turns of the 
Axle of the laſt Pinion d in one Turn of the firſt Axle of the Wheel A. 

3182. Since the Exprefiicis > 7 8 Sc are but Ratios 
of the Numbers of the Teeth in the Wheels and Pinions, it is 
evident, any Numbers having the ſame Ratio will anſwer the 


| ſame Purpoſe, or give the ſame Number of Revolutions mo 
$ 


Se Ruth oe 


* 
* 


round 


\ &c, 
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A 
Axis at a given Diſtance from the F ult. Thus = may be ? 


or %, or J, Oc. (as they all give the ſame Quotient, VIZ. 10) 5 
"nd therefore ſuch Numbers are to be choſen by the ſkillful Ar- 
tiſt as will beſt ſuit the general Delign and ern of the 


Machine. : | ＋ 


3183. If the Number n= 2 X . be given, it is not ne- 


ceſſary that 2 and 7 ſhould be whole Numbers; 3 but cither 
ene or both may be Frafions thus © may de h S 6.6, * bg 
B 
=4%= 83 and = * 5 n Or 
| A B 
if = = Y. = 7,5, and > = == 3.6 3 then —XT= 


55 X 356 27, the Turns in the third Axle, or that on which | 
is the Pinion , to one Turn of the firſt Wheel. | 


0 | 
3184. Becauſe we may put - X 2 = - = n, it is evident 


b 
one Wheel S = AB will, by driving a Pinion s = a6, pro- 
duce the ſame Number (n) of Turns in the next Axle to the 
Wheel A. Thus let AB = 45 x 18 = 810, and ab = 6 
X 5 = 30; then e = 27 = n, as before. But ſuch large 


Numbers can be admitted only in very large Works; therefore 


the equal Ratios , *$*, *, Sc. may be taken as Occaſion 
requires (3182). 

3185, We have now conſidered how Wheels and Pinions are 
to be conſtrued as far as the Pendulum or Balance which regu- 
lates the Motion; the Conſtruction for Application of the Pendu- 
lum is now ſomewhat different from what it was in the original 
Invention of the Pendulum Clock by Mr. Chriſtian HuokNius of 
Zulichem in Holland, which he firſt deſcribed and publiſhed in a 
Diagram cut in Wood, in the Year 1657. And as this may be 


juſtly eſteemed one of the greateſt Curioſities of Art, and was 
never (that we know of) exhibited to the View of an Engl; 
Reader, we ſhall here preſent him with it, cut in Wood N 
ſrom the Original, 


3186, 
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3186. The View is a Section through the Axles of the ſeve- 
1a] Wheels, which, in this firſt Automaton, were all placed in a 
perpendicular Line through the Middle of the Clock, as here 
repreſented. The parallel Plates of the Frame are AA and BB, 
and the firſt or great Wheel C C is placed on the Arbor of the Bar- 
rel D D, to which is the Chord applied with the Weight append- 
ed. This Wheel has 80 Teeth, and drives a Pinion E with 8 
Teeth, (or Leaves as they are uſually called) placed on the 2d 
Axle, which therefore moves ten Times round i in one Tem of 


the firſt Wheel. 


3187. The ſecond Wheel F has 48 Teeth, ** Ge a Pinion 

Gof 8; therefore turns round ſix Times in one Turn of the 
Wheel F; and 6 X 10 5 Turns i in one of the firft 
Wheel. 
3188. The third Wheel H (on the Axle of the Pinion G) 
has alſo 48 Teeth ; but the Form of this Wheel is different from 
the other, being like a Hoop, and the Teeth cut on one Edge 
gives it ſome Reſemblance to a Crown, and is therefore uſually 
called the Crown Wheel. This Wheel drives a Pinion I of 24 
Leaves placed horizonrally on an Axis, of Courſe, perpendicu- 
lar to the Horizon. And as it turns but twice in one Turn of 
the Wheel G, it will have 120 Turns, to one of * n 
Wheel C. 

3189. The fourth Wheel Ke on this Axis ry an \ horizontal Pe- 
ſition, and is, like the laſt, in Form of a Hoop on the upper 
Edge of which 5 Teeth are cut like thoſe of a Saw, except that 
the upper or oblique Part is a Curve of a peculiar Form, necefſi- 
ry on Account of giving the moſt natural Motion to the Pendu- 
lum by Means of two Parts. (called Pallets) L, L, which alter- 
nately play in the Teeth of the Wheel, at the oppoſite Sides K, 
L. This is commonly called the Swing-wheel, | 

3190. For theſe Pallets L, L, being fixed to an Axis move- 
able on its extreme Parts in a firm Piece of Braſs N, P, will by 
the gentle and alternate Impulſes they receive from the Wheel 
K, keep the ſaid Axle L M in a conſtant vibratory Motion, 
which being communicated to a ſlender Rod M S, fixed to it at 
M, and having a Fork V to receive the Rod VV of the Pen- 
dulum TV, it is plain, that vibrating RESINS — 1 * at lun 
impreſſed on the Pendulum itſelf, * 


3191. 
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3191. But this Motion thus communicated to the Peng! 
muſt be ſuch as nicely quadrates or coincides with the prope 
Motion of the Pendulum itſelf, which depends on its J 
Now as the Wheel K has 15 Teeth, and each Tooth ſtrike 
each Pallet 15 Times in one Turn, both the Pallets t 
muſt receive 30 Impulſes, and conſequently the Pendulum mu 
have 30 Swings or Vibrations in one Turn of the Wheel K 
and therefore it muſt vibrate 30 * 120 = 3600 rang 
Turn of the great Wheel C. þ 
3192. Now 3600 is the Number of Seconds i in one Hou 
therefore a Pendulum vibrating Seconds, whoſe Length is 39, 
Inches (1125) was applied to the Clock; and then the Axis 
the firft or great Wheel C turned round once in an Hour. 
3193. As the Axis of this Wheel paſled through the Plat 
AA, then an Index put on the End «+ was carried rou 
once in an Hour, and over a — 6 Circle er the Face of. tt 


SS THF & &# 


mutet at its extreme Part. 

3194. On the ſame Axis — the Plate AA) x was bal. 
Wheel 8 8 of 30 Teeth which drove another Wheel y » of 
ſame Number of Teeth, and a Pinion of 6 Leaves. This Pini 
on drove the Wheel C of 72 Teeth; and therefore ĩt moved by 
once round in 12 Turns of the Pinion or Axle of the Wheel C 
Conſequently an Index placed on the Socket 90g of the Wheel 
¶(moveable about the common Axis). will ſhew the i 
paſſes over a Qirgle divided into 12 e on the F 
"the Clock YY.. 0895514 107 * 

3195. Laſly ; the Axis of the "te wheel Has 60 T. 
to one of the great! Wheel C, 3187) that is, ithas 60 Turns! 
aàn Hour, or it turns once round in a Minute. The Axis of th 
Wheel, therefore, paſſing through the Plate A A. hall a Plat 
aA fixed upon its End with à Circle divided into 60 equal Part 
. denoted by their proper Numbets, which ſhewed the; Y8CoNI 
of Time as they paſſed by a Hole z ande in the exterior * 
Face of the Clock Y V. 

3196. This original ad e I ctr with fu 
Simplicity as to have no more than four M beelt and Pinions in it 
Body of the Clock, ſhewed Houks, MinuTEs, and SECOND 


of Time, with all the Exactneſs and Equability chat a. * 
ni 
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nichal Exegeſis can admit of. And I think we may conclude 
that it is not only the firſt but the moſt perfect Pattern of a 
CHRONOMETER that has been or can be propoſed ; for though 
it be poſſible with three Wheels and Pinions only to produce this 
threefold Diviſion of Time; yet the great Diſproportion, and 
:nconvenient Diſpoſition of the Parts, would render ſuch a Con- 
ſtruction inelegant and immechanical, and therefore not to be 
admitted as a Work of Art. They who would fee a great deal 
wrote on this Subject to very little Purpoſe, may conſult the 
voluminous Tide of _ Lane, and others of the like Ge- 


nius. 


uas. 


CHAP. 1V. 


Hugenius's INVENTION for applying 2 WIH 70 
a CLock, that ſhall act upon it inceſſanthy, and 
render its MoT1oNn conſtant, explained and illuſ- 
trated; with its Improvement in Rox AL Pr NDU+- 
LUMS, 


T HE celebrated Author of the Win Invention, 
ſo uſeful in public and private Life, did afterwards 
improve it by another, which no leſs demonſtrated his ſingular 
Genius and Sagacity for automatical Machinery. This ſecond 
Invention was to render the Motion of the Clock, or rather of 
the Pendulum, more equal than before; but to underſtand the 
Reaſon of it, the Manner in which he ſuſpended the Weight for 
keeping the Clock in an exintermatting Motion, is firſt to be ex- 
plained... 

3198. It is eaſy to underſtand that a Weight ſuſpended upon a 
Clock in the Manner it is upon a Jack; will keep the Clock going 
till it wants winding up; but during the Time of winding it up, 
the Action of the Weight is taken off from the great Wheel of 
the Clock, as it is. all that while diſengaged from the Barrel on 
which the Weight hangs; and therefore the Clock not being 
impelled by the Weight, will, during that Time, ſtand ſtill, 
ad conſequently ſomuch Time will be loſt, | 
Vor. II. Cee 3199. 
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3199- Our Author therefore tells 
us, that he invented the Method 
which. follows, of a perpetual or 
endleſs Line ſor that Purpoſe, which 
being of a proper Length, the two 
Ends were nicely ſpliced and con- 
nected together; it was then ap- 
plied in the Clock as repreſented in 
the Figure adjoined, by the Letters 
ABCDA. Where Arepreſents the 
ſulcated Wheel DD (in the Figure 
of the Clock) with ſeveral Spiculæ or 
ſmall pointed Pins fixed in the Sur- 
face of the evacuated Part, as is there 
ſhewn. 

3200. The Pulley C is fixed to 
a Rachet-wheel G, but both moveable 
on a fixed Axis, from the Left-hand 
towards the Right only; for all Mo- 
tion the contrary Way is prevented 1 
by the Trigger or Catch at H falling dend into the ſerrated 
Teeth of the Wheel G. The Surface alſo of this Pulley C is 
ſpiculated, like that of the Wheel DD on the Arbor of the firſt 
Wheel of the Clock. 


3201. The endleſs Line or Cord, being put over the Barrel 


A, and Pulleys B and C, will, by Reaſon of the Spiculæ or poin- . 


ted Pins, hang firmly on A and C, ſuſpending the large Weight 
E affixed to the Pulley B. Now it is evident from the Nature 
of the Pulley (1050) that the Weight E equally ſtretches the 
Parts of the Chord I and K; and therefore acts with an equal 
| F orce, viz. half its IWight, on the Wheel A, and Pulley C. 
3202. But fince this Force upon the Pulley C tends to move 
it from Right to Left, and all Motion that Way is ſtopped 
( 3200). it follows, that the Line Lis to be conſidered: as fixed 
a7 the Time the Clock i is going; but the Parts K and M, by 
Vertye of the Weight E, will be conſtantly moving over the 
Surface of the Wheel A, and thereby communicating Motion to 
it, and, of Courſe, to all the Machinery of the Clock, | 


OY 
* 
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2203. As to the Pulley D, and the ſmall Weight F, it is 
plain they are deſigned only to give free Motion to the Parts of 
the Chord L, M; and keep them in à perpendicular Poſi- 
tion. 

3204. Thus it appears; that as long as the Weight E can 
deſcend, ſo long the Clock will keep going; and therefore as 
many Times as the Circumference of the Wheel or Barrel A is 
contained in the Diſtance through which the Weight can de- 
ſcend, ſo many Hours will the Clock go without drawing up, 
becauſe the ſaid Wheel A goes once round in an Hour (3192). 
In this original Clock, the Wheel DD is one Inch Diameter, 
or bout 3 Inches in Circumference, and went 30 Hours without 
drawing up; therefore 90 Inches, or 7 + Feet was the perpen- 
dicular Deſcent of the Weight, or Height of the Clock. 

3205. When the Weight was downg it was eaſily drawn up 
again by applying the Hand to the Part of the Line at L, and 
drawing downwards it will move the Pulley C, till the Weight 
E aſcends to the Top, during which Aſcent it conſtantly acts or 
gravitates on the Wheel A, by Means of the Rope K, with the 
ſame Force as when at Reſt, and therefore the Clock goes con- 
ſtantly by this Contrivance without ever looſing a Moment of 
Time, if it be not neglected, 

3206. Hugenius informs us that in thoſe of his Clocks 
which were eſteemed the beſt, the Weight E was ſix Pounds; 
the Power therefore by which the Clock was animated, was 
that of 3 Pounds. The Weight of the Pendulum was alſo 3 
Pounds; and of the Length, to fwing Seconds. | 

3207. By an Addition of Pulleys, it would be eaſy to make 
the Weight deſcend more ſlowly, and, of Courſe, to make the 
Clock go longer before it wants to be drawn up. In the Mo- 
dern Conſtruction of Clocks, a different Method of applying the 
Weight is uſed, and it is wound up upon a Barrel with a Handle 
or Winch; by this Means, the uſual Time the Clock will go, 
is 8 Days in thoſe called Royal Pendulums, in which the Swing- 
wheel K has a Poſition (not parallel, as here, but) perpendicular 
to the Horizon, or the ſame with all the other Wheels. Every 
Thing of this Sort is evident by Inſpection of any 8 Day Clock, 
and needs no other Inſtruction. | | | 

Coe 2 3208. 
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3208. I ſhall only here obſerve, that the Form of the Teeth 
in this Wheel ſhould be exactly circular on that Side or Part by 
which acts on the Pads or two Arms of the Click of the Pendu- 
lum; in the extreme Parts of thoſe Arms there ſhould be a ſmall 
cylindric- Pin fixed, always touching and moving in the circu- 
lar Surface of the Teeth of the Wheel; the Radius of the 
Circle for the Teeth is the neareſt Diſtance of the Pin in the 


End of the Pad to the Axis or Arbor of the Pendulum | on which 


it is fixed, 

3209. Moreover it is farther neceſfary, that the Teeth on 
this Wheel be of ſuch a Number and Length, that the Pins up- 
on the Ends of the Pads, may very nicely take and eſcape them 
alternately, or without the leaſt Intermiſſion of Action. Sucha 
Conſtruction is both natural and mathematical, but it is not in 
Uſe, that I have ſeen ; I know of no Method that ean be ſubſti- 
tuted that is eaſier, or that will produce a more ſteady or equable 
Motion of the Second-hand fixed on the End of this Arbor, or 
(in the Clock-maker's Language) ſo accurately e the Pen- 
dulum to beat dead Seconds. 


EA. 


The Rationale of HuGen1vus's Invention for con- 
tinuing and regulating the MoT1oNn of the PeN- 
DULUM by &@ ſingle Wheel only ; thereby render- 
ing it moſt EQUABLE for UsE at SEA. 


3210. H ENIUS having conſidered (and probably found 

| by Experience) that the Action of a Weight being 
propagated through a Multiplicity of Wheels and Pinions to the 
Pendulum, could not be ſo conſtant, and agitate the Pendulum 
with a Force fo equable, as it would do if the Number of Wheels 
were leſs; and of Courſe concluded, that if the Weight could 


be applied to the Arbor of that II heel only which args” the 
55 en- 
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Pendulum, it would then communicate a Motion to it that 
woutd be the moſt ſimple and conſtant that the Nature of Things 
admits of in this Kind'of Machinery. 

3211. At Length he invented the Method of ſuch an Appli- 
cation, which was as follows. An endleſs Line with its proper 
Weights and Pulleys, (every Way ſimilar to that deferibed in 
Fig. to Art. 3199, only as much leſs in Proportion as the 
Force of the Weight was leſs,) was applied to the Arbor 

| of the Swing-wheel in a ſmall pinnulated Grove of a Bar- 
rel, (which we now ſuppoſe to be A) on one Part, and to a 
Ratchet- wheel C on the other, ſupporting the ſmall Wheel E, 
with the other much ſmaller at F. 

3212. It is manifeſt that the Weight E depending on the 
Line IB A, conſidered as fixed on the Pulley C, does now ſole- 
ly act on the Arbor of the Swing-wheel by the Part AB, and 
therefore the Motion communicated to the Pendulum, muft be 
the moſt Uniform poſſible, as we cannot conceive any Thing 
incident to the Weight E that can make -any Alteration in its 
gtavitating Force, and as there can be no Cauſe for any Irregu· 
larity in the Motion of the Pendulum. 

3213. As the Body of the Machinery in the Clock is in this 

Conſtruction diſingaged from the Swing-wheel and Pendulum, 
ſo none of its Anomalies can affect either; the proper Office of 
all this Part being now only to raiſe up the Weight E as often 
a5 it is down, which the Author tells us, was every Half minute, 
or 30 Seconds. For ſince in every Revolution af the Wheel A, 
the Weight E muſt deſcend through a Space equal to the Cir- 
cumference of that Wheel; therefore it muſt want very frequent · 
ly to be drawn up, which could not be done but by Means of the 
Machinery of the Clock, which by its Nature becames a con- 
Rant Agent for that Purpoſe. 

3214. Where it not for the Frequency of drawing the Weight 
up, the Pendulum, with one Wheel to continue its Motion, 
would be the moſt perfect Chronometer that could be made; but 
as it is thus connected with the Clock-part, it becomes juſt 
as uſeful as if it wanted no Attendance to draw jt up at 
all, 

3215. By this Invention, therefore the Clock with all its 
Wheels, is, in Effect, reduced to one fingle Wheel; and the 

Mo- 
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Motion juſt as equable and perfect as if it conſiſted of nd tote; 
and the Author aſſures us, that the Equability of Motion in 
Clocks of this Sort was 1 greater than in S of the 
common Conſtruction. | 

3216. As a Proof of this, he mentions a very 
Circumſtance, which he diſcovered by Accident; it was this; 
as two of thoſe Clocks ſtood together on a Shelf, he obſerved 
the contrary Vibrations of each of them did ſo exactly agree and 
coincide, that they never in the leaſt receded from it. And if 
this Concordance of their Motions was on Purpoſe diſturbed, 
yet in a very little Time it would of it's one Accord return, and 
continue, in ſuch perfe& Coincidence, that only one Sound could 
be heard of both their Vibrations, 

3217. Having wondered ſome Time at fo unuſual a Phæno- 
menon, he reſolves to enquire into its Cauſe with the utmaſt 
Diligence, and at Length found that it proceeded from a Mo- 
tion of the Shelf or Plank on which they ſtood, though in itſelf 
altogether inſenſible. For the Reciprocations of the Pendulums 
_ communicated ſome Degree of Motion to the Clocks, firmly 
placed as they were; and this Motion being impreſſed on the 
Board, did neceſſarily - cauſe that, if the Pendulums vibrated 
otherwiſe than by contrary Strokes very exactly, they mult at 
Length do ſo, and then the Motion of the Shelf would entirely 

ceaſe. 
3218. For whatever Motion be communicated to the Shelf 
by the contrary Motion or Vibrations of the Pendulums as thoſe 
| Motions are impreſſed in contrary Directions, they will, if equal, 
deſtroy each other () and if they are not impreſſed equally, 
and at the ſame Inſtant on the Board, yet as the Difference equal- 
ly affects the Board and the Clock, it will, by this Alternation, 
conſtantly tend to an Equibrium both in the Clocks and the Shelf, 
till at Length that being affected, the Pendulums muſt move by 
, contrary Strokes very nicely. 

3219. But our Author concludes, that notwithſtanding the 
Fact is evident, yet a Cauſe of ſuch a tender and delicate Na- 
ture could never have Efficacy enough to produce ſuch an Effect, 
unleſs the Motions of the Clocks had been previouſly, and by 


other Means rendered moſt equavle and conſentient between 
them- 


* 
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themſelves 3 and which therefore is by this Experiment fully aſ- 
certained and demonſtrated, 

3220. It is above 100 Vears ſince this Diſcovery was made 
and publiſhed to the World, and was intended, by the Inventor, 
to render his Clock more immediately uſeful at Sea; for this 
purpoſe he contrived it in a particular Form with a triangular 
pendulum, and a Conſtruction which gave it always an upright 

and ſteady Poſition on Ship-board; and thus many of them 
were made and uſed at Sea for the better diſeovering of the Lon- 
itude ; and with conſiderable Succeſs, as we find by an Account 
thereof (in ſeveral Voyages) by the Author in his Florolog. Oſcil- 
later. Pag. 17, &c. where alſo you have Iconiſms of the Pen- 
dulum, the Clock, and its Frame in which it was ſuſpended i in 
the Ship. 

3221. But after all, we find the Uſe of this moſt promiſing 
Invention diſcontinued at Sea, which would never have been, 
were it poſſible for any Thing of this Nature to ſucceed there; 
and if this be the Fate of a CLock actuated and regulated by 
the conſtant Power of a WEIGHT, it may tend to moderate our 


Expectations of the Longitude by Means of Watches, wherein 


the ſame Artifice has been attempted by Means of Springs. But 
bow much Inferior all Automata by Springs are to thoſe which 
move by Weights, common Experience can ſufficient teſtify, | 
and will be farther evident by conſidering their Nature and Con- 
ſtruction, explained in the next Chapters. 

3222, I ſhall conclude this with a Query to the ingenious 
Artificer, viz. whether it is not practicable to move a Pen- 
dulum by a ſingle Mheel, and a Weight that ſhall not need wind- 
ing up at all, by the Addition of another equal Pendulum to the 
Clock? —— I ſee nothing to contradict it in the Theory ; if 
this were done, the utmoſt Equability of Motion from Clock- 
work would thence be derived to the Pendulum, and fuch a 


— Pendulum Clock would become the moſt perfect Automaton 
in Nature. 


— — 
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CHAP. VL 


Concerning the Invention of portable AuTomar 
or WaTCurs; of the BALANCE, and Rey 
LATOR ; and the THEORY of Ifochronal Vis 
TIONS in SPRINGS, 


1 1 


3223. JN the Invention and Application of Pendulums to 
rological Automata, Mr. Hugens ſtands unrivaled; 
with regard to the Invention of Clocks in Miniature, or of a yo 
table and pocket Form, which we generally call Waren 
there is (at leaft, there bas been) great Diſpute, ' Ofitheſ 
Watches there is not the leaſt Mention or Intimation int 
Horelogium Ofcillatorium by Hugenius, though printed in 1673 
from whence it ſeems 9 that at that Time he E 
fuch Thing. Pied 
23224. It is alſo certain, that many Years ellis our e 
brated Countryman, Dr. Hook, exhibited ſeveral of tl 
Watches as his own Contrivance and Invention, anda 
was offered him for the ſame in 1663, but not liking the Cor 
ditions, he refuſed it. Dr. Derham (in his Artif. Clock-mak 
tells us, he ſaw a Watch preſented to King Charles II. on whi 
was this Inſcription, viz. Robert Hook, inven. 1658. T. Tompion 
feat, 1675, Mr. Ward, in the Life of Dr. Haate, ſays, h 
ſaw the ſame Inſcription on a round Braſs-plate, which forme 
ly had been a Cover to the Balance of one of Mr. Hote's Wa 
ches; and he farther adds, that Mr. G. Grabam, informed hi 
he heard Mr. Tompion ſay, he was employed three Months tha 
Year by Mr. Hoke, in making ſome Parts of thoſe Watel 
before he let him know for what Uſe they were deſigned; an 
that Mr. Tompion uſe to ſay, he thought Mr. Hooke was _ | 
ventor of them. | 
3225. From hence it appears, that theſe Watches were i 
vented by Dr. Hoke, within one Year after the Clock itſelf 
which (as before obſerved, 3185) was not made public till ij 
Year 1657. Notwithſtanding this, in the Year 1074, Mc 


7 
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gem publiſhed a Pocket Watch of his own "Rr" th as he aſ- 
ſerts, but it was in ſeveral Reſpects different from Dr. Hooke's. 
And as it is inconſiſtent with the great Character of Hugeniut, 
for Learning and Probity, to ſuppoſe him capable of Plagiariſm, 
herefore it muſt be allowed, that the Reduction of Clock-work, 
o the Size of a Pocket-watch, was ſeparately the Invention of 
ach of theſe ingenious Competitors. 

3226, This Invention confiſts in applying a Balancs-wheel, 
to beat the Time inſtead of a Pendulum; for though they are 
called Pendulum- watches, it is only becauſe of the alternative 
Motion of the Balance being ſomewhat like nt of a Pendu- 
lum. 

3227. This Balance has its Motion regulated by a Spiral-ſpring 
properly applied, an Idea of the Balance and Spring is eaſy to be 
formed from the View of any Watch-work. As alſo the Man- 
er in which they are actuated by the Machinery of the Watch; 
for this being the ſame as in a Spring: clock, only in ſmall, there 
is nothing new till we come to the Regulation by a I heel and 
Spring inſtead of a Pendulum. 

3228. From barely conſidering the Size of a Watch, it is 
plain no Pendulum can be admitted into its Conſtruction; for 
in the firſt Place, a Pendulum cannot be made of fo ſhort 2 
Length as is requiſite, with any Degree of Exactneſs; and ſe- 
condly, the Pendulum always muſt have a perpendicular Poſi- 
tion, which cannot be allowed in the Uſe of a Watch, which is 
incident to all Kinds of Poſitions. 

3229. As the Balance-wheel has in itſelf no Principle of, or 
Diſpoſition to Motion, but is actuated ſolely by the Machinery 
of the Watch, it is to be conſidered alone as no ether Thing 
han a Check upon the Motion of that Syſtem, or a Reſervoir 
in which it is ultimate received and abſorbed, like the Fh of a 
Jack in a great Meaſure, only the Fly has a circular Motion, 
whereas that of the Balance is an Oſcillatory one. 

3230. The Motion of the Balance and the Fly is therefore e- 
qually ſubject to the Inequalities of the Motion of the Wheel- 
work of the Watch ; but this can be regulated in the Vibrations 
of the Balance by Means of, a Spring, whereas a circular No- 
tron of a Wheel admits of no ſuch Regulation or Correc- 
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tion, and therefore can have no Place in this Sort of Mecha- 
niſm. | 

23231. Hence then it is ee that the whole Antifce of a 
Watch conſiſts in giving Motion by the firſt Spring and Fuſee to 
the Balance, or oſcillating Wheel, as nearly equable as poſſi- 
ble; and then to correct the [regularities of thoſe Ofcillations, 
and render them ifochonal as far as may be, by a fine Spring 
properly applied to the ſaid Balance, though not by its wibrating 
Property, as many have ſuppoſed. 

3232. But as this Doctrine of the iſechronal Vilrations of a 
Spring is a curious Point, I ſhall be a little more particular and 
explicit | in deriving it from its firſt Principles, and then illuſtrat- 
ing it by a Figure. Therefore let G be any Force (whether 
Gravity, Elaſticity, &c.) which conſtantly acts on a Body and 
produces an accelerated Velocity; and let 8, T, V, be the 
Space, Time, and Velocity of ſuch Motion; then we have 
ſhewn (991) that it is S: T V, univerſally ; and alſo, that it 
is GT: V (.) therefore we haveSxV:GT*V, as: 
G x TI; and conſequently we have 8: G:: T* : 1; therefore 
when the Ratio of $ to G is given, the Time T will be a given 
Quantity or always the ſame. So that if G be the Force of E- 
laſticity, and S the Space through which it vibrates by that Force, 
then, however thoſe Quantities vary in Magnitude if they keep 
the ſame Proportion, the Vibrations of the Spring will all be 
, .ifochronal, or performed in equal Times. 

3233. For a farther Illuſtration of the Similarity of Motion 
in a Pendulum and Spring; let Aa (Fig. 1.) be a Spring, ora 
ſtrait elaſtic Wire fixed at the End A, and at the other End ſup- 
pole it drawn out of its natural or 1 Situation, by a 
Line paſſing over a Pulley B, with a Scale Cat the End, and 
Weights put into it for trying the Experiments. Then admit 
we put a Dram into the Scale C which draws the Wire az Spring 
from A a to the Site Ab; and then we add another Dram, and 
it draws it into the Poſition Ac; and a third Dram being put 
into the Scale, draws the Wire into the Situation Ad; and ſo 
on, as long as the Wire or Spring can retain its rectilineal 
Form; then will the Spaces a Ab, a Ac, aAd, be as 1, 2, 33 
that is, as the Weights applied which retain the Spring in thoſe 
Poſnions reſpectively; therefore the elaſtic Force of the Spring 
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at a, 5. c, being alſo as thoſe Weights, and conſequently as 
the Spaces deſcribed by the Wire, viz. the ſmall right-lined 
Triangles aAb, 4 Ac, aA d, it follows, that the Wire will 
deſcribe each of them in the ſame Time; and therefore all its 
Vibrations, as long as it continues rectilineal, will be performed 
in equal I ime. | ; 

3234. But if upon adding 3 Drams more, we obſerve the 
Wire drawn into the Poſitioa Ae, and there appears incurvated, 
it is evident then, becauſe the Space à Ae is not equal to twice 
the Space a A d, the Time in which it moves from e to @ can- 
not be equal to the Time in which it moves from d to a. If 3 
more Drams be added, ſuppoſe all the Nine draw the Spring to 
the Poſition Af, which is there more curved than before ; and 
therefore a A f is {till more deficient from 3 Times the Space 
aA d, and conſequently the Time of deſcribing it will differ ſtill 
more from the Time of deſcribing the Space dAa. Upon the 
Whole, then, it appears, that after the flrait Spring begins to be 
bent into @ Curve, the Times of Oſcillation are no longer iſochro- 
nal, 
3235. In like Manner, with regard to a Pendulum Aa (Fig. 
2.) we have formerly demonſtrated (1105) that the Times cf 
Deſcent through any Number of Chords (ad, ae, %,) of a 
Circle are all equal. Therefore if we take very ſmall Arches 
ab, ac, ad, they will, as to Senſe, coincide with their Chords, 
and ſo of Courſe the Time of defcribing each of them will be e- 
qual; but if the Arch be ſo large that it can no longer be eſteem- 
ed reCtilineal, as ae, or af, then the Times of deſcribing them 
ceaſe to be iſochronal. So that very ſmall Diſtances only on each 
vide the Perpendicular a A, both in the Spring and Pendulum, 
will admit of iſochronal Vibrations. | 

3236. But what has been hitherto ſaid of the Spring and its 
Vibrations has been with a View rather to ſhew its Nature and 
Congruity with the Pendulum, than its Application to Uſe in 
automatical Machinery on that Account; for though the Pen- 
dulum by Means of its oſcillatory Property, becomes ſuch an ex- 
cellent Regulator in all Kinds of Time-pieces, yet the Spring 
polſeſſed of the ſame Property, will anſwer no ſuch Purpoſe on 
that Account; becauſe the Time of a Vibration is ſo exceeding 
mall. Now the Vibrations of a Spring (ſuch as we have conſider- 
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ed) ought to coincide with thoſe of the Balance, if its Regula. 
tion were to be produced by them; but the Vibrations of the Ba. 
lance, or Beats.of a Watch, are not more than about 16000 in 
an Hour, that is, about 4 4 per Second; whereas a ſtrait Spring, 
of the Length adapted to a Watch, will vibrate many hundred 
Times in a Second; and, indeed, a Spring of any Size, or Kind, 
can have no Uſe in that Reſpect, all its Effect, as a Regulater, 
being derived from its elaftic re-aQtive Force, by Way of conflaut - 
Preſſure (and not Oſcillation) which therefore muſt be more parti- 
cularly explained, and is the Subſtance of the following Chapter, 


CHAP. VI. 


We Turory of SPRINGS confidered as REGULA- 
TORS of the BALANCE of CLocks and War- 
CHES. 

3237. A a ſtrait Spring, in Length, cannot be more than 

about 3 of the Diameter of the -Watch-plate, it 
will be found too ſhort to admit of a proper Tenour of Action 
as a Regulator of Motion in ſuch ſmall Balances ; for the Ac- 
tion of a Spring ought to be very free and eaſy, but yet at the 
ſame Time ſtrong enough to govern the Motion of the Balance, 
and controul the Irregularities of its Vibrations derived from the 

Syſtem of Machinery. Therefore a Spring of a Spiral, undula- 

ted, or ſome other Form, wherein there is a conſiderable of 

ſufficient Length in a conciſe Space for anſwering its Purpoſe in 

a WATCH,. muſt be choſen. | 
3238. As the AQtion of the Spring under all thoſe different 

Forms will be the ſame, I ſhall chuſe that of (Fig. 3.) to explain 

it by. Thus let CL be the Spring in its natural Situation, ot 

| ſuch as it has whenTeft to its itſelf ; at the End L ſuppoſe it to 
reſt againſt, or be fixed to, an immoveable Support K, then by 
its elaſtic Force it will make Reſiſtance to any Power or Weight 


by which it is preſſed inwards, or drawn outwards. Thus let 
= IN 4.4 8 
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þ be a Force applied which bends it through any Space or Length 


C1 = 5s; then from. the Nature of the Spring (3233) 2 p will 
bend it through a Space equal to 25, and 3p will bend it thro? 
35; and ſo on. So that 5 will be every where proportional 
to p. | 
3239. Then if P denote the Power by which the Spring is 
wholly np and 8 == Space of total Compreſſion ; then 
it will be S: :: P: p; and the ſame Analogy will reſult from a 
partial and a Extenſion. This Principle is not only deduced 
from a phyſical Theory as before-mentioned, but is confirmed 


- moſt accurately by Experiments on Springs on every Form. 


3240. And here | may obſerve, that uſetul Inſtrument called 
the Spring (or Cylindric) BALANCE for weighing Bodies, is no- 
thing more than the Practice of this Principle tor the Number 
of pound Weights in the Body appended is indicated by the 
Number of equal Diviſions on the Bar, which is the Space thro? 
which the Spring is compreſſed by the Weight of the Body, as 
each ſingle Diviſion correſponds to that of a pound Weight. 

3241. This is the Effect of a Spring in regard to Preſſure ; 
we ſhall next inſtitute a Compariſon between this ela/tic Force and 
a percuſſtve Force, or that of a Hriting Body moving with a certain 
Degree of Velocity. For if a Body whoſe Weight or Maſs of 
Matter is M, and moving with an uniform Velocity V, ſtrike 
upon the End C of the Spring, it will bend the ſame through a 
Part or the whole Space 8; and the Quantity of Motion by 
which it affects the Spring at firſt will be MV (970); but by 
the Reaction of the Spring, the Velocity V will be gradually 
diminiſhed ; fo that when the Spring is bent through any Space s, 
the original Velocity V will be reduced to v, and the Quantity 
of Motion or Momentum of the Body will there be only Mv, fo 
that the Loſs of Motion in bending the Spring through the Space 
4, will be MV — My. 

3242. Let A = Space through which a Body deſcends in Va- 
cus in one Second, by the Power of Gravity; and C = Celerity 
acquired in that Deſcent. Then we have C*:A:: V*: a= 
Space of the Body M muſt deſcend _ by Graviey to acquire 


the Velocity V. (991) Alſo VA A 12: Va I = "Time 
of the Neſcent through 4. a. k | 
3243. 
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3243. Suppoſe, then, by the Stroke of the Body M. 


with the Velocity V, the Spring be bent through a Space f in 
| sP 


the Time i. In this Caſe we have 8: 4:2 P 272 <= tothe 
elaflic Force of the Spring at /, or at the End of the Space 5, 


3244. Now let the momentary Decrement of Velocity in the 
percutient Body be — , then will the inftantaneous or fluxionary 
Momentum produced by the elaſtic Force of the Spring be — 
M © in the Moment of Time 7 0 and we have ſhewn (1000) 


that in Caſe of Forces (M and — * acting uniformly, the Quan- 


tities of Motion (MV, — 105 generated are proportional to 
the generating Forces, and the Times (T, f,) conjointiy; 


| Þ : n 
and therefore MV: - M:: MXT: * * + 3 which gives 
: VPs; | 5 8 
er 
3245. Again, in the ſame Caſe of Forees acting uniformly, 
the Spaces are as the Velocities and Times conjointly (971) 


therefore 2a:VT::;: v; whence ; = 


2 av 
VPs „ ITV 
MS 1˙ 2 a v 


; the Fluents of which are v* and 


3246. Therefore — v = ; which gives 

v⸗ Pss 

gow 

; but when the former of theſe was V*, the latter was 
3 a 


Wes | 5 4 — 6 „„ fs 35 2 
2 0, becauſe of s = ©; therefore v V 2 MS 


3247. To reduce this Equation to more ſimple Terms by 2 


Conſtruction, let . p = Ra, then will v* = V* — LIES 


1 aw. 5Þ 
R* 


2 UV = — 


VIP. 
2 M Sa 


or v* = .V* Xt 


5 Now if R = Radius CG of a Cir- 


cle, (Fig. 4.) and s = CB =gF, the right Sine of the Arch 
GF; then by the Property of the Circle, it is R. - = BF'; 


therefore v* = V* Xx I and ſo v VN = that is, the 


. | | Ve- 


r 
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lei vis to the original Velocity V, as te Coe BF to the Ra- 
4 CG. 


. . #- | R * 8 7 
3248. rd; on? and o = V x , 


therefore ; = . 


* 2 — 
2 4 VXVIXRꝑ— 4 75 * .= 
But drawing bf indefinitely near to B F, and d perpendicular 
to the ſame, we have from the ſimilar Triangles BCF and 
CF x GR... 
dfF, as BF: d f:: CF £1 F- 3 = hr” 4 3 
8 "BY © =. 


Therefore E 7 X fb ; and the Fluents of this l are 


— LY x GF; which gives this r 2 21 8: 


24. 

3249. Thus the Times, Velbcities, and Spas reſpecting the 
Motion of Springs, are eaſily aſſignable by a trigonometrical Cal- 
culus in the Parts of a Circle. But in moſt practical Caſes, par- 
ticularly Watch-work, the Space through which the Spring is 
bent by the Stroke is but a Part of the whole Length, and 
therefore the Quantity of Motion M V, or Force of the Stroke 
being conſumed in bending the Spring, through the Space in 
the Time t, the Velocity will there ceaſe, or v=0; in which 
Caſe the Time may be expreſſed independent of any particular 
Arch of a Circle, as follows. 

3250. It is evident from the Theorem in (2247) that R* — 
, when v = 0; therefore 5 being now equal to Radius C H 
= CB (Fig. 4.) and alfo the Sine of the Arch G F, that Arch 
now becomes the Quadrant of a Circle HB, Then if n = Peri- 
phery of a Circle whoſe Diameter is 1, we have 1: m:: 25: 2m, 


therefore — = Quadrant HB. Wherefore in this Caſe, ? = 


T | 
OF x20 By T 
2a 24 4 


12 
: T:: HA: Va; therefore —- TE = 7" whence t = 
| I 
V 


And therefore M v. Mo S 2 eee rea ie 
g | 2 A 


bon cons d Le Hos And becauſe f = 


INSTITUTION 8 


Sogn. * 

| 7.4 0 

2 : an 
m 7 | 

ql * * 721 in Seconds of Time. coal 

325. Becauſe v* = V * 1 (3247) we have v: 4 

5 2 1 4 iz 

BF , R*—BF* 4, ol 


— Wi 2 — — o — — n= — 
v. v. x V 8 * 


R* 


2 42 84 
. then becauſe ** = = (2267) we have 9 — 


3252. But — — == - (2244) therefore Ve. EM * 2 
CP — 24 


1 * 
orem may be of Uſe in that Part of Mechanics concerned int 


Doctrine of the Vires Vive & Mortue. 


3253. 5 when v = o, we have the initial N y 


M 
WALL _ ; n the product of the Velocity and Tine | 
mCs /MSP_ mCs 


be Vt = 3 
g 4A XS MSP. 4A 
3254. And becauſe 8 is a conſtant Quantity, we ha 


Vt: 5; or the Space through which the Spring i is bent alway: a 
Velocity and Time conjointly, the ſame as in the Caſe of k 3odi 
deſcending by Gravity (971). 5 


3255. Wherefore in the ſame, or- different Springs, the * 
through which they are bent in a given Time will be as the Valoats 
and with a given Velocity, they wii! be as the Times employed 
bending them, 
5 . 325 
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3256. Becauſe in the 3 of the Time, t 


55 the Quantities m and 2 A are 'contant; thetefore it 


ill always be 2 : I, cop; MS. But we had alſo ?: 


(2254) therefore 1: i . Conſequently MS V: t5P. 


ence we obtain a Compariſon between theſe fix principal 
Quantities in a Spring, and a Body bending it with a percuſſive 
orce. 

3255. Thus if the Length S and Force P of a spring be given 
re have MV: ts; but in this Caſe *: M (2256) ; therefore 
V : s, or the Space is as the Reftanghe of the Time and Velocity, ag 

Falling bodies (991). 

3258. Likewiſe in the ſame Spring, ſince R: M, therefore 
hen M, or the Body is given, the Time (t) of bending the Spring 
ill be the ſame, whatever be the Degree of Velocity V, or the 
pace s through which it is bent. 

3259. But in a given Spring 8, P, and Body M, ſince t will 

conſtant, we have V: 3; that is, the Space through which the 

ring is bent, 4will always be proportional to the Velocity of the Body 3 
hich is another Caſe ſimilar to deſcending Bodies urged by dif- 
rent accelerating Forces, 

3260, It was proper on ſome Accounts to give the foregoing 

heorems expreſſing the Velocity, Tims, &c. in the Form they 
ere have; but in the particular Caſe of the Space deſcribed, 

r Deſcent in one Second, we have 2 A = C; thoſe Theorems, 
ereſore, will be expreſſed more ſimply for Calculation, thus 
putting m = 31416) 8 =" —X 3 A * 157 — 5 


50 and V = e. TS 


C 
= Cps; and Jaſtly, Ve= 


Fee = 1,57 53 
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= 1,575; or = 1,57 7. in Seconds. And in all theſe Caſes, 
C = 323 Feet, or 386 Inches. 
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\ CHAP. VIIL 


The foregoing TuzorRyY of SpRINGs farther conþ.. 
dered, and exemplified by CALCULATIONS in their 
various APPLICATION to WATCH-WORK. 


3261. IT has been already ſhewn, that an Automaton put into 
Motion by a Weight, and having that Motion regula- 
ted by a Pendulum, is the moſt perfect that can be in Nature; 
and that in the next Degree of Perfection is the Spring · cla; 
but when we conſider the Structure of a WATCH, left wholly 
to the Power and AQtion of Springs, we ſhall find it naturally 
deſtitute of any abſolute Principle of equable Motion. 
3262. The Action of a //zight is conſtant, and the Ofciltations 
of a Pendulum are equable, from an innate Principle z but we 
cannot conſider the Action of a Spring either as a Rr/t-mover 
of Regulator of Motion, as conſtant and equable in its artificial 
Application in Watches; this we have alſo ſhewn in regard to 
the Firſt, in the Theory of the Spring and its Faſee; and in reſpeR to 
the Second, the Office of the Spring as à Regulater, is not de- 
rived from the Natural, but what we may properly call, the ar- 
tificial Vibrations thereof. The natural Vibrations of all Springs 
are in themſelves as perfectly iſochronal as thoſe of Pendulums 
(3232) 3 but the Caſe is quite otherwiſe with reſpect to the art- 
ficial Vibrations, whoſe Equability of Motion, being the Reſult 
of the compound Action of two Strings together, cannot be ſup- 
poſed ſo perfectly conſtant, and regular, as no mechanical Combi- 
mation of Cauſes can act with the Simplicity and Uniformity of 
Nature ſelf. N by 
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3263. If the Watch be required to beat Puarter-ſeconds, or 
to oſcillate 14400 Times in an Hour, theſe Oſcillations by a 
Pendulum are rendered equable without any Trouble; but to 
effect this by a Spring, or Number of Springs, will require 
much more mechanical Skill and Contrivance, and at laſt be 
attended with ſome Degree of Inconſtaney or Irregularity. 

3264. Indeed, the fine Spring connected with the Balance is 
to be confidered as ſomewhat more than a Regulator; for it does, 
as it were, form or modulate thoſe Oſcillations, as well as regu- 
late them; without ſuch a Spring the Balance would oſcillate, 
it is true, but fince the Motion produced by the Action of the 
Crown-wheel, on one Pallet, muſt be in a Moment ſtopped, 
dſtroyed, and generated anew in a contrary Direction by its 
Action on the other Pallet, and this in ſo quick and conftant an 
Alternation, the Effect would be too violent and ſhocking to be 
ſufferable, and too irregular to be of any Uſe. | 

32b5. But by the Application and Co-operation of the Spring, 
the ſaid contrary Motions are gradually generated and deſtroyed 3 
and the Times of the Oſcillations of the Balance-wheel render- 
ed as equable and uniform as the niceſt Mechaniſm can admit 
of, To effect this, many different Methods have been invented, 
principally by Dr. Hake, Mr. Hugens, Mr. Leibnitz, &c. Some 
of theſe were by ſingle Balances, others by double Ones ; fome 
had only one regulating Spring; others had two, or more. The 
Attempt to regulate a Watch by a Load/lone inſtead of a Spring, 
is not worth mentioning. 

3266. There were two Ways in which the double Balance 
was applied; in one of them each fingle Balance had a Verge 
with one Pallet only, placed on each Side of the Crown- 
wheel diametrically oppoſite to each other, for that Wheel had 
the ſame Poſition with the contrate Hheel, or as it now has in the 
preſent horizontal Watches. On the Verge of each Balance was 
fixed a ſmall Wheel; theſe Wheels were proportioned to the 
Diameter of the Crown-wheel ; having the .ſame Number of 
fine Teeth, they played in each other, and ſo gave an equal 
Motion to the larger Balance- wheels juſt above them. 

3267. The other Way, with two Balances, had the two 
{mall Wheels, by which they moved each other, and more- 
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over to each Balance-verge, there was added a ſpiral Spring y 
a. Regulator. In this Method, one Balance only had a Verge on 
which both the Pallets were, and it was moved by the Crown- 
wheel, placed in the ſame perpendicular Poſition it now has in 
common Watches. With reſpect to theſe two Inventions, Dr, 
Derbam ſuppoſes the firſt was never proſecuted ſo far as it 
deſetrves; and the Second has this Excellency, that no Jerk ot 
the moſt confuſed Shake can in the leaſt alter its Vibrations, 
And that the Reaſon why this Method of conſtructing Watches 
came into Diſuſe, he judges was the great Trouble and val 
| Niceneſs required in it. If this was the Caſe, it reflects no great 
Honour on the Reputation of Artiſts in this Way. 

3268, The Spring, as a Regulator, is applied in Watches, 
with one End fixed to the Verge of the Balance, and being coil. 
eld ſeveral Times round, to give it a ſufficient Length, it has its 
other End faſtened to a Part towards the Extremity of the 
Watch-plate,' which has lateral Teeth, and is moved by a ſmal 
Pinion on an Axis in the Center of a ſmall filvered Plate on one 
Side of the Cock or Balance, divided into 30 ſmall equal Parts, 
"This Plate is alſo fixed on the ſaid Axis, and by the Key is moved 
againſt an Index to the Right or Left, thereby increaſing or re- 
mitting the Force of the Spring when the Watch goes too ſlow 
or too faſt; and this Apparatus for correcting the Regulator, 
and thereby the Time of the Watch, we find by common Ex- 
perience, is but toq frequently neceſſary in the moſt excellent 
Pieces of this Sort of Machinery. 

3269. Mr. De la HIRE, in a Memoir of the Academy of Stim- 
ces, objects very much to the common ſpiral Form of the Regu- 
lator, and eſpecially to the fixing one End thereof to, or near 
the Verge or Axis of the Balance. He thinks, if the End of the 
common ſpiral Regulator were faftened to a Part of the Radius of 
the Balance inſtead of the Axis, it would have more Force to 
govern the unequal Moyements thereof, and at the fame Time 
be leſs ſubject to its Irregularities; and farther adds, that the 
Spring bent into an undulatory or wave-like Form (as in Fig. 5. 
is much better than the Spiral, in that a greater Length may be 
had in a leſs Space, and the Spring thereby ſuſtain itſelf with 
greater Eaſe, and act without that Compound and wr 
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Motion which the Spires of the common Regulator are ſubject 
to, in their lengthening and ſhortening. And what he has aſſerted, 
he tells us, he has fully evinced by Experiments with Watches 
of this new Conſtruction. 

3270. But I have conſtantly obſerved, that theſe Inventions, 
Alterations, and Innovations concerning the Balance and its 
Regulator, have all proceeded (rudi Minerva) from the natural 
Force of mechanical Genius, with very little, if any, Rationale 
from Principles of a philoſophical or mathematical THeory of the 
Nature and Action of SPRINGS ; which certainly myſt reflect very 
great Light on a Subject that has always been looked upon as, 
overwhelmed in Difficulty and Obſcurity. For, (if I judge 
right in theſe Matters) there ſeems to be a much better and more 
natural Method of governing and regulating Watch- work poin- 
ted out by the foregoing Theory, than that of the Balance-wheel 
and its uſual Regulator. 

3271. For by this Theory, it is evident, that with Reſpect 5 
to the Power of the Spring, the Momentum of a Bady which ſtrikes 
it, the Space through which it is bent, and the Time of bending 
it, if any of theſe Quantities are known or given, the reſt may be 
found ; becauſe their Relations are all determined by the Theo- 


tems t 1,57 SE „ and V =STEc (2250) as alſo the 


real Quantities of each 8 

3272. Therefore ſuppoſe the Train of a Watch be 14400, 
or 4 Beats per Second; then let A be a Body ſuſpended by a 
Thread A C from the Center C, (Fig. 6.) and being raiſed to 
the Point D let it deſcend through the Arch D A and ftrike the 
Spring BF with the Velocity acquired in that Deſcent; and 
then A a is the verſed Sine, or perpendicular Deſcent of the Bo- 
dy to acquire the ſame Velocity. Laſtly, the Momentum of 
the Body A will by its Impulſe on the Spring bend it through a 
certain Space BH. Now for the given Length and Strength of 
the Spring, and the given Space and Time of bending it, the 
other Quantities may be found by Calculation, as follows. 

3273. Conſidering this Spring BF as a Regulator, it muſt be 
very fine and tender ; and therefore we will ſuppoſe it ſuch that 
a ſingle Scruple only, or 20 Grains, ſhall be juſt equal to its 

whole 
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whole Force, or be able to keep it bent through its whole Latz 


\ which may be one Inch, and let the Time of bending it 
half ts Length be 4 of a Second; then there is given BF =$ 

=1, P = 20, 5 = 0,5 = AH, p= 10, and t 0” 25; 
| * M, the Weight of the Body A; V, the uniform Velo. 


city of its Motion; and a = Aa, the Height it muſt deſcend 
perpendicularly to acquire that Velocity, 


3274+ To find the Weight of the Body A, we have from the 


Theorem (3260) t = 1,57 SIS this Equation 386 pz 
2, 4649 Ms; and therefore this Analogy, p: M:: 3: 156,67 
which will give M = . 
25 ; fo that the ſtriking Body A is near 20 Times the Weight 


3275- The uniform Velocity of its Motion js V = ** ; 


= 3,138 Inches per Second, this is equal to the Es. 
of a Circle AE F whoſe Diameter is juſt one Inch. 


3276. Laſtly, we find Aa=a= AL —— (3242) = — . 


— = o, o127, or about +53; of an Inch; and therefore the 


Arch AD fo exceeding ſmall as to be altogether incontier 
able. 

3277. If therefore the Pallets of the Von be ſo CDP 
to the Teeth of the Crown-wheel as to move the Body A thro 
Z of an Inch each Stroke without the Spring; it will, when the 
Spring is added, be moved through only half an Inch, or bend 
the Spring from B to H in 3 of a Second as required. 

3278. If the Maſs of Matter in the Body or Globe A were 
diſpoſed into the Form of a Circle AE F, or fo as to make the 
Perimeter of a fine Wheel, it would then become the Balance- 
wheel of a common Watch; and being connected with the 
End of the Spring BF, that Spring would alſo become the Re- 


gulator ; and the Watch thus conſtrued, would beat (yew 
ſeconds, | 


321% 


= 196 Grains, in the preſeat 


N 


a * 


FF: 
11 


= 


Fr ESL 3 


— 
— 
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3279. Hence in Watches of a large Size, and eſpecially 
Table-clocks, where more Springs than one may conveniently 
be applied, this Regulation of Time might be moſt commodi- 
ouſly performed by a fingle Balance-lever with two Springs, 
or a double One with four; the Reaſon of which will appear 
from (Fig. 7.) where AI and PQ are two Levers, whoſe 
Weights A, I, P. Q. are equal to each other, and to the 
Weight A in Fig. 6th. Alſo the Springs B F, IE, PH, GQ, 
are all ſeverally equal to BH in that Figure. Theſe Levers 


— 
7 


ccoſs each other in the common Center of Gravity C, where they 


are fixed at Right- angles to the Verge. | 

3280. As the Weights and Springs are increaſed in the Ba- 
lance, it is noceſſary the Force of the Spring at the Fuſee ſhould 
be encreaſed in Proportion. And it is further to be obſerved, 
that in the quieſcent State of the Levers, the four Springs are 
in a State of Compreſſion; the two Springs fixed at F and H 
being compreſſed on each Side from (a) and the other two from 
the Point (5). If aB be one Half of the Arch through which 
the Levers oſcillate, then it is plain, that in each Oſcillation, 
while two Springs are compreſſed by one Lever, the other two 
Antagoniſt Springs are relaxing; and therefore as one Pair re- 
tards, the other equally accelerates the Motion of the Levers ; 
and fo no Inequality of Motion can ariſe from the joint Action 
of Springs; but on the contrary, as perfect a Correction of the 
Irregularities of the Watch- work is obtained, as can be produced 


by the Agency of Springs. 


CHAP, 


j 
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CH AP. 


The METHoD of finding the CENTER of OsciL:4- 
TION in all Kinds of PENDULUMs, deduced from 
a New ThrORV. Alſo the NaTuRrE of à uni- 
verſial MEAsuRe of LENGTH, or philoſophical 
Foor, explained and exemplified. 


3281. We now quit the Subject of Watch-work, where no- 

thing valuable with regard to the Eguation and 
Regulation of Time can be hoped for, or expected; and return 
again to the farther Conſideration of thoſe Automate which are 
regulated more by Nature than Art, viz. by the Power of Gra- 
vity governing the Oſcillations of Pendulums. But here the 
Artiſt muſt follow pretty cloſely the Dictates of the omniſcient 
Mechanic, and work, if he e to merit Applauſe, by the 
Rules of divine Geometry. 

3282. Now as the PENDULUM is the Principle of T den 
Perfection in Clock-work, all Circumſtances relative to it ſhould 
be conſidered with the g kateſt Attention, and principally that 
which concerns the Center of Oſcillation ; and here will ariſe the 
following Queſtions, viz. what this Center of Oſcillation is in the 
BALL or BoB of a common Pendulum? What is the Diſtance 
thereof from the Point of Suſpenſion ? And how that Diſtance is 
to be preſerved unaltered ? 

3283. I believe very few Mechanics in this Way know fo 
little of Art or Nature, as to ſuppoſe that the Center of the Bob, 
Is the Center of Ofcillation, But fewer ſtill know where it is, 
or how to find it in the Pendulum. Yet the Knowledge there- 
ol is of the laſt Conſequence in very large Balls, and ſome Mr. 
GRAHAM had which exceeded 60 Pounds; alſo in ſhort Pen- 
dulums in Table Clocks, this Center of Oſcillation ſhovld be 
nicely aſcertained, Mr. Hugens lays the greateſt Streſs on this 
Point; and all his Folio treatiſe is wrote profeſſedly on this 
important Subject, 

| 3284. 


1 
* 


2, and of the Center of Oſcillation AN = =; Y + 


- — 
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3284. But the Method he purſued to diſcover it, will give 
us too much Trouble and Fatigue; a nearer and eaſier Way 
has, fince his Time, been found out, and which we ſhall now 
elucidate in that Caſe firft, where the Weight of the Ball or Bob 
is ſo great, that the Weight of the Rod by which.it is ſuſpended is 
inconſiderable in Compariſon of it. In order to this, a Retroſpect 
to a few Things already demonſtrated in theſe Inſtitutions will be 
neceſſary, and tend greatly to ſhorten the Operation. | 

3285. Let AB be a Line oſcillating about a Point or TA 
Center A; the Diſtance of the Center of Gravity AG 


ſmall Particle or Weight; x = its Diſtance from A ; 

and let the Sum of all the Particles or Weight of the 
whole Line be S. Then x x is the Moment, and æ K x N 
the Force of the Weight a *; and the Sum of all the x ** is 


3 
2 and when x = 8, we have 5 for the Force Fof the 


3 „ 
whole Line. All which is evident from (1086 to 1098). 


8 | | 
3286. But 3 SN SK 8 = F, agreeable to 


what was ſhewn in (1095). Alſo when x = 2 8, then the 
3 3 
Sum of all the 4 * will be = = 1. 2 = ; and twice that 
3 3X 6: as 4 ) 
Sum will be Er $ = 4 $® 3 which therefore will be as the Sum 
of the Products of all the Particles (x) each multiplied by the N 
if its Diſtance from the Center of Gravity G. 


3287. Therefore put r S* = q; and we ſhall have Sgn= = 
$3 
q+2; andSgn — 7 2 2 28 8 X > =$z*, There- 


fore Sg n — Sg* = q = Sg X n—g. And conſequently /- 87 


=n—g = GN; which gives this general Rule for finding 
the Diſtance of the Center of Oſcillation N from the Center of 
Gravity G, viz. divide the Sum of the Produdts of the Particles or 
Weights, ſeverally multiplied by the Squares of their Diſtances from 
the Center of Gravity, by the Solidity or Maſs multiplied by the Diſ- 
tance of the Center of Gravity from the Axis of Ofcliation, and the 

Vol. II. Ff f Quo- 
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| Quotient will be the Di Hane of the Center of Oſcillation from the 0 
ter of Gravity. 
3288. If = put GN = by 41 then becauſe 12 Sg 4 it will be 


2 82 =— — (2286) therefore gn=Fd, and we have F: 7 


ann & N: GN. The reaſoning i is the ſame in regard to 
Planes and Solids, and conſequently the Rule is the ſame in all; 
but I have choſen the eaſieſt and moſt ſimple Method by which 
it may be demonſtrated. *As a Proof of its Univerſality I ſhall ap- 
ply it to find the Center of Oſcillation in a Globe, and fhew it 


7— 


to be the ſame as Hugenius found it with fo much Labour and 


Prolixity. 

3289. Let DE d be the Section of a Globe through its Axis; 
Da the Diameter perpendicular to the Axis K L of Oſcillation; 
GE the Radius at Right-angles to Dd; G the Center of Gra- 
vity, and V the Center of Oſcillation in the Line of Suſpenſion 
OG; and let PFp be any concentric Circle, Let the Ordi- 
nate PM S ., GP = x, and : 1 : : Circumference of 2 
Circle: to Radius; and draw N M parallel G D. Then ſup- 
poſe a cylindric Surface to ſtand on the Circumference PF 
perpendicular to the Plane DE d, and terminated by the Sur- 
face of the Sphere, then becauſe b: 1::p: x, we have n 
= Circumference PN pP, and therefore 2 ynx = to the ſaid 

cylindric Surface (832). 

3290. Now GP = x, is the Diftance of the Particles in 
each Section of this Surface (perpendicular to the Axis of Ofcil- 
lation) from the Center of Gravity of the Section; therefore 
2nyx * = 21yxX, is the Fluxion of the Surface or Weight, 
which muitiplied by (the Square of the Diſtance from the Center 
of Gravity) GP = x*, gives the Fluxion 2 ny * 4 55 whoſe 
Fluent is 2 ny x*, 

3291. The Sine and Co- Sine of an Arch are inverſely as their 
Fluxions ; for (in Fig. 4.) the Triangles Fd F and F Cg ar 
ſimilar, therefore fd: dF :: Cg: gF ; that is, x:5::y: 35 


whence we have # == ; and putting the Radius of the GlobeGD 


a, we have x = „ therefore 2 ny * & = 2 X 
50 


_— = Xx'x) = 2 % x & —f 8) - 
| whole 


* 
7 
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whoſe Fluent is 2 na* y* — 2 ny* ; and when y = a, this Fluent 
js n, analogous to the Quantity () in the general Expreſ- 
ſon (2287). 

3292. Again, the Solidity of the Sphere is g p4* (836) but 
p= na, and d = 26, thereforeS =3X na X 44 = 3n«", 
and putting OG = z, we have 4 na? x 2 analogous to 5g in 


(2287) 3 therefore 3 na? z) ＋ u (= 72 _ GV, the Diſ- 


tance of the Center of Oſcillation from the.Center of the Sphere, 
asrequired. And is the very ſame with that found by Hugenius, 
Bernouilli, Varignion, Mac Laurin, Simpſon, Emerſon, &c. by 
tedious and obſcure Methods. 

3203. If O4 d, then OG =d+a=z; and then alſo 
9 a? 5 2 
52 541 52 f 
about a Point d in its Surface, we have dV — 2 2 1 'af 


7, of the Diameter 4 D, and not J, as it has been determined by 
Mr. Carrè, Hayes, Stone, and others. | 


3204. Put — = (GVS) v, then 24 = 5 zu, and 4 


vz; therefore 2:4::4:5v. Now the Length of a 
Pendulum vibrating Seconds is 392 Tenths of an Inch. Then 
ſuppoſe the Diameter of the Globe or Ball = 4 Inches, we have 
a=20, and z + v = OV = 392. And then 392 +v: 
20::20: I, very nearly; ſo 4 v = 1, or 5v=2, and vg 
of the Tenth of an Inch, or g of an Inch. 

3295. In a whole Day, or 24 Hours, there are {24 x 60 =) 
1440; and if we put OV = 1440, it will be eaſy to find the 
Length of a Pendulum that ſhall gain juſt one Minute per Day. 
For ſince the Times of a Vibration in the two Pendulums will 
be inverſely as the Number of Vibrations performed in a given 
Time (or ene Day,) thoſe Times will be as the Numbers 1440 
and 14397. Again, the Lengths of Pendulums are as the 
Squares of the Times of their Vibrations, or as 1440* to 14.397; 
but 14407 : 1439* :: 1440: 1438, very nearly; then 1440: 
1438 :: 392 : 391,46, then 392 — 391,46 = 0,54, or a lit- 
te more than 2% of an Inch; therefore 2: f:: 25: 20 :: 

Fff2 6c” 


; and when d= o, or the Sphere oſcillates 
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bo” : 48, Whence it appears, that the Diſtance GY, ſmall 
as it is, in a Second Pendulum, is enough to make the Clock err 
—_ Seconds ꝓer Jays if not regarded. e y 


0 its inſeribed Sphere nearly as 2 to l 7846). 
Spher fe or ſolid Braſs Globe of one 7 Diameter, wilt \ 101 
2,2 oY 7 mak therefore as 10: 47 7164: LF) * 


great 21 it is, in n the Seer of meaſuring Ne, to be 
able to aſcertain this Point or Center of Oſcillation i in fett Pen. 


3297. Before we quit this Theory, it will be very matetial to 
obſerve, that the Doctrine of a perpetual and univerſal Mx asuR 
is founded in it; and that what is called a phyſical or philoſophical 
YARD, is nothing more than the Length of a ſimple Pendulum 
vibrating in a Second of Time. That is, the untver ſal VAI i 
equal to 392 Engliſh Lines, or Tenths of an Inch. And the uni: 
verſal FOOT is a third Part of that Number, or 130 + of ſuch 
Lines. But this Notion of a HoRARY YarD, and F 007, 
and the Manner of aſcertaining it by the Pendulum of a Clock 
well adjuſted to equal Time by the Revolution of the Stars, 2 
deſcribed by HUGEN1vs, is to tedious here to inſiſt on. 

3298. 1 ſhall offer the following Method as the moſt concil 
and eaſy for this Purpoſe. Let any Meaſure propoſed be confi- 
dered as a uniform ſolid Body, whoſe Length is the general Star- 
dard. If ſuch a Meaſure or Solid were ſuſpended on an Axis to 
vibrate freely on one End (paſſing through, the central Line of 
the Axis) it has been ſhewn, that the Center of Oſcillation in 
ſuch a Body will be juſt 2 of its Length from the Axis of Suſpen- 
fion (1097). And therefore any ſuch Body equal in Length to 
392 + 196 = 588 Tenths of an Inch, will vibrate exacthy in 
one Second of Time ; and is of Courſe, the rene or phileſe ofophica 
YARD. 

3299. This Yarp muſt be divided into 10000 equal Parts 


in which the Length of other Standard Meaſures are to be — 
pre 


* 
7 
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preſſed by comparing the Times of their Vibrations with that of 
the univerſal Yard. For this Purpoſe, let its Length be L = 
10000, and N = 3600, the Number of Vibrations i inan Hour ; 


and let / and n denote the ſame Quantities in any other Meaſure 
propoſed ; then we have T: 1: VL: Vl un: N, — | 


of a fingle Vibration T, r, being jnverſelyas the N 2 
n performed i in a given Time. Whenee this Them 


— I Ky , A. \ LY 
— .* » 


3300. Then as the Engliſb Standard Foot is = 120, fay, as 
588 : 10000 :: 120 : 2040; ſo that the Engl/h: Bop. i 15 204 
of the ſame Parts of which the univerſal Yarp contgns 1000. 


Now this is diſcoverable from its Number of. Vibrations in an 


Hour, which ſuppoſe were found, by a well adjuſted Clock to be 
v/ 19000 0000-' ͤ 360 = e 


790 

] = 2040, as before. 

3301. After the ſame Manner the Pari | Royal — would be 
found 2179, 6 Parts of the univerſal YARD; and therefore as 
2040 : 2179,6 6: : 1000: 1068 ; : 12 Inches » 1258 Inches or 
more accurately the Paris Foot is 12 fh Inches; The Philoſo- 
phical, Engliſh, and Paris Feet are therefore as 333,3, 204, 
218; and after this Manner, by counting the Vibrations made 
in a Minute or an Hour by any other Standard Meaſure, may its 
Length be aſcertained, and Ratio expreſſed, in Parts of the. uni- 
verſal V ARD. | 

3302. And as a farther Illuſtration of this Wann 1 ww re- 
preſented theſe Meaſures ſeparately in the Copper. plate (Fig. 9.) 
where A B is the philoſophical Y ARD 3 CD the philoſophical Foo r; 
EF the Engh/ſh Foot; and GH the Pariſian Foot; all in their 
due Proportion of Length. From what has been ſaid, it is evi- 
dent of how much Importance the Theory of a ſimple Pendulum 
is, not only as the moſt perfect CHRONOME TER, but as a STAN- 
DARD for Meaſures of LENGTH of every Kind, and to all Ages. 


7969 ; for by the Theorem 


CHAP, 
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CHAP. X. 


The Tnroxvr of a Compound Phiri explain- 
ed, and its CENTER of OSCILLATION inveſti. 
gated. 


3303. T HE Conſideration of a Compound Pendulum comes 

> next in Courſe, nor is the Theory thereof leſs cu- 
rious or neceſſary than that of a ſimple One, ſince in the com- 
mon Conſtruction of Clocks, the Weight of the Rod or Wire is 
too conſiderable to be negleRed ; and then the Rod and Ball to- 
gether are to be eſteemed as a Pendulum conſiſting of two diffe- 
rent Weights, whoſe compound Center of Gravity, and Center 
of Oſcillation are to be determined. 

3304. Again, after all the Efforts of human Art or Skill, the 
Pendulum can never be perfectly equable in its Motion, but will, 
from the very Condition of Nature itſelf, be liable to have the 
Times of its Vibration altered, by an inſenſible Acceleration or 
Retardation from the variable State of natural Cauſes. There- 
fore, for common Uſe, HuGtnivus recommended -a moveable 
Ball, or Weight for correcting the Irregularities of Vibration, 
as by its different Poſition on the Rod, it will cauſea ſmall Alte- 
ration of the Diflance of the Center of Oſcillation, by which Means 
the Clock may be adjuſted to true Time. 

3305. In a Pendulum of this Sort there are three different 
Weights to be conſidered, viz. that of the large Ball or Bob, 
that of the Rod, And that of the Corre&or, moveable upon it. 
The Center of Oſcillation of all which muſt be found, which 
will not be difficult after we have found that for two Weights. 
Therefore let AC (Fig. 10.) be a Pendulum, Biſect its Length 
in G; and put AG 2 g, and AC — 94. Alſo call the Weight 
of the Bob (c) and that of the Rod or Wire (+). 


3306. 


Drin er 
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AC S == 


. Of Crockx-Wokk. 407 

3306. Now the Momentum and Force of each Part are ſe- 
parately to be eſtimated. The Momentum of the Rod i is uni- 
verſally Z ab (10%); the Moment of the Ball C is (a c), being 
as the Weight multiplied by its Diſtance (1089). The Force 
of the Rod is b x La x 2a(1095) = x 6a*; and the Force 
of the Ball C is c * (1089); therefore the Sum of the Forces di- 
vided by the Sum of the Moments, gives the Diſtance (n) of the 


1 2 2 [1 
Center of Oſcillation, that i is, 450 - _ 28 bf I. 5 — 5 — 


as in (1094). And from kinds the Length of the 1 


252 + nc 

1 ch 4 
Second. . by putting » = 3992 Inches ; or for Half- ſe- 
andi, if n = 9,8 Inches. Note, in all theſe Caſes, the Length 
AC is the Diſtance between the central Line in the Axis of Suſ- 
penſion, and the Center C of the Bob. 

3307. Now let AC (Fig, 11.) be the Pendulum with the 
Addition of the Corrector D, or ſmall moveable Weight = d. 
And let its Diſtance be AD = f. Then will its Momentum be 
fa, and its Force d ff; and now the Sum of the Forces of each 


which is therefore determined for a 


2. bÞ ca* L 5 
Part divided by the Sum of the Moments will be - TETZ TY; 


the Diflance of the Center of Oſcillation or Length of an * 
Pendulum, which for the Future we will call p. 

3308. Then if it be required to find (/) or the Poſition of the 

- = Te + df* 

ab + ac + df 

2 97 + cap — 4a* b — of c 


this Equation 7 = fp + 7 — then 


by compleating the Square, and extracting the Root, we have 
; +2 abp + cap — 4 ab —a'c 
7 18 + [af Pp 7 T 
3309. Hence it is obvious, there will always be two real 
Roots or Values of (while 2 abp + cap is leſs than 24 4 
* *þ + 45 8 
r 


Corrector D, we have = 


= p, which gives 


+ aac, or while the Length p is leſs than 


is 


—— —— ¶ ũꝙé——ñ —äñ́ñ — 4. ——— —2ꝑw äœkjl.äkĩ Ce WD 
4 - — — 
— — — — = — —— — — — — — 
> 
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is'the Leiigth' of the iſochronal Pendulum (=) conſiſting of the 
Rot AC; and the Weight C only (3306). 

3370; "When, therefore, we would accelerate the Motion 
hi Pendlilum by the Application of the Weight D, we have 
the Cholce of two Places for it between A and C, Viz. D or E. 
which places are equally diſtant from N, the Point which Biſed 
the llochronal Pendulum p. For f = 5 + or — the radical 
| Quantity a3 above (3308). 


11. Therefore, when f= 1 p = AN, it will accelerate 


the —_ of the —— the moſt of all; in which Cat we 


7; 24 1 — 


bp + cap _ 4 45 347. 
E — 
will giv the daten 5. + 7 — 1 


from which, by Reduction, compleating the Square, Es. we 
ben fue 7 . — {dl + 4 cd + bb + 4 be M * 


4 5— 2. ac 
AS. 
- when its Effect is a Maximum. 
Wr accommodating this Theorem to practice it wil 


5 — from hence the Value of f = *p, is known 


* be moſt convenient to aſſume d = I ; then we ſhall have 


the Equation F or AD =f=zp + Vir + Lap +7 ap+ac- 
Wo etna e Vi ee 


2 & 1— 20. 

3313. "I give an Fvundople of the Uſe of theſe Theorems; 
let the Pendulum of the Clock be required to beat Seconds pre- 
ciſely, and fuppoſe the Weight C = 5olb. and b = d4=1b. 
Then we have p =n = 1440 (2295), © = 50, and the Theo- 


4 n ＋ ö : adb 
1 — 4 — 144448. = J 
ſubſtituting theſe Values of a, b, and d, in the Equation for (/) 


wegetf=3þ © IP + 72962 p— 105061210. 
3314. Therefore when the Accelleration is greateſt of all, 


rem in (2306) will become 


we have f ip; and p + 72962 p = 105061210, or pi 


291848 þ 420244840; whence we find p = * nearly; 
but 
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but 1440 — 1436 = 4*, or the-greateſt Acceleration is 4 Mi- 

nutes per Day, by placing the Weight D at N, or making f = 
AN = 718 = 3p, when a Minimum. 

3315- Since by ſnhortening the iſochronal Pendulum (p) only 

4 Parts of the I440, the Length of F 2 A D, or the Space 


409 


through which the Weight D moved upwards is 718; it is evi- 
dent that a ſmall Alteration in the Length of A C, will allow of 


a very large Scale Correction on the Rod of the Pendulum both 
inregard to retarding as well as accelerating its Motion. 

3316. For, to accelerate the Motion of the Pendulum one 
Minute per Day, the Center of Oſcillation moves through but 
2 Parts of the 1440, or the Length of the Pendulum is then 92 
1438 as we have ſhewed (3295). Therefore putting n = 


1438, we ſhall have by Theorem (3306) = LES = & = 
T 
1441,8 which is juſt 3 leſs than 1444,8, the Length for ſwing- 
ing in a Second preciſely (3313): Hence the Motion of the 
Center of the Weight C is to that of the Center of Oſcillation 
as 3 to 2. And it is univerlally ee et ett OS 71 
or in the preſent Caſe, a:n:: 50, 5: 50, 3: 40 F 1438 
: 392 : 391,46, as we have before obſerved (3295). | 
3317. From all which it appears, that the Center of Oſcilla- 
tion is but 5 Parts of 1440 diſtant from C the Center of the Ball, 
and alſo, that when the Corrector D has its Poſition, ſuch as to 


produce no Acceleration, it muſt be either upon the Center of 


Oſcillation, or at the Axis of Suſpenſion A; or f=3p =4@ 


=! AC, very nearly. But in the common Conſtruction of 
the Pendulum this Diſpoſition of the Corre&or D can have no 
Place, becauſe it cannot be brought nearer to the Center of the 
Weight C than the Length of its Semidiameter, which, in a 
Ball or Globe of 1205. only, is 2 Inches (3296) ; but in a Globe 
of 50lb, it is more than 3 Inches. Now this is more than the 
Diſtance to which the Weight D muſt be removed to accelerate 

Vol. II. Gee the 


8 — —_—_— —— 


N. B. The Reader is deſired to a the Expreſſion of the Radical Symbols 


b n & 
in Inſtitutions 3308 and 3312, thus; ＋ 8 7 — Gon — 2 


410 INSTITUTIONS 
the Motion 1 Minute per Day; for by the Theorem (3313) if 
we put p = — 1438, we ſhall get f = I331,55 5 if then We ſay, 
as 1440: 1331, 5 :: 392: 362, 5, we have the Diſtance of the 
Weight D from the Center C, but 29, 5, or not quite 3 Inches. 
3318. Therefore in order to have a Scale of a ſufficient Vari- 
ation for the Poſition of the Weight D, we muſt give to the 
Rod AC a greater Length in Compariſon of the Length (y) of 
a Pendulum vibrating Seconds, and confider the Weight C or 
Bob of the Pendulum as moveable upon it in the ſame Manner ay 
the Weight D is. Thus let AB = a, be the Length of the 
Rod or Wire; and A C = er the new Diſtance of the WeightC 
upon it; then will the Theorem (3306) become 12 = 2 - Li 
—=þ; and therefore 4 @* 5 + fc = zabp + ec, whence 
* c Tec = 20 34 b; and e* ey = HSE 


c 


— — 0 „ by putting 52 = I, as before, Then com- 


pleating the Square and extracting the Root, we get e = }þ 4 


r 72A. And the Theorem in (3312) for AD 


0 


will now become HTL Vn T2 pe- 4 . 
Theſe Theorems for A Band A C afford a new Conſtruction 
of the Pendulum whoſe Nature and extenſive Uſe will be fully 
declared in the enſuing Chapter. ' (See the Plate of the Univer- 
2 Pendulum, Fig. 1, 2.) * 
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C HA P. XI. 


The Tuxoky and ConsTRUCTION an Univerſal 
PENDULUM for meaſuring the Time of Solar, 
Lunar, and Planetary Days very correctiy. 


3319. is order to ſhew the Univerſality of the new Structure 
of the Pendulum premiſed in the foregoing Chapter, 

it will be neceſlary to conſider that the Defign of a Clock 
is to meaſure conſtantly, that equal Portion of Time which is 
called a Mean Day, and is divided into 24 equal Parts or Hours. 
As Time in itſelf lows equally, the Clock, if it could be kept 
to an equable Motion, would be an adequate Meaſure of it; 
and this would be the greateſt 0 and Uſe of ſuch a 
Machine. 

3320. But this, however, has, in my Opinion, bw very, 
indfferently provided for in the governing Principle of a Clock's, 
Motion, viz. a Pendulum of i ſochronal Vibrations ; and it muſt be 
obſerved, that after all the Precautions and Inventions for ren- 
dering this Iſochroniſin of Vibration permanent, yet ſuch a Diſ- 
covery ſtill remains too obviouſly the great Deſid-ratum of Clock- 
work, and therefore Artiſts are obliged to have recourſe to the 
beſt Methods of remedying ſuch Irregularities, and of checking 
them even in their Naſcent State. 

3321. How groſs and indirect the Methods of reftifying the 
Pendulum in general are, if compared with that of the ſetondary 
or moveable Weight D, invented by Hugenius, will he very evi- 
dent on mature Conſideration. And as it is here improved, I 
flatter myſelf it will be allowed the moit eaſy and extenſive that 
can be defired, when it is conſidered, that the Scale of Variation 
for the Cotrector D is by this Means made ſo large as to render 
any Clock capable of meaſuring not only the Mean Time or 
Day, but alſo that meaſured by the Motion of any of the cele- 

6888 2 ſtial 
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ſtial Bodies, whether Moon, Planet, or Star; as we now pro- 
ceed to ſhew. 

3322 The Time that intervenes the departing of any cele- 
ſtial Body from the Meridian and its Appulſe to it again, is call- 
ed the Day peculiar to that Luminary ; but ſince none of the 
Planets deſcribe circular Orbits, but Ellipſes, their Motions 
will be variable, and the Times of their meridional Revolutions, 
or Days, will be unequal ; therefore the Mean Revolution, in 
all, muſt be taken for the Mean Planetary Day; and theſe col- 
lected from the aſtronomical Tables are for the ſeveral heavenly, 
Bodies, as in the Table here ſubjoined. 


| REAL | 3 9 

3323. A ſixed Sr AR 23 56 3 28 e 
SATURN 23 150 12 08 © ' & 8 6&7 
JuPITER 23 56 23 00 o 20 0 : 14468 
Mars © 23 58 08 58 2 $ 30 1438; 
Sun 24 OO 00 oo 3 56 32 1440 
Venvus 24 02 28 00 6 24 32 14425 
MERCURY 24 12 25 28 16 22 © 14524 


Mean 24 48 43 28 52 40 © 14887, 


Leaſt 24 43 08 28 47 5 o 1483; 
Moos) 
Greateſt 24 57 07 28 61 4 © 1497; 


3324. The firſt Column in this Table ſhews the Hours, M:- 
nutes, Seconds, and Thirds in each planetary Day, the Mean Se- 
lar Day of 24 Hours being the Standard. In the ſecond Column 
are contained the Minutes, Seconds, and Thirds, by which each 
following Day exceeds the firſt or Sidereal Day; thus the Mer- 
curial Day i is longer by 16 Minutes, and bs Seconds ; and the 
greateſt Lunar Day by 61 Minutes, and 47. In the third Co- 
Jumn, the Quantity of each Day i is expreſs in the Minutes of a 
Mean Solar Day, 

3325. If therefore the Length of the iſochronal Pendulum (p) 
in the foregoing Equations be found for the Numbers in the 36 
Column reſpeCtively, then will the Diſtances A D, and AC, 
or the Poſitions of the Weights D and C be found by the The- 
orems in (2318), fo that the Clock ſhall keep Time with the 

f we 
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Planet, and Hour-hand point to the Hours when the Planet 


| ſhall be on the correſpondent Hour- circles. Se that by this 


Means any Clock may readily be adjuſted. to ſhew the Time of 
any Planetary Day, or the Felten of the Planet in any Part of 
its Revolution. 

3326. But for this Purpoſe the Length of the Rod A B muſt 
be ſufficient to allow of a Scale of Poſition to the Corrector D, 
while the iſochronal Pendulum (p) encreaſes from its leaſt Length 
for the Sidereal Day of 1430 to its greateſt Length for the 
ang Lunar Day of 1505, in which Caſe the Weight or Bob 
C will poſſeſs the Extremity of the Rod, or AC = e will 
become AB = 4. And becauſe as the Days encreaſe, the 
Hours, Minutes, and Seconds increaſe in the ſame Proportion (as 
there is a conſtant Diviſion of each Day into the ſame Number, 
viz. 24 Parts), therefore, alſo, the Time of the Pendulum's 
Vibration will encreaſe with the Length of the Day. And con- 
ſequently the Numbers in the 3d Column of the Table will be 
as the Times of Vibration in the Pendulums appropriated: to the 
Clocks for ſnewing the Time of the Days reſpectively. 

3327. Therefore it will be neceſſary in the firſt Place to de- 


termine the Length of P the iſochronal Pendulum whoſe Time 


of Vibration is as 1500, by ſaying, as 1440* : 1500* :: 1440: 
1562: = P. And becauſe the larger the Weight C is, the leſs 
will be the Scale of Acceleration, therefore we muſt take the ſaid 
Weight, ſuch as will allow this Scale to be ſufficiently large to 
comprehend all the Variation of the Moon's Motion ; and by 


Trial, it will be found that 10/6. will be the greateſt Weight 


that can be allowed to the Bob ; ; therefore = = 10; 6 and a be- 
ing = 1, as before. 

3328. Hence we determine A B, the . of the Rod, by 
the Theorem — EIT = 4 = 1587, 8 as in (3306). Alſo 

7 6 | 

by the Theorem in (2311) we find the Length of an iſochronal 
Pendulum, when a Minimum, to be p = 1526,2; therefore 
1562,5 — 1526,2 = 36, 3; and half this Number, v:z. 18 
ſubducted from 1500 leaves 1482 for the Expreſſion of the Tjme 
of a Vibration of the Pendulum () compared to the Time 1500 
of the Pendulum P. 


3329» 


414 INSTITUTIONS 
3329. That the Reaſon of this Aſſertion may appear, we 
ſhall demonſtrate this Lemma, viz. when Numbers are vety large, 


and their Differences very ſmall, then any three or four of them that 
are in geometrical Proportion are alſo in arithmetical Proportion, 


Thus let a, and 4 — 4, be two large Numbers, fot Inftance 1440, 
and 14394 then d= 1rre Part of a; and let it be 4: 42 — 4. 
— 224 Fe 
4³ — ＋ 4 ena 3 
(dd) vaniſhes in Compariſon of the reſt ; therefore a, a — 4 
a — 24, are in geometrical Proportion; they are alſo evident- 
ly in arithmetical Proportion ; and hence 1440, 1439, 1438 
are Numbers that have the ſame Property; ; for ſince 14400; 


2 — 4: z 3; then 2 


1439“ :: 1440 : 1438, therefore = = 1438, and conſe- 


quently 1440 : 1439 :: 1439 : 1438, and fo they are geome- 
trical and arithmetical Proporticaals at the ſame Time. 
3330. Since the Number 1483 anſwers to the ſhorteſt Lunar 
Day in the Table (3323) and the Difference between that and 
the longeſt Day is but about 14 Minutes; it is evident, this 
Scale of 18/ will ſerve for all Lunar Days. And the Values of 
P and f may be found for every Number betwixt 1483 and 1497 
by the Theorems in (3307, 3308). And the Scale on the Rod 
of the Pendulum may be graduated for Uſe and the adjuſting 
Weight D put to its proper Place for the due Rectification of 
the Clock to the Length of the reſpective Lunar Day propoſed, 
which is always known from an Ephemeris. 
3331. From the Table (3323) it appears, that the ſhorteſt 
Lunar Day 1483 exceeds the longeſt Planetary Day 1452; and 
conſequently the Lunar Scale on the Pendulum will be of no Uſe 
for the Planets. A planetary Scale therefore muſt be conſtruc- 
ted that ſhall have an Extent ſufficient for the Movement of the 
Corrector D from the Siderea! Day of 1436”, to that of the Pla- 
net Mercury of 1452 ; whoſe Difference is 16 Minutes. And ſince 
the Mercurial Day of 1452 exceeds the Solar Day 1440 by 12, 
if we allow 4” more for the Diameter of the Weight C, we ſhall 
have 1456/ for the longeſt Day in the Planetary Scale, for which 
(having: the 'Length of the Rod AB= a = 1587,8) we call 
find P and e, by the Theorems already premiſed. | _ 
- 3 . 


— 
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3332. Thus per Theorem (3329) we have 1440: 1456 :: 
1456 : 1472 = P, the Length of the ſimple Pendulum proper 
for that Length of Day. 

3333- Again, having given A B= = 1587,8 and P= = 1472, 
we have e = 25 + Sib +. + = 2. — — 
by the Theorem (3318). Therefore, AB — AE == E B 
94, which is a little more than an Inch, through which the 
Weight C is to be raiſed on the Rod of the Pendulum AB, 
from C to E. 

3334. We are next to enquire the Length of an iſochronal 
Pendulum p correſponding to the greateſt Acceleration, when 
* 25. In this Caſe we ſhall have z#* +; pa + ecp = 
4a* + c, by the Theorem ſo often quoted in (3318). If we 
put 3 + * , and £ 4 + ec = t, we ſhall have p = 2 


vs + tt — 2t = 14334 and of Courſe AN = AD =f= 
iÞ 716,7. 

3335. But the Time of Vibration of this Pendulum being a 
Mean proportional between 1440 and 1433.5 by the Lem- 
ma in (3329), that is, 1440: K:: X: 1433,5, whence x = 
y 1440 X 1433,5 = 1430,75, which ſubducted from 1456 
the ſloweſt Vibration (3331) will leave 197,3 which will be juſt 
large enough to take in the Planetary Days as far as they are ſen- 
ſibly different from each other: For the S:idereal, Saturnian, 
and Jovian Day differ ſo little, as not to be diſcernable in the 
Scale, as is evident from the 8 in the third Column of 
the Table (3323). f | 

3336. In this Scale the Length of the ĩſochronal Pendulum 
for the Mean Day of the SUN being 1440 = p, we ſhall find 
f= AD =P I Vie + tp = 929, wherefore the 
Place of the Corrector D is given for oo INT the Clock for 
common Uſe, or to ſhew Mean Time. 

3337. In like Manner, by having the Numbers 


=1494= AE, 


1438 for Mars, you find p = 1436. 
14424 for Venus —— þ = 1445. 
1452 for Mercury <—— p = 1465, 
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And from thence, by the above Theorem, the Poſition of D, of 
AD S, will be found for each Planet reſpectively. And th 
the Lunar and Planetary Scales of Acceleration are compleated 
and the Clock fitted to ſhew Time univerſally, 


N. B. For the better Illuſtration of what we have deliyere 
concerning this new conſtructed Pendulum, we have (in Fig. 
of the following Plate) added ſo much of the lower Part of the 
Half-ſecond Pendulum, as contains both the Lunar and Pl 
Scales; but theſe Scales will be four Times as long i in a 1 
Jum that beats Seconds. 


CHAP. XII. 


Concerning the Bos or We1GHT of the PENDULUM 
and the TytoRyY of ſuch a FORM or SHAPE there 
as ſhall meet with very _ Re SISTANCE 


from the AIR. 


3338. I* a Treatiſe on the Rationale of CLock-Wokk, | 
judge it will be expected that ſomething ſhould be ſaid 
concerning the For of the Bos, or WEIOHT of the Pendu- 
lum, with regard to the Reſiſtance of the Air in which it move 
and the conſequent Irregularity in its' Motion, which will be 
thereby unavoidably produced ; and the rather, becauſe ſo great 
a Judge in theſe Matters as HUGE Nn1vus, has aflerted it to be 
very intereſting Point, nam plurimum refert, are his Words, 
3339. But as we have ſhewn, the only Deſign of the Cone 
trivance and Mechaniſm of a Clock is to annihilate the Reſi- 
ſtance which the Pendulum meets with from the Air, and ever) 
other Cauſe, it is plain, if it were poſſible to conſtruct a Clock 
with ſo much Accuracy as to do that, the Motion of the Pen- 
dulum would be as equable as if it moved without any Reli- 
ſtance at all; for the THEORVY of Clack-work would be a very 
imperfect Thing. if it could not provide againſt the _ 
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Reſiſtance of every Kind, and cauſe the Clock to go with an 
equable Motion, whether the Pendulum moved in Vacuo, in Air, 
or in Mater, and even in Quichſilver itſelt. 

3340. But it may nevertheleſs be uſeful in ſome Caſes of a 
Pendulum, to know what Form of the Ball will be moſt conve- 
nient and leaſt reſiſted in its Motion through the Air, which 
though inſenſible in a few Vibrations, or in a ſhort Time, may 
yet, by a conſtant Accumulation, produce Effects too ſenſible 
and moleſting in long Run, maugre all the Ingenuity and 
Diligence of the Artiſt, This Subject therefore we ſhall now 
proceed to conſider more particularly. 

3341. It is well known that the Reſiſtance of a Body i in M. 
tion regards the Quantity and Figure of its Surface, and not the 
Quantity of Matter moved; for a Cuzic IxcH of Matter may 
be diſpoſed into the Form of a SPHERE, whoſe Diameter will 
then be 1,247 3 and its Superficies == 4,836 Cubic Inthes (836) 
whereas the ſame Matter in the Form of a CBE had a Quantity of 
Surface = 6 Cubic Inches. And the SPHERE has the leaſt 
Quantity of Surface that it can poſſibly be contained under; and 
therefore has leſs Refi/lance in Proportion to its Meigbt, than any. 
other Body, and conſequently is the be/? Form, for the Ball of a 
Pendulum in general. And becauſe the Surfaces of Spheres are 
proportioned to the Squares of their Diameters (842), larger 
Spheres will have much leſs Surface than ſmall Ones, in Propor- 
tion to their Weight, and will therefore meet with Jeſs Reſiſtance. 

3342. The SoL1D of , RESTISTANCE (whoſe Theory you 
will find in (2042, &c.) would undoubtedly merit the firſt Conſi- 
deration, were it not, that its Conſtruction will be much too diffi- 
cult for Practice; and this Solid is in itſelf but little preferable to 
the Fruſtum of a Cone of leaſt Reſiſtance, which is not only made 
with the utmoſt Eaſe, but is at the ſame Time beſt fitted for the 
Purpoſes of the planetary Pendulum and Clock before deſcribed. 
The Theory of which we ſhall, therefore, here deliver. 
3343. Let ABC (Fig. 3.) be the iſoſceles Triangle genera- 
ting by its Revolution a Cone, whoſe Fruſtum CG F B has the 
leaſt Reſiſtance for a given Baſe CB, and Altitude DE. Let 
the Fruſtum be ſuppoſed to move in the Medium in a Direction 
parallel to its Axis; let 8 V be drawn parallel to A E, to repre- 
knt the Direction in which the Particles of the Fluid ſtrike the 
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Cone. Then VI being perpendicular to the Baſe CB will n- 
preſent the Particles ſtriking the Baſe with their whole Force, 
ſuppoſing the Fruſtum moved from D toward E; but in moving 
from E towards D, the Particles S F will come obliquely on the 
Side A B, and therefore cannot ſtrike any Particle F with their 
full Force. 

3344. Let any Line LF repreſent the whole Force of the 
Stroke againſt the Baſe BC, and through the Point F dray 
MH perpendicular to the Side AB; let MF = FH; and 
compleat the Parallellogram ALFM ; then the whole Force 
LF will be reſolved into two Forces LM and MF, of 
which one, viz. LM being parallel to the Side AB of the 
Cone, cannot affect its Motion; the other Part MF is, there- 


fore, all the Force of the Fluid on that Point, that can cauſe any 


Reſiſtance. 

3345. We are next to enquire what the Effect of this Force 
MF or F His, in the Direction DE; to this End let FH be 
reſolved into two Forces FD and D H, of which the former 
FD is equal to, and its Effect wholly deſtroyed by the antagoniſt 
Force G D, ariſing from the Action of the Fluid T G on the 
other Side; the Force DH, being all exerted in the Direction 
DE, is therefore all the Force of the oblique Stroke that direly 
oppoſes the Motion of the Body, and conſequently that can cauſe 
any Reſiſtance to the Point F in the Side A B. 

3346. Therefore the Effect or Reſiſtance of a Particle of the 
Medium at the Point F in the Surface, is to that at the Point lin 
the Baſe, by a direct Stroke, as DH to L F or AH, and therefore 
as AH x DHto AH*, Bur by ſimilar Triangles HF D, 
HAF, it is HD: HF:: HF: HA, whence AH x DH= 
F Hs, therefore A H' is to F H*, as the Reſiſtance at I to that 
at F: But AH: FH: : AB: BF; therefore the Reſiſtance 
at Tis to that of F, as AB*: BE*. And ſince what has been 
faid of the Points F and I hold equally true of all other Points in 
the Surface and. Baſe of the Cone, therefore the Reſiſtance to the 
Baſe will be to that upon the Surface of the Cone as A B* to BE. 

3247. Hence then the Reſiſtance to the Surface F A G of the 
Cone cut off, is to that againſt its Baſe FG, as F D' to AF; 
therefore B E — F D* is as the Reſiſtance to the Surface of the 


Fruſtum ; and by adding A F., . is as the Reſiſtance * 
e 


the Baſe or End FG) we have BE + AF* — FP; for the 
Expreſſion of the Reſiſtance to the whole Fra/lum, when moving 
in the Direction EA. But AF - FD = AD* AE 


—2AEXED + ED; (637). Therefore the Reſiſtance of 


the Fruſtum will be BEW + AF* — 2AE x ED + ED* 
=AB*—2AE x ED TE D!. 

3348. But ſince A B* expreſles the Reſiſtance to the Baſe 
BC (3346) and is a conflant Quantity, it may be repreſented by 
Unity, or A B* = I; and as any Quantity may be conſidered as 


| divided by Unity, the Reſiſtance of the Friſlum may be allo 


AB —2AE x'ED + E D?, 


thus n TB or chus, 1＋ 


DE*'—2AE x DE 
A B* 
3349. Therefore putting DE = a, BE b, and AE = x, 


we have the laſt Expreſſion for the Reſiſtance in Symbols thus 


T, whoſe Fluxion (when a Maximum or Mini- 


2 4 * x —24¹ xx — 2 ab x 
num) is —ůp = 0; whence we have 


xx + b b 
* —ax — bb = ©; and by compleating the Square and ex- 


rating the Root, we have x = 4a + 77 + 6*, But x 


being the Height of the whole Cone muſt be greater than 4, 
which is but a Part of that Height, therefore x = 2 a + 


7 + 55. 


4 
3350. Hence we have the following eaſy Conſtruction; biſect 


DE in K, draw KC; and produce ED to A, ſo that KA 
may be equal to K C. Then will ABC be a Cone, whoſe 
Fruſtum BF G C ſhall meet with leſs Reſiſtance, in an uniform 
Fluid, than any other of the ſame Baſe and Altitude. For becauſe 
AK = KC s and K E = 24a, and EC , we 
have K C = 4a + = —ax T4244, which gives ** 


—ax—bb = o, as required in the Property of ſuch a Fruſ- 


wn (3349). 


Hhh2 3351. 
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lue of x = a, to x4 4 s 7 + bb, where it is a Mn. 


x 
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3351. In order to be certain that this Reſiſtance is a Miniqun, 
and not a Maximum, we are to conſider this Principle, that whi 
@ Quantity is increaſing, its Fluxion will be poſitive ; but negative whi 
it is decreaſing. Now the Quantity x x —ax — bb = o, iz 
analogous to the Fluxion from whence | it proceeds, and there. 
fore when x = a, this Quantity becomes — bb, which is Plain- 
Jy negative, 


3352. Since then the Reſiſtance decreaſes 128 the Va, 


mum, it is plain that the Fruſtum BCG F is leſs reſiſted than: 
Cone of equal Baſe and Height, or than any other Fruſtum of 1 
larger Cone, whoſe Baſe and Height are the ſame with theſe, 
viz. CB and DE. 

3353. The above Demonſtrations will hold for any Propor- 
tionof CEtoDE ; and the leſs CE is in regard to DE, the leſ 
will AD be in reſpet of AE; ſo that at Length | the Fruſtun 
of a Cone, of leaſt Naas will come near to the Form d 
the Solid of leaſt Reſilance, and ſerve almoſt equally as well for b 
the Purpoſe of the Bob of a Pendulum, and is excellently vel 


fitted for that of the planetary Pendulum deſcribed in the preceed- a 


ing Chapter, which conſiſts of two ſuch Fruſtums, whoſe Cen- 
ter is that of their common Baſe. - And further, as ſuch a dull . 
Fruſtum of a Cone is leſs reſiſted than a Globe of the ſame n 
Weight, ſo the middle Segment or Proportion of ſuch a Fruſn 


cut longitudinally, will be better and more artificial, than a Bod b 
of the common /enticular. Form. It is ſomewhat remark- lh 
able, that the French and Spaniſh ACADEMICIANS in the De f 
partment to PERu, for meaſuring the Length of a Degree of ) 
the Meridian at the Equator, had in their Clock a Pendulum d ” 
tio truncated Cones, but placed juſt in a contrary Direction to thit , 
which the Theory above requires, and is here ſhewn in Fig. 2 4 

{ 


SHA 
| 
I 


1 
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"CH: & Fe MID ©; 

The Turok V. For. finding the Time of a leaſt Osc11- 
LATION of à given PENDULUM ſwinging in the 
ARCH of aCIRCLE ; and alſo the Time of any other; 
with proper CANnoNs for CALCULATION, 

3354. WE have formerly ſhewn (1119) that the Tims of the 

| Y leaft Vibration of a given Pendulum is equal to the 

Time ſuch a Pendulum would take to vibrate in the Arch of a 

Cycloid. Alſo, that when the Arch of a Circle, in which ſuch 


a Pendulum vibrates, is ſo ſmall, that it differs not ſenſibly from 
the Cycloid, the Time of a Vibration will not be affected there- 


by; and this Conſideration makes cycloidal Cheeks unneceſſary in 


long Pendulums, or ſuch as ſwing Seconds, where the Arch of Vi- 
bration is not more than 3 or 4 Degrees of a Circle, 

3355. But in Table-clocks, whoſe Pendulum is not more than 
about 6 or 8 Inches long, the Caſe is different ; for here the 
Space can be but ſmall, in which there can be any ſenſible Coin- 
cidence of the Circle and Cycloid, and yet the Arch of Vibration 
in theſe ſhort Pendulums is generally much longer in Proportion 
to their Lengths than in the long Ones; whereas they ought to 
be proportionably ſhorter. Theſe Clocks muſt therefore be ſub- 
ject to an Error that cannot be avoided but by cycloidal Plates, 
ſuch as Hugenius invented and preſcribes for this Purpoſe ; the 
Nature of which ſee already largely explained (1120), (or by any 


of the new Species of Pendulums hereafter to be deſcribed) for the 


common Method of moving the Bob up and down upon the Rod, 
by a Screw at the Bottom, is very fallacjous and inartificial, and 
can never procure an equable Motion to the Cock, unleſs the 
Arch of Vibration be very ſmall indeed. 

3356. When the circular Arch deſcribed by the Pendulum 
begins to deviate from the Cycloid, the Times of Vibration will 
begin to encreaſe or exceed the Time of a leaf? Vibration, and 
therefore it will be neceſſary to ſhew how this Error ariſes, and 
in what Proportion it encreaſes, that the ingenious Tyro, in Clock- 

work, 


» ——_ 


* — * =y 
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work, may not be left in the Dark in that Part of the 
which is moſt eſſential to his Art, or conducive to the Truth of 
his Work. And this we ſhall be able to do in the plaineſt Man- 
ner, by following the F n of the late learned Prof: ** 
SAUNDERSON. | 
3357. The general Problem i is, to find ( ee of the G 

chid) the Time preciſely of a leaſt Oſcillation of a Pendulum of a give 
Length fuwinging in an Arch of a Circle; and alſo to find, without 
any ſenſible Error, the Time of any other. Let the Curve ADC 
be the Arch of a Circle, whoſe Diameter is DI, and in which 
the Pendulum N D is ſuppoſed to vibrate. Then in deſcending 


from C to any Point E, it will acquire a Velocity which will be 


as EM = BF (having drawn the Chords AC, EE in- 


terſecting the Diameter ID in B and F). Now FBI 
the Velocity acquired in deſcending through + I D, and by that 
Velocity it would deſcribe uniformly a Space equal to 2 ID 
in the Time of the faid Deſcent through 41 D (993). 

the Space ; ID divided by the Velocity Z ID will give the 


Time IP of the Deſcent through 2 1D, i. c. through hf 


the Length of the Pendulum (97 1.) 


3358. Draw ee very near to E E; then may Ee be conſider- 
ed as the Fluxion of the Arch D E; and — 57 will ethe Tine 


wherein the ſmall Arch Ee is deſcribed by the Pendulum, or the 


Flatien of the Tine of # Vibration. But © «= 1 
| v LFxFD 
VID F f | | | 
= = VID x} —==; f ve the 
JIE 1D * FFD therefore we ha 
Fluxion of the Time — * = vID x ID x 4 
y Sr [Ir 
1 
BF x FN FD 


3359. Biſect B D in K, and K D in L, and when the Arch 


ADC is ſmall, the Quantity I F cannot differ ſenſibly from 
| IK, 


\ 
- 


22 
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4 IL +E- TR 
IK, nor 177 from I = (becauſe ID: IL ::IL: 


* 


IK or IF, therefore ID: IF: : IL* : IK“ (by 672). There- 


18 IL — 
fore BE is very nearly equal to TE * VID x - 
Ff x 
BF x FD 
3360. Upon the Diameter BD deſcribe a Circle cutting the 
Chords E E and ee in G and g reſpectively, then will the Fluxion 
of the Arch D G be G = .* LH M (875) conſequent] 
FB x FD * 
Og — 2 and therefore the Fluxion of the 


Time of Vibration through DE will be — = * * 


| BD © FBF 


” — G 
D BD 


3361. But the Fluent of this laſt Fluxion is 45 x BN 


LK 
DGB 5 a : 
"ITE which is therefore the Time of half a Vibration or Mo- 
tion of the Pendulum from D to C. The Time of 2 whole 
Vibration therefore through AD C will be * XN IDF 
BGDGB 
=D. 


3362. Let the Arch AD C be indefinitely ſmall, then the 
Quantity 12 = 1, and the Time (T) of a leaſt Vibration will 


become T VID X* ind And therefore BD : 


BGDGB::VID:T; that is, as the Diameter is to the Cir- 
cumference of a Circle, ſo is the Time ( V1D) of the Deſcent through 
half the Length of the Pendulum to the Time of a leaſt Ofeillation of 


at Pendulum which is the very ſame Analogy as we found from 
the 


| 
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the Cyclbid (1124). Wherefore the Time of Oſcillation ina 
Cycloid, and in an indefinitely ſmall Arch of a Circle is the ſame; 
viz, T =1 Second, when the Be of the Pendulum is 3052 
Inches. 

3363. Therefore the Time of an Oſcillation or Vibration in 


a circular Arch in general, is T x 4 or becauſe © =IK 
+ KL, therefore the general Expreſſion of the Time of Vün. 


tion through any Arch ADC will be TTT Xx 3 a 


3364. But the Exceſs T x Az of the Time of Vibration 


in a circular Arch above the Time in the Arch of a Cychid, ot 
= e of all, is next to be transformed and fitted for Computi - 

In order to this put the verſed Sine of the Arch of Vibra- 
— BD = SK; then will K LK (3359 2L—+:x=1K 


(L = ND, being the Length of the Pendulum). And T x 
EKL. IT. Tx 


: Sas” — = . FL = the Exceſs or Error abok 
— T — 
T, the Time of Oſcillation in Fi Geli 0 
3365, Let the Time be expreſſed in Seconds; and let S= 


3600” the Seconds in an Hour, or 86400” the Seconds inaDy 


TSx 
or 24 Hours. Then TIS ET the Seconds loſt in an 


Hour or a Day, by the Pendulum vibrating i in a circular Arch ol 


a given verſed Sine x. For it is plain, that as EIT is the 
— x 


2 


BL — 27 
will repreſent the bas luis of the Number of Seconds Sin ina 


Js. = Number of Vibrations 


8L —2x . 
in the ſame Time in the Arch of a Circle. 
3366. If the Quantity (7) be given, we have the verſed Sine 


of the Arch of Vibration x = . But in all theſe The- 


18 — 2171 
orems, the Value of x is found in Parts of L; and fo muſt be 
reduced to the tabular verſed Sine by this Analogy as L: * 

. 8 8 R.: 


Increaſe of T the Time of Vibration in a Cycloid, ſo — 


Day or an Hour ; or 8 — 


110 1121 1118. 


4 1118. 


1106 1 


— * — a 


— tabular vi 

3367. Th 
trine, 1 ſhall 
fore let it be 
circular Arch e 
39,2, and v 
Arch of a Cy 
and x L 

: if 7 
IL —2x 
80122, the 
will looſe dai 

3368, Ag 
cle a ſecond P 
per Day. Tb 


therefore 


T 

4*: 107; th 
In like Manr 
in which ſuc] 
in 24 Hours 
the Arch thi 
Length, 

3369. Hei 
the Arch of \ 
Error will be 
the ſimple or 
it is otherwiſ 
and the Arct 
Pendulum ol 


ſeconds, Ane 


ror of the Cle 
172800, and 


grees; and 2 
Vol. II. 
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R: 2. therefore putting B = 1, we have e = 17 
S tabular verſed Sine of the Angle required. 
3367. That the young Automatiſ may ſee the Uſe of this Des: N 
trine, 1 ſhall illuſtrate this Theorem by an Example. There- 
fore let it be required to find how many Vibrations are made in a 
circular Arch of 120 Degrees, by a Pendulum whoſe Length L =. 
39,2, and which vibrates 86400 Times in one Day, in the 
Arch of a Cycloid. Here L 39, z, T = 1”, 8 = 86400”, 
and sx= L = 19,6, being the verſed Sine of 60 Degrees, then 


——== = 6278”, which dedutted from 86400, leaves 
80122, the Number of Swings required, Whence ſuch a Clock 
will looſe daily 6278” = 1 Hour: 44” : 24%. 

3368. Again let it be required to find in what Arch of a Cir- 
cle a ſecond Pendulum muſt vibrate 2 looſe one Minue, or 607 
ter Day. Then r = 60”, T = 1”, and f TS S 43200. And. 
therefore ITS = 0,0028367, the tabular verſed Sint of 
6: 10“; the Arch of Vibration therefore is 8* : 38/ required. 
4 like Manner it is found, that the verſed Sine of half the Arch 
n which ſuch a Pendulum will looſe but one Second per Day, or 
n 24 Hours, is 0,0000896, correſponding to 46 of a Degree, 
he Arch therefore is 1* : 32” ; which is n to one _ in 
Length, 

3369. Hence it appears, that in Second-pendulum Clocks, if 
he Arch of Vibration does not exceed two or three Inches, the 
mor will be very ſmall, and may be eaſily corrected, either in 
he ſimple or compound Form, by the common Methods. But 
is otherwiſe with Table-clocks, whoſe Pendulums are ſhort, 
nd the Arch of Vibration long. Thus for Example, let the 
endulum of ſuch a Clock be 9,8 Inches, to ſwing Half 
conds, And let z = T then 1 cr, the Er- 
or of the Clock i in 3 Seconds per Day. Therefore T = 1, 8 = 
72800, and z = 0,060307, the tabular verſed Sine of 20 De- 


tees; and — = 1283 Half-ſeconds, or 10: 40% is the 
Vor. II. F Error 


e 1 1 
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Error of ſuch a Clock per Day ; which is ftill much greater when 
the Pendulum is but 6 or 7 Inches long, as in moſt of thoſe 
Clocks, and therefore no great Fackel in them can be ex- 


pected. 


N. B. The Arch of Vibration in Table clocks is cane 
more than 20 Degrees, and of Courſe the Error greater on that 


. Account. 


$1 
7 
, 
* 
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J. be phyſical Tueory of the Ficurs of the Rabin, 
the ſame demonſtrated to be a YPHEROID.z and 75 


thence a SOURCE of ERROR in the Morin 
PENDULUMS. wy 


3370- o > the Oſcillation of Pendulums in circular Arch 

inſtead of ꝙcloidal Ones, there are other Sources of 
Error, which are unavoidable, as they are founded j in the very 
Conſtitution of the Earth itſelf, and its Appendages. That 
which ariſes from the Earth itſelf is the F/ Ferent Force of Gravity 
on different Parts of the Earth's Surface. For ſince the Velocity 


in a'given Time is always as the accelerating Force (998); 


therefore, in ſuch Latitudes, where the, Power of Gravity is 
Rrongeſt, there the Velocity of the Pendulum will be quickeſt, 
and vice verſa; conſequently the ſame Length of a Pendulum 
will not perform its Vibrations in the lame Time in different 
Regions of the Earth. 

337. This variable Power of Gravity ariſes from two Cauſes: 
(1.) The ſpheroidical Form of the Earth, by which Means 2 
Body on different Parts of the Surface is not equidiſtant from the 


Center. (2. ) The centrifugal Force ariſing from the Rotation of 


the Earth upon it Axis, by which the Force of Gravity is very 


unegually diminiſhed from the Equator to the Poles. A Pepdu- 


lum, therefore, upon different Parts of the Earth will be vari- 


/ ouſly 
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ouſly influenced by this Power, and conſequently can never vi- 
brate equally but in the ſame Place. . 

3372. We ſhall lay open theſe Sources of Error in the Motion 
of Pendulums by tracing them from their firſt Principles, and 
thereby convince the young Automatift that they neeeſſarily ariſe 
from the natural Conſtitution and Diſpoſition of the Earth, tak- 
ing it for granted, that the Earth in its firſt Formation, and at 
the Commencement of its Motion, was in a fluid State, or at 
Jeaſt ſo far, that its Parts could yield to the Force impreſſed 
upon them by that Motion, according to the Laws of Nature 


(964, Oc.) 
3373. Therefore let NS (Fig. 5.) be the Earth's Axis, and 


E the Diameter of the Equator, in the Earth conſidered as an 


Ellipſeid. And let B C be a Column of fluid or yielding Particles 
gravitating to the Center C, which (becauſe of an Eguilibrium 
between all the Parts) muſt be of equal Weight with any wp 
Column of Particles CN or CE. Put CE , CN = 

CB=x, and AB = s = Sine of the Angle BCN; and — 


let the Power of Gravity (g) be every where as the (i) Power 


of the Diſtance from the Center C, 
3374. Therefore the Gravity at E will be to that at B, as 


CE' to CB; and therefore 8 = i; = a MR 


Gravity at B. 
3375. Again, the centrifugal Force ( at 15 is to that at B, 


as CE to AB (1177). But AB: CH:: 3: t = Radius, 


whence AB =sX CBS; cherokee CB: AB::a:5x 


. 42 = the centrifugal Force at B. 
* But fince this Force acts in the Direction A D, let its 
abſolute Quantity at B be denoted by BD = 2 — ; this is re- 


ſolvable into two other Forces F D and FB, of which the latter 
is all that Part which 5 Gravity in the Direction BC; 
whence, ſince BD: BF: : 3 : [= = the centri- 
fugal Force at B, by which 4 8 5 is there diminiſhed. 


li i 2 3377. 


| 
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C]; therefore its Momentum or Weight will be 


* 


. oſt, 
af 


3377. Hence the Power of Gravity on a Particle of Matter 
(+) at B will be __ — — 5 impelling it towards the Center 


ga"x fOxs 
a 
(1072); but this is the Fluxion of the Weight of the whole Co- 


OS 
lumn of Particles BC, and therefore the Fluent 1 ws 


[= will be the Weight of the ſaid Column of Particles BC. 


3378. But this is likewiſe the Weight of every other Column 
of Particles (3373), and therefore of the Column CE; and be- 
cauſe in this Caſe the Angle NCE is a right One, we have 


„* = a, ands= 1; wherefore the Weight of the Column CE 


uillhea ine om Ln 


| 2 
2 a 


g 
n+ 1Xa" 2 2xn+1 n+1X0 


this Equation by proper Reduction, and putting s 


= o, wilkgive 2g — nf —f K = 2g" +*; andthence 


we get a: Xx :: 227 . : 20 —nf 7 ::CE:CN::/ 
is the DIAMETER of the EQUATOR to the Earth's Ax1s. 
3379. If Gravity be ſuppoſed uniform, then n = 0, and then 


2g:2g -:: CE: CN. But g: :: 294: 1, (1198); 


therefore CE: CN :: 588 : 587, in ſuch a CaſeQ. 
3380. If Gravity were proportional to the Diflance from the Ca- 


ter C, then n = 1, and we mould have g 4 :: CE: 
CN. | of hes 
3381. But in the preſent Conſtitution of Nature, it is wel 


1 8 | 5 
known that » = — 2 (1230) ; therefore 2 2: 2g T1 
::2g+f: 23 :: 589: 588:: CE: CN. I 
3382. What has been hitherto ſaid, ſhews the Figure of the 
Earth is not ſpherical, but muſt be that of a SPHEROID, flatted 
at the Poles. And when it is ſaid, Gravity is inverſely as the 
Square of the Diſtance from the Center (or as x—*) it is to be 


© underſtood that (x) is the Diſtance from the Center of Curvatunts 


which is the true Center Attraction to a Particle on the N 
| 0 
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of the Spheriod, and not the Center of the Spheriad itſelf, as is 
the Caſe of a Globe or Sphere. 

3383. Now the Radius f 3 at the Equator E is 
* and at the Pole N is "37 * 3,935.) but the inverſe 
Ratio of the Squares of theſe Quantities is C Ns to C Ex; 
and therefore Gravity at E and N is not inverſely as the . 
as the ſixth Power of C E and CN, 

3384. Let D = Length of a Degree at the Pole, and 4 = a 
Degree at the Equator ; now it is plain thoſe Degrees will be as 
the Radii (R, r,) of Curvature in thoſe Places, viz. D:4:: 

ae 2 TN | = 
R:: peu Fr: CE CN*. Conſequently VU: 
74 d:; CE: CN: 

3385. Therefore if a Degree 1 be accurately meaſured. 
at the Equator E, and at the Pole N, the Ratio of the Diameter 
of the Earth at the Equator to that of its Axis would be known. 
Indeed, if two Degrees be meaſured in any two diſtant Parts, 
that Ratio is equally known from them. But a Degree has 
been meaſured at the Equator, and found to contain 567674 
Foiſes or French Fathoms,® Alſo, a Degree has been meaſured 
under the arctic Circle, and was found to be 57438; laſtly, a 
Degree in Latitude 45 was meaſured, and found 57050 Toiſes. 
From any two of theſe, the Ratio of CE to CN, may be found; 
and from a Mean of them all, it appears that CE: CN :: 266 

264 10 

3386. From a View of this Theory, it is plain, that there is 
a Diminution of Gravity ariſing from two Cauſes, viz. the cen- 
trifugal Force, and the ſpberoidical Figure of the Earth. Let C B 
be produced to G, ſo that B G may repreſent the centrifugal 
Force at the Equator, and B D that in the Latitude B. And 
draw G D parallel to C N, then it is GB:BD::CE: AB, 
And BD: BF :: (CB: AB ::) 2:4. Whence BD = 
RED 2 : Ly whence GB: BF:: x CE: 
AB X 5:: ſo is the whole Diminution of Gravity under the Equa- 
tor at E to the Diminutian at the Latitude B, 


3387. 


* See my new PAIN cIrIES of GeocrarPHY and NavicaTlos. 
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3387. As the Diminution of Gravity decreaſes from the Equi: 1 
tor to the Pole, ſo there muſt be an Increment of Gravity conſtant. co 
ly attending the ſame, which will be repreſented by B G an 
BF = GF, becauſe G B is the whole Diminution of Gravity I dee 
at the Equator E. But becauſe BG : GD :: GD: Fund 
(660) we have BG: GF BG* : GP- (672) : : BC'. Par 
AC“; that is, the Decrement of Gravity at the Equator ts to the to / 
Increment thereof at the Latitude B, as the Square of Nu to the tho 
Square of the Sine of the Latitude. ise 

3388. And therefore, becauſe BG and B 0 are . an 
Quantities, the Increment of Gravity will ever be proportioned me 
to the Square of the Sine of the Latitude in the Sphere; and in the upe 

| Shheroid of the Earth, it will be very nearly the ſame; as AC 5th 


will differ inſenſibly from the Sine of the Latitude, Therefore 
ſince by Menſuration, it appears that CE is to CN, as 266 to 
264,7 (3385) which is very near the Ratio of 230 to 229, a 
determined by Sir IsAAc NRwTox; it will follow, that the 
Ratio of the centrifugal Force at the Equator is to Gravity 281 
to 230, or that the Decrement of Gravity at the n 18 75 
Part of the Whole. 
3389. Therefore if we put this Diminution of Gravity = 
10000; then will the Gravities at the Equator E, London B, and 
the Pole N, be as 2290000, 2296124, and 2300000. And 
conſequently the Lengths of Pendulums, vibrating in equi 
Times at thoſe Places, will be reſpectively proportional to thoſe 
Numbers. For the Times of Vibration in Pendulums are in 2 
given Ratio to the Times of Deſcent through half their Length 
(1124) and, of Courſe, to the Times of Deſcent through their 
whole Length. But if a Body deſcends through different Spaces 
in the ſame Time, the Forces impelling it will be as thoſe Spa- 
ces (999); conſequently, the Lengths of Pendulums will increu 
with the accelerating Forces of Gravity from the Equator to the 
Pole, for the Times of Oſcillation to be equal. 

3390. For Example; it will be 2296124: 2290000 :: 39,2 
: : 39,1 = the Length of a Pendulum vibrating Secondr at the 
Equator; again, 2290000 : 2300000 :: 30, 1: 39,27 = the 
Length of a ſecond Pendulum at the Poles. And this Propor- 
tion in the increaſing Lengths of Pendulums has been verified by 
Experiments made in all Parts from the Equator to the polar Cir, 

7 zr 
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339 1. Mr. MAurERTuis (in his TREATISE of the Fy- 
GUuRE of the EARTH) has given us a Table of the Length of 
an iſochronal Pendulum for every 5th Degree of Latitude, as 
deduced from their Meaſures of a Degree jn different Latitudes, 
and from a great Number of Experiments on Pendulums in all 
Parts from the Equator to the polar Circle; theſe J have reduced 
to Engliſh Meaſure fqr the Benefit of ſuch who do not underſtand 
thoſe of the French. If the Pendulum, which, at the Equator, ' 
i exactly adjuſted by the Motion of a fixed Star, be carried to 
any other Latitude, it will be accelerated, or gain upon the 
mean Time (3389), And the Quantity of this Aeceleration 
upon one Revolution of the Stars, is here alſo ſhewn ro every 
5th Degree of Latitude. | | 


3392 TABLE 
Of the ACCELERATIONS of @ CLOCK, and 9 
the Lengthenings of a PENDULUM from the 
Equator to the Pole. 2 
LatiTups of | ACCELERATION Jad th of the 
the Place. in one Revolution — | 
IP of the fixed Star. 
0? ben Np | 39-9754 
5 I ,6 39,0768 N 
10 | 6,4 | 39,0811 
5 14,3 32.8873 
1 249 [ 39,0980 
30 53.3 | 391230 
1 70,2 _: 39,1389 
40 | 88,1 39,1551 
45 106, 6 4 224418. 
50 125,1 39,1903 
51 > 30 | 5 . 39,2 
3 1431 239.2049 
60 159,9 39,2202 
65 i. 39.2338 
70 188.3 | 39-2459 
75 198.9. 3924 
hw 206,8 ] 309, 2626 
85 ii 
n 213,2 | 39,2084 
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CHAP.-XV..; 


The ErrecTs of HEAT and Col p in varying the 


DIMENSIONS of BoDIES; and thereby proving 
another natural SouRcE of Error in Prxpv- 
Los. ee 


3393. © F 


Time of a Pendulum's Vibration, is the di eren 
Temperature of the Air or Climate; for it is found by Experience 
that all Bodies are ſubject to be expanded by Heat, and contrac- 


ted by Cold, in all their Dimenſions. And therefore if the Pen- 


dulum by theſe natural Cauſes be conſtantly varying its Length, 
the Time of Vibration will be always inconſtant; and fo, on 
this Account, can never (without a proper ReQification) be an 
equable Meaſure of Time. 

3304. For ſince the Lengths of Pendulums are inverſely as 
the Squares of the Numbers of Vibrations in a given Time, (a 
Day, for Inftance), if we expreſs the Length of a Second pen- 
dulum in 100ths of an Inch, it will be 3920; and then ſuppoſe 
it contracted by Cold 8 of an Inch, its Length will be 3919; 
and ſince in one Day there are 86400“; we ſhall have, as 
4 3919 : 3920 :; 86400 : 86411”, Whence it appears, 
that a Clock will gain or loſe every Day 11 Seconds for every 
100th of an Inch it is contracted or lenthened by Cold and Heat, 
(See Table 3392). 

3395. This is by far the moſt general Cauſe of Error in Time- 
pieces; for the different Power of Gravity affects the Pendulum 
in this Reſpect only in different Latitudes or Climates, but this 
Effect of Heat and Cold equally affects it in every Region, and in 
any particular Place. And as ſuch minute Variations in the 
Length of Pendulums are productive of ſuch ſenſible Errors in 
the Account of Time, they ought to be at all Times accurately 
known that the Clock might be properly rectified to every varia- 
ble Degrec of Heat and Cold, 

| | 3396. 
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33905. Hence it appears, that a proper Regulation of 7ime- 
Pieces with Pendulums is cloſely connected with the Nature of 
THERMOMETERS, whoſe ſole Uſe is to indicate, at all Times, 
the comparative Degrees of Heat and Cold by a proper Scale of 
Variation. And if by Experiments we can find how 'much 4 
given Rod of Iron or Braſs extends or contracts with given Dif- 
ferences of Heat and Cold, denoted by the Thermometer, then 
ſuch an Inftrument being fixed by the Clock, will always ſhew 
what Degree of Correction is neceſſary at all Times of the 
Year for keeping the Clock to true Time. 

3397. Now by many Experiments made on purpoſe to 4 
termine this Affair, e it appears, that a flat Rod of Braſs ; an 
Inch wide, and r of an Inch thick, and in Length 38 Inches, 
will expand or extend in Length juſt % of an Inch with ſuch 4 
Difference of Heat as will cauſe the Mercury in Farenheit's 
Thermometer to move through 224 Diviſions ; therefore 25 of 
an Inch will correſpond to 114 Diviſions ; but the Extenſion 
of 769 of an Inch will occafion the Clock to loſe 11” per Day. 
(3394-) Conſequently each Diviſion of Farenheit's Termome- 
ter correſponds to an Extenſion of 5,4 Part of an Inch, in the 
Rod of the Pendulum, and to one Second of Time which the Cn 
by that Means, loſes per Day. | 

3398. Therefore, if the Clock be adjuſted to equal Time, 
when the Mercury ſtands at 55, (the Temperate Degree) in 
the Thermometer; it will be ſeen in the ſaid Inſtru- 
ment for any other Time, how much the Clock has loft 
or gained upon the equal Time, by the Height of the Mer- 
cury at that Time. For Inſtance ; ſuppoſe the Mercury ſtands 
in a warm Summer's Day at 70, that is 15 ne. rr 
Temperate; therefore the Pendulum is lengthened +45, of 
an Inch, and conſequently the Clock will loſe 15” per 3 
if not properly rectified. On the other Hand, if the Mer- 
cury ſtands at 40, (as far below Temperate) then it will ſhew 
the Pendulum is contracted as much, and the Clock now gains 
15” per Day. 

3399. Hence it appears that as the greateſt Summer Heat 
in England never raiſes the Mercury higher than about 80 De- 

Vol. II. K kk grecy, 


* See a Treatiſe entituled, OBsERVATIONS Afronomiques & Phy- 
Aus par G. Juan & Ant, de UrLoA. Page 86. 
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grees, our Second Pendulum Clocks, of braſs Rods, can looſe at 
moſt but 25// per Day by Extenſion from Heat. But they may gain 
30% or 4& in a Day by extreme Cold, contracting the ſame. 
3400. If the Rod of a Second · pendulum be made of Iron, it 
will vary leſs in Length by Heat, and Cold, for by the ſame Ex- 
periments it was found, that (cæteris paribus) the Extenſion of 
Braſs was to that of [ron as 20 to 1355 which is extreme 
the Proportion of 3 to 2. And the Extenſion of Iran to that of 
Steel was found to be as 134 to 124. It was alſo found that the 
Expanſion of Braſs to that of Copper was as 20 to 194, | 
3401. From what has been ſaid it appears, there is no ſuch 
Thing in Nature as an equable Time- piece; that a Pendulum. 
Clock is the only Machine which, by Art, can be made to ap- 
proach near it; and laſtly, that ſuch a Clock will ſtand in conſtant 
Need of a proper Adjuſtment or Reftification by the fixed Stars, 
or other aſtronomical Means. To contrive to correct theſe Er. 
rors, as faſt as they ariſe, by ſame artificial Conſtruction of the 
Pendulum has been the Endeavour of many Artiſts, and with 
ſome Degree of Succeſs ; but none have come to my Knowlege 
that appears to anſwer this Purpoſe ſo well as the following- Me- 


thod, which I am informed is put in Practice by an n | 


Artiſt in the North of England; and is as follows. 

3402. A Bar of the ſame Metal with the Rod of the Pendu- 
Jum, and of the ſame Thickneſs and Length, is placed againſt 
the Back- part of the Clock-caſe; from the Top of this a Part 
projects to which the upper Part of the Pendulum is connected 
by two fire pliable Chains, or ſilken Strings, (as in the Cut at 


Page 374.) which-juſt below paſs between two Plates of Braſs, 


whoſe lower Edges will always terminate the Length of the 
Pendulum at the upper End. Theſe Plates are ſupported on a 
Foot fixed to the Back of the Caſe. This Bar reſts upon an 
immoveable Baſe on the lower Part of the Caſe, and is braced 
into a proper Groove, which admits of no Motion any Waysbut 


khat of Entenſion and Contraction in Length by Heat and Cold. 


3403. Now tis evident, that the Extenſion or Contraction of 
this Bar and the Rod of the Pendulum, will be equal, andin 
contrary Directions; and therefore, ſuppoſe by Heat the Pen- 
dulum is increaſed 229 of an Inch in Length, below the Edge 
of the braſs Plates or Checks, then becauſe the Bari is lengtheped 
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ſo much upwards it will raiſe or draw up the Pendulum juſt 


: of an Inch, and thereby make its Length below the Plates 
Gil the ſame as before. The caſe is the ſame in regard to Con- 
tration by Cold ; for as the Pendulum is thereby ſhortened gra- 
dually, it is as deal lengthened by being let down between 
the Plates, by the equal Contraction of the Bat behind. Whence 
it ſhould ſeem that this is a conſtant and adequate Rectification 
of the Pendulum by which it will always keep true Time.“ 
3404. If the Clock be of the common Conſtruction, viz. with 
a Pendulum conſiſting only of a Rod and Bob; then we muſt 
be content with a Method of correcting it as ſoon as its Quan- 
tity is diſcovered. Thus, if the Bob be made to reſt or depend 
on a Nutt and Screw upon the loweſt Part of the Rod; then 
if there be 25 Threads to an Inch, and the Nutt be of a cir- 
cular Form, and its Perimeter divided into 45 equal Parts, it is 
evident from (3397). that each of thoſe, Parts, will correſpond 
to a ſecond of Time in the Clock; and to a ſingle Diviſion of 
the Scale of Furenbeit's Thermometer ; and therefare by moving 
the Nutt. one Way or the other, and ſo many Diviſtons, as the 
Thermometer directs, we ſhall be able to ed the Etror 
ſhewn thereby to a great Degree of ExaRtneſs.,. 7 - 
3405. If the Pendulum be of the compound 8 vis. with 
a Ball and a Corrector, and conſtructed as directed (in 2334, 
2335» 2336,) then it will be eaſy for the Artiſt to divide the 
Rod of the Pendulum into Minutes and Seconds by the Theorems 
there given, and conſequently, if by the Revolution of a Star, 
he finds how much his Clock looſes or gains upon the Mean 


Time in a Day or ſeveral Days; or if by equal Altitudes of the 


Sun, he knows at any Time how much the, Clock is too faſt or 
too ſlow, he can very readily adjuſt it to the Mean or true Time. 
It is not worth while here to take Notice of the Uſe of the Ba- 
ROMETER in eſtimating the Errors of the Pendulum ariſing 
from the different Weight or Denſity of the Air, becauſe the Dif- 
ference of Reſiſtance to the Bob is on that Account ſo exceed 
ing ſmall as ſcarcely to come under the niceſt Obſervation, . and 


which we have before N 1 (3342, &c,) 
Kk CHAP. 


„He Nader may thoet 0 a harger Account of this Invention 


in a French Treatiſe on Clock- work by Mr. Tuiobr, with a Print 
thereof ; but as I have had no Opportunity of peruſing that Book, 
I do not know who was the Author of this Contrivance. 
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CHAP. XVI. 


The Turony of the Cixcur AR PENDULUM dnn 


ſtrated, with its peculiar ADVANTAGES in Cock: 
Work. | 


3406. E have now delivered all we think neceſſary con- 
: cerning the Strufture of Clocks and Watches of 
the ordinary Sort, whoſe Motions are governed and regulated 
by Springs and Pendulums in the uſual Way. But here 
we are debarred from the Uſe of a Second - pendulum Clock of 2 
portable Form; though from what we have faid, it appears, 16 
other Sort of Automata can be regarded as equable Fime-kerpirs, 
in any tolerable Degree. But Nature has ſupplied a Method, 
and Art has diſcovered it, by which a Pendulum may be made 
very eaſily to circulate Seconds in the fame Length that a coth- 
mon Pendulum vibrates Half-ſeconds ; which is as follows, © 
3407. We have formerly ſhewn, that a Weight at the End 
of a String might be made to move in ſuch 2 Manner, that the 
String ſhould deſcribe the Surface of a Cone, while the Weight 
moved through the Circumference of its Baß, the Vertex of the 
Cone being the Point to which the String is fixed: See Fig. to 
1193.] Or thus, let D [Fig. 6. be a Weight at the End of 
a String D E fixed to the Point E; then if the ſaid Weight be 
moved in the Cirde DBF a D, the String will deſcribe the 
Surface of the Cone DEF; and this Motion being continued 
would conſtitute a Circular, or rather Conical Pendulum. 


3408. Now a Pendulum of this Form that ſhall perform its | 


Circulations in a Second of Time is required to be but > of the 
Length of a common Pendulum to vibrate in a Second, as we 
ſhall bye-and-bye demonſtrate. The Invention of this Form 
of a Pendulum the celebrated HuGewrvs claims alfo as his 
own, and tells us he found it nearly at the ſame Time he in- 
vented the common long Pendulum. His Words are, “ Lud 
aliud quoque horologii commentum deduximus, eodem fere tempore gun 
Prius illud. 
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3409. I have been the more particular in mentioning this | 
Gentleman's Claim to this Invention, becauſe I find it is alſo 
claimed by Dr. Hook, who we have before obſerved was his 
Competitor for the Invention of Watches. (3324.) Dr. Hooke has 
not, I think, a very clear Title to the Invention, nor has ſaid 
any Thing relative to the Theory thereof. Mr. Hugens has only 
given the Theorems on which it depends, but without any 
Demonſtration. So that the Rationale of a Clock with a Circu- 
lar Pendulum is yet a Novelty in our Tongue; nor has any fo- 
reign Author wrote expreſsly on this Subject, that I know of. 
| ſhall therefore proceed to explain the Rationale of ſuch a Clock 
in as plain and conciſe a Manner as I can. 
3410. Let NAM. Fig. 6 be a Paralols inverted, its Ver- 
tex A, and Axis AO. Then ſuppoſe a Veſſel or Bowl was 
excavated to the Figure of fuch a Parabola, fo that its concave 
Surface might be that of a Parabolaid; if ſuch a Bowl were pro- 
perly agitated, a heavy globular Body within it might be made 
to circulate round it in any Part of the Surface as at D or G, N 
and there to deſcribe the Circles Da F, or Ge H 4, 'whoſe | 
Diameters are DF and Gfl. % 
3411. The Ball D is ſupported or ſuſtained in the Citeſe by ; 
an Equilibrium of three different Forces, viz. (1.) The Fo } 
of Gravity, or that of its own Weight. (2.) A Corifugdt 
Firce which is always a neceſſary Conſequence of circular Mo- i 
tion: And, (3.) The Re-atdion of the Side of the Veſſel in any | 
Point D, which is always equal to the Force of its Preſſure 
againſt it, in a perpendicular Directien, ariſing from the other | 
two Forces. | | 4 
3412. The Circle which the Ball deſcribes being ſuppoſed | 
parallel to the Horizon, OC will be perpendicular to its Plane 
il 
| 
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in the Center C; and let DE be drawn perpendicular to 
the Side of the Veſſel in D. Then becauſe Gravity acts per- b 
pendicularly to the Hooizon, let it be repreſented by the right i 
Line EC. Again, fince the Centrifugal Force is in a horizon- | 

tal Direction always from the Center C, it will be properly re- 
preſented by the right Line CD; then, laſtly, becauſe the Bo- | 
dy D is ſuſtained in Equilibrio at D, its Preſſure or Re- action di- | 
reQly againſt the Side at D will be denoted by the right Line 
DE. 
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DE. All this is very evident from the Mechanical Doctriu of 
Compound Forces. (1027, &c,) 

3413. In like Manner, if the Body circulates in any other 
Part of the paraboloid Veſſel, as at G, the three Powers will 
there alſo be repreſented by the three Sides of the Triangle IGB; 
that is, Gravity by the Side IB; the Centrifugal Farce by the 
Side BG; and the Re/tance of the Veſſel by the Line Gl, 
perpendicular to the Tangent at G. 


3414. As by theſe three Forces the Body is kept i in a conſtant Fi 
Equilibrium in every Point of the Circumference it deſcribes, it 7 
will be ſuſceptible of any Degree of projectile Force impreſled 
upon it by an horizontal Agitation of the Veſſel, and thereby 2 
be put into Circular Motion, every Way ſimilar to that by a cen- R: 

tral Attraction (1170,) or to that of a Body annexed to the End D 
of a String, (1192,) and will therefore be ſubject * all ths „ 
ſame Laws of Motion. diy 

' 3415. Conſequently, ſince the Body in deſcribing the Cir- þ 
cles DaF 6, and Gc H d, has Centrifugal Forces proportional R: 
to the Radii C D, and BG, it will deſcribe thoſe Circles in equal an 
Times, (1177.) Therefore, all circular Revolutions in cue 7 
Part of ſuch a Veſſel are iſachronal, or made in equal Times. | 

3416. If a Plane be freely moveable about a Center, anda Y 
heavy Body lies upon it, connected by a String to the Center, of 
then as the Weight of the Body is ſuſtained by the Plane it * 
may be conſidered as without Weight, and in Equilibrio, G 
Therefore if the Plane be moved horizontally, it will impreſs a tel 
projectile Force on the Body, and it will begin and continue to "ra 
move round the Center, with a circular Motion. Now this 
projectile Force being in the Direction of a a Tangent, the Body 1 

will endeavour to proceed in ſuch a Line, but it is conſtantly th 
checked and drawn therefrom into the Periphery of a Circle by {c 
the String, which String will therefore be ſtretched with a cer- 
tain Force by which the Body endeavours to receed direQly th 
from the Center; and which is therefore the Centrifugal Fra N 
generated by the Motion of the Plane. Q 

3417. As the Velocity of the Plane or circular Motion i of 
greater, the Centrifugal Force will encreaſe and that in Propor- C 
tion to the Square of the Velhcity, (1175.) So that the Centrifu- T 


gal Force will begin from Nothing and encreaſe to any Des 
a 
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and conſequently will, in one Degree of Velocity, be equal to 
the Meigbt of the Body, or the String will, in that Caſe; be 
ſtretched juſt as much as it would be dy the . of the 
Body hanging freely to it at reſt, 

3418. If, therefore, in this particular Caſe, a Power of At- 
traction to the Center, equal to the Weight of the Body, was 
ſubſtituted inſtead of the String, it would make no Alteration in 
the Motion of the Body; and hence it appears, that when a 
Bach is moved in a circular Orbit by a projettile and gravitating 
Firce, there will be a Centrifugal Force produced jufl y_” to. the 
Pawer of Gravity. 

3419. But, in ſuch a Caſe, the Velocity of Motion is ſuch 
as the Body would acquire by deſcending through half the 
Radius of the Circle (1187.) Therefore in the Time of that 
Deſcent, the Body (with the ſaid Velocity uniformly continued) 
would deſcribe twice that Space, or a Space equal'to the Ra- 
dius, (993.) Therefore the Time (t) of Deſcent through 1 of 
the Radius (2 7 R) is to the periodical Time (T) in the h as 
Radius (R) is to the Periphery (P) of the Circle, or as the Dia- 
meter (D) is to twice the Periphery (2 P). That is, f: T::D. 

2P. 

3420. Now in the paraboloid Veſſel, ſince CE, or BI, is 
a conſtant Quantity, being ever equal to half the Latus Rectum 
of the Parabola (747,) there will be one Part where the Cen- 
trifugal Foree or Radius of the Circle B G. will be equal to 
Gravity BI. And it is evident this muſt be when the Diame- 
ter of the Circle G H paſſes through the Focus B of the Pa- 
rabola, becauſe then BG = BI =Z GH, the Latus Rectum. 

3421, By the Nature of the Parabola we have A B equal 
BI = + BG (742.) Therefore, the Time of deſcribing 
the Circle Ge Hd (or any other) will be to the Time of De- 
ſcent through 4 BI = AB, as2Pis to D. (3419.) 

3422. Biſect BI in Q, then AB = BQ; and let AB be 
the Diameter of the generating Circle of the Cycloid K Al. 
Now we have ſhewn that the Time (T) in which a Pendulum 
QA vibrates through the Cycloid K L is to the Time (t) 
of Deſcent through half its Length AB as the Periphery of a 


Circle (P) to its Diameter (D,) (1124.) Whence we have f = 
w- D TD 
ec; T7 = 204 which gives 2P = TP, or T Ti: : 2P:P:; | 
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2 : 1; conſequently, the Time of revolving in any Circle in th 
Paraboloid is double the Time of Vibration in the Cycloid, in a Pn. 
dulum whoſe Length A Q tis 5 the Latus Rectum of the Parabola, 

3423. It remains now to ſhew how a Pendulum may be 
conſtructed ſo that it may always deſcribe a Conical Surface, 
and its Ball perform its Gyrations in a parabolical Superficies. To 
this End let K H * be a Verge or Axis perpendicular to the Ho- 
rizon with a Pinion at K moved by the laſt Wheel in the Train 
of the Clock; at H it has a hardened ſteel Point in a Pivot of 
Agate, to render the Motion as free as poſſible. 

3424. Let it be propoſed that the Pendulum ſhall perform 
each Revolution in a Second of Time ; then it is plain, the Pa- 
raboloid Superficies it moves in, muſt be ſuch whoſe Latus Reftun 
is double the Length of a Pendulum vibrating Hal, Seconds in 
Cycloid, (3422.) Let O be the Focus of the Parabola MEC, 
and MC the Latus Rectum; and make AE = MO = 1MC 
= the Length of a common Half-ſecend Pendulum. 

3425. At the Point A of the Verge, let a thin Plate AB be 
fixed at one End, and at the other End B let it be faſtened tos 
Bar or Aim D B, ſtanding out from the Verge at right Angle 
and to which it is fixed at D. This Lamina or Plate AB is the 
Semi- cubicul Parabola or Evolute of the given Parabola M E C 
ſuch as deſcribed (921 to 926.) 
3426. The Equation of this Cubical Parabola A B wal 
27 pxx =. Let rp =P, then Px x = y* and in tbe 
Focus, P = 2y; in that Caſe, 2K = y* AP; therefor 
„* AP, and x PVS the Diſtance of 
the Focut from the Vertex A. By aſſuming the Value of- 
(or putting x = 18 of an Inch) you will find all the come. 
ndent y's or Ordinates of the Curve A B, by which it may very 
eaſily be drawn. 

3427. If the Pendulum is to make its Gyrations in 2 Se- 
conds, then the Parameter is MC = 4,9 Inches, or 49 
Tenths. 73 = P = 82,7 Tenths, and by aſſuming x = 
to the Number in the ; firſt Column of the following Table, 
we ſhall have y = to thoſe in the ſecond reſpectively. 

Aiſe 


3 1. in che Pr art of the Taxon of Cireulating PENDULUMS, 
e. ; | | 
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Aiſciſe Ordinates, - Abele Ordinates. 


0,05 — 0,274 2 „„ — 2,530 
8,1 — 0, 435 1,7 — 2,880 
0;2 - — 0,692 2,0 — 3,213 
0,3 —— 0,900 ' 2,3 —— 3520 
5, — 1,098 2,0 —— 3,823 
„s 1, 2,9 — 4,113 
0,6 — 1,438 43,2 — 4,392 
0,8 — 1,743 356 — 4,748 
150 — 2,023 4,0, — 5,096 


15.2 — 2,284 


3428. The String of the Pendulum muſt be of ſuch a Length 
that when one End is fixed at B it may lie over the Plate A B, 
and then from A harig perpendicular with the Center of its Bob 
in the Point E (or Vertex of the Parabola ME C) when at reſt. 
Then the Verge K H being put into Motion, the Ball of the 
Pendulum will begin to gyrate, and thereby conceive a Centri- 
fugal Force which will carry it out from the Axis to ſome Point F, 
where it will circulate Seconds or Half. Seconds, according as the 
Line AE is 9,8 Inches, or 24 only; and AB anſwerable to it. 

3429. Hucenivs tells us, many Clocks of this Conſtruc- 
tion were made, and with Succeſs ; but that they prevailed not 
ſo much as the common Sort, on Account of their not being 
ſo eaſily and expeditiouſly mad That they depend on a Prin- 
ciple of EQUaBLE MoT10N, which the long Pendulum in 2 
Circle has not perfectly That the Index ſhewing Se- 
conds moves with a moſt regular and uniform Motion, and not 
(Subſultim) by Ferks and Stops as in common Clocks That 
this Pendulum is entirely ſilent, or without that conſtant and me- 
lancholy Click Clack, which neceſſarily attends the long Pendu- 
lum, Moreover, it may be obſerved that, the Pendulum 
to circulate Seconds is but a fourth Part of the Length to vibrate 
Seconds, or but juſt the Length of a common Half- Second Pen- 
dulum. And, laſtly, a Contrivance may be added to ſtop 
the Pendulum in any Part of the Circumference, and thereby 
render it capable of ſhewing Thirds. | 

3430. This Conſtruction of a conical Pendulum is undoubtedly 
the beſt Form for a Temporary CHRONOMETER, for meaſuring 

Vor. II. LPI thy 
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the ſmalleſt Parts of Time occaſionally. But the Part AB 


ſhould be divided into two from the Point A, and proceed diva. = 
ricating to the End B, where the Ends of two fine Chains (uſed il . 
in I/atches) or filken Strings are to be fixed, which Strings * 
ſhould alſo unite after they paſs the Point A in the Verge or 2 " 
little before they come to the Bob F. By this Means its Mo-, 5 
tion will be rendered more ſteady and certain than by a /ingl: ut 
Chain or String. The Arm DB fhould alfo be nicely balanced 
by a Counterpoife on the other Side. And an endleſs Screw at » 
K will do better than a Pinion with Teeth ; but this is ſubmit- M 
ted to the — and Ingenuity of the Artiächr. * 
0 
ed thi 
75 to 
7. du 
rn. 5 
The TuxoxY of Mr. SULLY's INveENTION of a H. E 
rolagical RoTuLa, inſtead of a PENDULUM, fir a 
regulating CLock-WoRKk ; with an IMeROvÞ 0 
MENT . * 
3431. 8 this InvexTION of Mr. SULLY is up an en. * 
tire new Principle, found out by Trial and Expe- 
riments directed by a natural Sagacity, without any Aſſiſtance " 
from a Phyſico- mathematical THEOR V, I have Reaſon to think it ; 
may prove a Novelty equally acceptable, as ſingular, to the Ex- a 
77% Automatiſi; not only ſo, but the Omiſſion of ſo curious an 
Improvement in Clock-work, muſt certainly be thought a Defett k 
in a Treatiſe wrote profeſſedly on the THEORx thereof. 
3432. Mr. Henry SULLY was an Englifþ Watch maker, and 5 
lived many Years at PAR Is; he wrote, in the French Language, 10 
a Treatiſe on Clock- work, which he entitled Regle artificielt dt 8 
Temps, printed at Paris, A. D. 1717. I never heard that this th 
Artificial Rule of Time, was ever tranſlated into Engliſb, nor hag, fo 
I ſeen the Original ; it ſhould ſeem by the Title as if it was 2 = 
Deſcription of his new Clock; but we are told by Profe Ter 1 


EULER (in the Petropol. Comment. for the Year 1727) that 


Mr. Sulh had publiſhed an Account of his new Clock but a little 
. more 
L1 
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more than a Year before, viz. iy the Year 1725. But leaving 
the Date of its firſt Publication, this learned Profeſſor thought it 
an Invention worthy of an Explication, which he has accord- 
ingly given us under the Title of 4 Diſſertation on a certain 
new Kind of Tautochronal Curves; and which I ſhall here tranſ- 
late and abridge for the Uſe of the Englifh Artiſts. 

3433. SULLY's Invention conſiſted in a Kind of Rotula or ſmall. 
Wheel“ A B made to oſcillate about its Center C (Fig. 2.) by 
Means of a String with a ſmall Weight CP, playing between 
two curved Plates CE, CF, fixed to the Surface of the Rotula. 
But what Degree of Curvature was neceſſary for thoſe Plates, that 
the Oſcillations might be all iſochronal among themſelves, and 
to the Vibrations of a Pendulum of a given Length, was what 
Sully wanted to know, and could only find by frequent Trials, 
and that very imperfectly. 

3434. But to ſhew what this particular Species of Curvature 
is from Phyſico· Mathematical Principles, the Proceſs is as follows. 
Let CM (Fig. 3.) denote one of the Plates in a Situation not na- 
tural, or when the Rotula is turned on one Side; and let C B be a 
vertical Line, parallel to the Direction of the Thread M touch- 
ing the Curve in M; then from the Point of Contact M draw 
MT perpendicular to CB, which will alſo be perpendicular 
to the Curve in M. Draw the Right Line C O containing the 
Angle BCO by which the Rotula is carried out of its natural 
Poſition, On the Center C with any Radius CB deſcribe the 
Arch BO, meaſuring the Angle B CO. 

3435. Then it is evident the Weight or Power P at the End 
of the String will endeavour to reſtore the Rotula to its natural 
Situation by a Force which will be as PX TM (1049.) But 
as the Application of this Force is continually altering with 
reſpect to the Fulcrum, C, we muſt find one equal to it to be 
applied to the Radius C O, and acting normally at. the Point 
O. Produce PM to N in a Right Line drawn horizontally 
through the Center C. Then becauſe CN = TM, the Ef- 
fect of the Power P to turn the Rotula will be the ſame as if it 
was applied to the Radius CN in N, and acting normally 
thereto, 


L1l1 2 3436, But 


* See Plate entituled The Tauzoxy of the Circulating nn 
*, Oſcillating eren, os,” 


i 
\ 
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© 3436. But from the Nature of the, Lever (1051) 1 we haye 
CO:CN::P:p = the Weight to be applied at O, whoſe 
Force ſhall be equal to that of P 1 at N. 
CN = TM, therefore CO: TM: P: 5, and ſo 5 


N therefore becauſe P and C 0 are conftant, we have 


p every where proportional to TM. 
3437. We are next to conſider that the N 70 zeig | 
normally at O, will make CO a Pendulum ; and farther, that 
if the ſaid Power (p) ( which i is the accelerating Force,) be pro- 
portional to the Space paſſed over, the Oſcillations of the Pen- 
dulum will be ;ſechronal (999.) But the Space to be run over 
is the Arch O B, or the Angle OCB; therefore in order to 
produce this Iſochroniſm i in — Pendulum (and conſequently in 
the Retula) the Affair is reduced to this Problem, viz. To find « 
Curve CME of ſuch a Property, that having a Right Line CO 
given in Poſition, 'and in it, from a given Paint C, another Right 
Line C IT be drawn perpendicular to the Radius of Curvature in an 
To. the Part TM ſhall be akoays parton © the th 
O 
3438. Now when any Quantities are proportional, thei 
F luxions have the ſame Ratio (789.) Therefore let M andn 
(Fi ig. 4.) be two Points in the Curve indefinitely near to each 
pther ; z and draw C M, C m, and the two Normals M T and nt, 
occuring in R the Center of Curvature at the Part M. Alſo let fall 
the Perpendiculars CT, CV on the ſaid Normals. Then is 
TCp the Fluxion of the Angle TCO; and T p, the Fluxion 
of the Normal T M. Now it is plain, thatin Regard to the 
fluxionary Angle T Cp, the Side T C is Radius, and Ty, the 
Tangent. Therefore the Fluxion of the Arch O B, which is 
Bb will conſtantly be as Tp, the F 1 Tangent of h 
me. 
A 3439- Let CB be equal to CT = Radius, and as the Ra 
dius of 2 Circle is conſtant, the Fluxion thereof is nothing, 
atis pt = o; therefore C T is perpendicular to T M in the 
_ R, or Center of the Circle of Oſculation in the Point M. 
3440- In this Caſe, the Angle O C T has its Fluction 
| po not only proportional but equal to the Fluxionary 
angent Tp. For the Fluxion (=) of any Arch z and the 
Fluxion of the Tangent ( 7) thereof, are expreſſed by this 


Equa: 
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Fquation = = 7 IE 7 (823. and therefore ben 2 o. or 
the Tangent is in "its naſcent or fluxionary State, that Beiden | 


441. But the Fluxions of contemporaneous Fluents being equal, 
ſhew thoſe Fluents are alſo equal, or that T M the Radius of 
Curvature is ever equal to the Arch of the Circle T O de- 
ſeribed in the ſame Time. 

3442. Hence the Nature of the Curve CM is manifeſt; it 
being no other than, the EvoLuTE of a Circular Arch O 
(Fi ig. 5.), whoſe Beginning is at the Point of the Circle O, and 
js deſcribed by the Evolution of that Circle whoſe common Ra- 
i ate CT = CO. -I In this Proceſs, we have uſed a dif- 
ferent Method of Demonſtration from that of Profeſſor EvuLR, 

which we think is more natural, clear, and conciſe. 

3443. Hence then it appears that the Laminæ or Plates O F, 

OE, [Fig. 5.] are formed by the Evolution of the Circle 
AD O equal to the Periphery of the propoſed Notula, and to 
begin from the Point O in the Circumference, and not from the 
Center C, as in Sulh's Conſtruction. In the ſame Point O 
likewiſe the String OP is to be fixed, which by its Weight 
P will move between the Plates OE, OF, (like a Pendulum 
between the Cyclaidal Cheeks) and thereby continue the Motion 
of the Rotula, once begun; and render the Ofcillations 1ſochronal, 
by a Force ever proportional to the __ Space dfcrided in each 
Ofallation. 

3444. The next thing to be termine, is, the abſolute Time 
of an Oſcillation in a given Rotula; this is done by finding the 
Length of a Pendulum vibrating in a Cycloid, 1ſochronal to the Ro- 
tula. The Method for doing this our celebrated Profeſſor has rathet 
pointed out, than demon/irated; we ſhall therefore here ſupply the 
Principles which he aſſumes as known, and on which this Part 
of the Theory depends, 

3445. To this End we ny" eonſider that as in reſpect to 
the Endeavour or innate Force of Bodies to deſcend, it is all 
one whether we conſider the Quantity of Matter as diffuſed 
through any Space or all collected into a Point, this Effort to 
delcend being conſtantly proportioned to the Maſs of Matter inte 


446 INSTITUTIONS, 

the Force of Gravity (1000.) So with Regard to an Oſaillatey 

or Angular Motion of Bodies about a Center or Axis, it matter 

not how the Maſs of Matter is diſpoſed, whether we conſider 

it in the Form of a Circular Area, or in that of a Right Lin; 

but this latter is moſt natural, as it is that by which the ſaid A- 
Motion is deſcribed. 

34465. If therefore the Radius of the Rune be conſidere 20 
charged with its whole Weight (Q) we ſhall find its Force of 
Reſiſtance to ſuch 9 Motion will be expreſſed by Qgy, 
(2286,) where g = 4 = Diſtance of the Center of Graviy, 
and n'='5 = Diſtance of the Center Oſcillation, the Length 
of Radius being = 1. The whole innate Force, nn 
of the Radius or Rotula to reſiſt to a Circular Motion is as 1 C. 

3447. But if we conſider the Rotula in Motion its aftnu 
Farce then (called the Vis viva) will be as the innate Force mul- 
tiplied by the Velocity of the Center of Force, But this Center 
of Force, in the Sector of a Circle is diſtant from the Center of the 
Circle, 2 of the Radius (1098,) it is therefore the ſame in the Cir- 
cular Area, or Rotula; therefore if the Velocity of a Point in the 
' Circumference be ſuch as is acquired by the Deſcent of x 
heavy Body through the Space 8, which will be equal to 28 
(9933) then the Velocity of the Center of Force will be 18 
(for 1: 25::4:4 S), conſequently the whole Force of the 
moving Rotula will be 4 Q x 38 = 3 QS, and therefore the 
Fluxion of its Motion will be 4 Q 5. 

3448, But this Fluxion of Matian in the Rotula is the Ef- 
fe of the Action of the Weight P by Means of the String 
PO upon the Plate QE, Let v = Velocity, (or Space de- 
ſcribed) in an infinitely ſmall Particle of Time by the Weight 
P; then its momentary Force is P; and as this produces the 
momentary Motion 5 Qs in the Retula, it muſt be equal to it, 


that is, PX v = i1Qs, and fo v N. Sr 


3449- This is the Caſe of the . and its weight P, at 
the Commencement of an Oſcillation, when the Poſition of the 
Whole is as ſhewn in Fig. 6. Where BDT is the Rotul, 
T A one of the Plates, when the Radius of Curvature BA is 
in a Horizontal Poſition, A P is the perpendicular Direction 


of the "eas P; and let fall C B perpendicular ta A B. Then 


let 
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let the Rotula by the Action of the Power P move in the firſt 
Moment with the angular Motion T Cz, and then will 24 be 
the Part of the Plate on which the Power acts, and Ba the 
horizontal Radius of Curvature; the Line of Direction is now 

4p, and the Power P has moved from P to p, through the Per- 
pendicular Space P q = v. 

3450. On the Center C with the Radius Ca Teſejibe the 
ſmall Arch a d, and draw Ca, Cd; then is Ad = Pg; and 
the right-angled Triangles Aa d and BaC are ſimilar; there- 


ore Ad: Auf: Bi: BC; hence Ad=v = Bax Aa, 


SS: 
B Tt 
But Aa = T t, whence 2 =v= 7 ( 3448; ) 


therefore2 PN BA Tt =BCXQ x 3 = _ Ba = 


8 oF X BT 
BT) 2 PX BTX Te. Therefore I- Dec 


3451. But Tt is the Space * by the Point T in the 
fiſt Particle of Time, > is Ra as the i inoeptive Velo- 


city ; conſequently m_ is as 55 but > = FT, the Fluxion 


of the Time of an Oſcillation, ſince in all Caſes of deſcending 


Bodies, we have Y 5 = T (991.) 


3452. Having 4 determined the Fluxion of the Time of 
Oſcillation in the Ratula, we ſhall readily diſcover the Fluent, 
or Time itſelf, by comparing. ſuch an Oſcillation with a Syn- 
thronal Vibration in the Cycloid. Thus (Fig. 7.) let AN be the 
Semi-cycloid juſt equal to the Semi- arch of Oſcillation B T, 
and therein take NM = Tt and through N, u, draw PN, 
þn, perpendicular to the Axis of the Cycloid, and let AO be 
the Length of the Pendulum deſeribing the ſame by Evdlution 
from the Cychidal Cheeks, as taught (1120.) 

3453- Then from (n) draw nt perpendicular to PN, and the 


Fluxion of the Time of a Vibration will be as —(3451,) which 


therefore muſt be equal to the Fluxion of the Time of the Oſcil- 
| 71 
lation, viz. N = = - 1 e oh But from the Nature 


of 


— 


Q:P:: 100: 1, then BC 


its own Vis Inertiæ might be inconſiderable; for where that t 


—— — - 
— * 


ſmall Proportion to it. 


' 
| | 
7 
| 
| 


to Sulh's ſmall Rotula BHI; and then as a much greater Forg 
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: | nt AN 15 
of the Cyclaid (1117 to 1126,) we have Na = x0; 
fore becauſe AN = BT, it is T5 De (345 


which gives Q x BC = 2P x — and therefore this Ap 
gy Q: 2P:: AO: BC; that is, The Weight of the Rotula i 
twice the Weight P, as the Length of a Pendulum vibrating in 
given Time, is to the Diameter of the Rotula, which ſhall „alas 
the ſame time. 
3454 For Example, ſuppoſe it be required to find the Rad 
B C of the Rotula that ſhall oſcillate preciſely in a Sm 
Time. Then A O = 392 Tenths of an Inch; and ſuppe 
2 PY AO 784 
To =o ul 
Tenths of an Inch. Or the Diameter 2 BC = 1, 92 or a lit 
tle more than 1 Inch. 
3455. It was neceſſary to ſuppoſe the Weight P very ſw 
in Compariſon of the Weight Q of the Wheel or Retula, th 


be taken into the Account, it muſt be deduQed from the Fore 
which we have all along appropriated to move the Rotula ; 
this would embarraſs the Theory, or leave the Prone 
ecution of it imperfect. 

3456. Another Caution neceſſary in a Regulator of this N 
ture, is, that the Direction of the String below the Cheeks be 
ways perpendicular, or that the Weight P has not the 
oſcillatory Motion in itſelf, as it would make a Difference in i 
Force upon the Retula, and induce an Irregularity in its Mc 
tion, and Time of its Oſcillations. A principal Thing to pre 
vent this is to have the String of a conſiderable Length belo 
the Plates that the Radius B C of the Wheel may bear bot 


3457. But as a long String will be inconſiſtent with'tl 
Deſign of a Clock in a portable Form, there is another Remed 
for both the forementioned Evils, and which will at the far 
Time be a great Improvement upon SULLY's Invention. Th 
conſiſts in adding a very large Wheel or Rotula ADG [Fig. 


will be required.to moye the compound Rotula, ſo there will | 
a great 


* 
7 
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greater Diſparity between its Weight and that of P, anda 
uch leſs Motion of the String B P becauſe of the very flow Mo- 
on of the Rotula thus altered. 
3458. That the Reaſon of this may better appear, let TCT 
ig. 5.) be the fluxionary Sector of the Rotula, and Tt = = 
e Fluxion of the Periphery, then the Area of the ſaid Sector 
ll be 2CT x xz; the Diſtance of the Center of Gravity 
CT, and that of Oſcillation à CT; then (putting CT = 7) 
have its Force to reſiſt circular Motion (3287,) thus ex- 
eſſed, Q gn TA Ir (1098) = 4r*z. Hence the 
orce of the whole Rotula will be 2 7*z. But it is 1: C:: 7 
z :: Radius: Circumfecence; therefore = = Cr, and fo 
e Force of any Wheel or Rotula, will be = 41+ C, or as the 
th Power of the Radius, 5 
3459. Therefore if R = Radius of the large additional Ro- 
, the Force of the Whole will be increaſed in Proportion to 
„ that is, the Length of the Synchronal Pendulum will be as. 
+ 
Un = w — AO x R“. (3453.) 
3460. Since the Time of a Vibration of the Pendulum AO 
1, we ſhall have the Time T of a Vibration in the Pendu- 
mAO x R, thus 1*: T*;:: AO: AO x R*:: 1: R., 
wefore TT , and T = R*: 6 that-if -I 2-4, Þ 
V2, if T 3, RS V; i T=4,R=2; and fo 
. Whence it appears how very flow the Rotula will move 
hen thus enlarged, and how little the Spring BP will on that 
ccount be liable to be put out of a vertical Poſition, ae 
3461. Such is the THEORY and ConsTRUCTION of the 
utomaton Sullianum with its improved Rotula; and beſides this 
ind of Regulation, which is entirely new and peculiar to this 
ece of Clock - work, there is one Property of it which no other 
ime-Piece has, and that is, the flow Motion of the Ratula, 
which the Time of the Oſcillations become very long, and 
onſequently by that Means more equable; which induced Mr. 
ULER ® to think a Time Piece conſtructed in this Manner 
Vor. II. | M mm ; might 


For referring to this Improvement of an additional arge Return, 
e ſays, — Et tandem alium evolvam Caſum, qui non contemne' 11.1% :1 


$ NauTica u mibi prefiare videtur. 


% 
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might be of Service at Sea in finding the Diſfarenc of Nins op 
ind, beyond any other Sort of Clack-work yet al 


—_—— 


C HAP. XVIII, 


The CONSTRUCTION of an ANGULAR PENDULUM, 
a general NaTuRE, and adapted to a Planetary 
 Timz-Pitce, which, in the ſame LENGTH, ſpall 

vibrate in any given TIME, | 


3462. "HERE has been, as yet, no other Sort of Pen- Dif 
£ dulum in Uſe, but ſuch whoſe Time of Vibratin CL 
depends upon its Length only ; for this is the Caſe of the Circular, as Arc 
well as the Cycloidal Pendulum. However the Phyſical Ther Thi 


jeaves us not deſtitute of a Method of regulating Clock-work, thus 
by a Pendulum, which ſhall in any given Lengtb vibrate in am 
Time required, ter 


3463. To demonſtrate this we need only conſider the Nature 
of a common pendulum of the moſt ſimple Form, viz. that of 


an uniform Rod or Paralllogram whoſe Length ſuppoſe 3 & 5 


and Weight = = 6; then the Force of the Rod is 4a* w=w pen 
* 2 & 44. ( 3286.) Now if the Pendulum be transformed, or this 
divided i into two equal Parts, and both theſe Parts move ot oſcil will 


late about the ſame Center as before, then if thoſe Parts be ſe-· we" 
parated from each other to an equal Diſtance from. the Vertical 
Line, the Center of Gravity (which we will now called x) wil 1 

approach nearer to the Point of Suſpenſion, and the Center of * 

Oſcillation (n) will recede farther from it in the ſame Propor- 
tion, for it will always be Ln =D =n and ſo xn Der 
3.4%, 2 given Quantity. * Therefore (n) will be inverſely ; 
as (x), 

3464+ Therefore alſo the Time of a Vibration will be greater, 
in the ſame Pendulum of two Parts, as thoſe. Parts contain 2 
greater Angle with each other; or ſtrictly ſpeaking, * 1 


2 


if « Vibration will be in the inverſe duplicate Ratio of the C. 
Sine of half that Ang. . | 

3465. To illuſtrate this by an Example; let A CB (Fig. .) 
be a common Foint-Rulz, whoſe two Parts ACD and BCD 
are cloſe togethet z through the Center C of the Joint, let a 
{mall Hole be drilled; and the Rule ſuſpended thereby on a po- 
liſhed Pin or Wire, to vibrate freely. Let AC = a, the Diſ- 
tance of the Center of Gravity CG = 44; and that of the 
Center of Oſcillation CN = 2 a. Alſo let the Weight of the 


whole Ruler be = w. Then (as was ſaid) the Length of an 


1 72 
lochronal ſimple Pendulum will be 55 =n 244. (1095.) 
3466. But now let the Ruler be opened, or the two Legs 
AC and B C temoved from the Perpendicular C D to an equal 
Diſtance on each Side, viz. to HC and IC; and let CK = 
CL (SAC) = CG; and on the Center C deſcribe the 
Arch K GL; and draw KL cutting the vertical CD in O. 
Then is the Point O the new Ceriter of Gravity in the Rule 
thus opened; and CQ = x; and the new Diſtance of the Cen- 


4 4 
ter of Oſcillation will be — = 2x — 
x WW x . 


3467. Examples will make this Doctrine plain; ſuppoſe it 
required to open the Legs of the Ruler to ſuch an Angle that 
the Time of a Vibration ſhall be juſt equal to that of = ſimple 
Pendulutm whoſe Length is equal to that of the Rule CD; in 
this Caſe we have n = d, therefore x =4@a = CO; which 
will give this Analogy, as CO: CK (:: 344: 48) :: 10: 15 
Radius: Secatit of 48˙ 12 = H CD, half the Angle HCI, 
as required, N | . 

3468. For a ſecond Example, ſuppoſe CN = 9,8 Inches 
or CD = 1447 ; then will the Ruler cloſed vibrate Half- Seconds 
preciſely ; let it now be required to find what Angle it muſt be 
opened to, that each Vibration may be performed in One Second? 
In this Caſe it is evident n = 39,2 Inches. Conſequently 
1% = 39,2 x; therefore 4. = 117,6 x, conſequently 117,6 
1447 :: 1447 : 1,837 CO. Then CO: CK: 1,837 
7535 :: Radius: Secant of 75 32 HC, half the Angle 
tequited. 3 | 


Mmm 3 3469. When 
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3469. When x = o, the Diſtance of the Point N Poms 
infinite, and the Time of Vibration alſo ; that is, the two 
CH and CI are then in a Right Line, and at . But ay 
Form of a Parallelogram angular Pendulum will meet with too 
much Reſiſtance from the Air; and beſides, is a third Part 
longer than neceſſary; therefore that ſuch a Pendulum may 
have all Advantages it muſt be in wes common' F orm of a Rid 
and Ball at the End. 

3470. The Red and Bob of this new Pendulum muſt there. 
fore be double. The Bob may conſiſt of two Hemiſpheres or 
two Plano-convex Lenſes, put together by their plain Sides, ſo 
as to make a compleat Sphere, or elſe a double and equally 
| Convex Lens. Let AB, AC, (Fig. 10.) be the two Parts of 

ſuch an angular Pendulum ſuſpended on the Point A, and open- 
ed to the Angle BAC, exactly biſected by the vertical Line 
AD. But when the two Parts are cloſed, they make the ſim. 
ple Pendulum A E. And here let the Weight of: the Rod AE 
(= Weight of AB + AC) =6, and the Weight of the 
Bob = c. | 
3471. Then when the Pendulum is opened to the Angle 
BAC, the Center of Gravity i is raiſed from a Point near E to 
O, in the vertical A D, as appears by drawing the Line BC; 
then the Center of Oſcillation (n) is removed to a greater Diſ- 
| tance in Proportion; ; for putting AE (= AB) S 4, and A0 
rx e 164. 
= &; we have © —- = 8 
|  -xFXb+c | b+: 


Xaa=xi ' | 
3472. Put BO = y, then * =(AB* =) * +7 and (0 
ib+c 
3 + Cc 
* + y* as xn; conſequently y* = xn — which is an Equi- 
tion to à Cirele (8 19,) and ſhews the Locus of the Bob h is the 
Periphery of a Circle whoſe Diameter is » = A the Length of 
a Pendulum iſochronal to the angular Pendulum B AC. 
3473. Hence alſo it appears that the whole Circle ABDC, 
(ſuppoſed heavy) or any Part BAC (the Points B, C, being 
equidiſtant from A), will vibrate in the ſame Time with a Pen- 


dulum equa to the Diameter A D. All which Hugentus has 
2 demon- 


X x 2 * = xn; therefore it will be every * 


gi 
ele 
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demonſtrated from far different ee which he himſelf un- 
derſtood very well. 

3474. Now it is manifeſt the Time of Vibration in this an- 
gular Pendulum may be altered at Pleaſure, and be made greater 
or leſs as occafion requires; and conſequently, that it is capable 


of being adapted to meaſure Time univerſally in a Clock from 


the Sidereal (or ſhorteſt) Day, to the longeſt Lunar One, and 


thereby to anſwer the ſame Purpoſes as the univerſal Pendulum 
before deſcribed in Chap. X. and XI. 


3475. In order to this, we are to conſider the Value of x, 
2ac+ab © 


when the Pendulum is cloſed in A E, is — = =, (3027) 


2 Xx 445 
4. 


Ae 
2 X a = = 2ac+ 0b, which will give this Analogy 
nxb+c 2Xc+6 


but it is FREIE equal to 


„:: T 45 t 25. Alfo by the firſt Equation it is 


4: g:: 56: ＋ 253 the ſame Analogies as before in 
(3029.) 

3476. Let t = Time of the Pendulum's Vibration when 
accommodated to the Sidereal Day of 1436“; and T = Time 
of its Vibration when adapted to the Solar Day of 1440 ( 3313 ) 

3 
Then it is : T* :: 7: ＋ = IN, == the Length of the iſo- 


chronal Pendulum for the Solar Day. 
0 + 4 - p 
377. Let p = 5 then p = Nx; therfore — 


—N = . — thereſore * IIK]; but we bam g:x:: Radius 


: Co-Sine of the FRA SAO: rig hence © ='s = 
* ; therefore g CT = rtpa*; conſequently i= = C, 


the Radius (v being Unity. Hence fince t, Py a, g, are 


given Quantities, wwe have C as Ir. or the Co- Sine of the An- 


gle B A O as the Square of the Time of Vibration inverſely. 
3478. If 


* aa (3477 therefore 


— — ' 
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3478. If we make h: c :: 1: 10 then we ſhall have e + 46 
2 14:42: 1436 er = 4 (3313) = Length of 
the Rod AE, when the Pendulum is cloſed ; and the Length as 
well as Time of Vibration of an iſochronal Pendulum are both 
repreſented by (2) for the Caſe of the Sided Dy z and Tis 


= 1440. 

3479. Again, ſince in that Caſe, c+b:c+ 2b: 12425 
(2475) : 1463.4 1397 = g- Whence we have = * 
= 83e 58' = ABO, whoſe Complement BA O = 6* oz; 
therefore BAC —12® 04, the Angle to which the Siderel 
Pendulum muſt be opened to vibrate Solar Time, for Uſe in com- 


mon Clocks. | 
2480, Let the Time of Vibration of the Penduhin for ihe 


longeſt Lunar Day be T = 1500; then the Angle to which the 
Pendulum muſt be opened will be C = N = 66? 255 


whoſe Complement i is 23* 357; the double of which is 47 10 
= BAC, the Angle to which the Pendulum muſt be opened 
for the lange Lunar Day. 

3481. By the ſame Theorem, putting T=to any Number 
of Minutes in the Day propoſed for a given Planet (3323) you 
find the Angle to which the Pendulum muſt be opened to vibrate 
true Time' for that Planetary Day. But to ſave the Reader 
Trouble, I have here ſubjoined a Table by which the Planetary 
and Lunar Scales may be added to a Pendulum of this new Form, 


4 3 / 3 


1436 — 0 o 3 — 5 
143673 — 132 1460 — 14 40 
14363 — 2 8 1465 — 16 5 
14364— 2 37 1470 — 17 24 
1437 — 3 3 1475 — 18 36 
2435. — 4 17 1480 — 19 42 
— 3 4 1485 — 2045 
1440 — 6 2 1490 — 21 45 
1 1495 — 22 41 
1450 5 11 15 1500 — 23 35 


3482, Ac- 


di 


the; 


w> @ W 


= 


FERRER 
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3482. According to this Table the Arch of a Circle may be 
divided into Degrees on one Part, to 23* 357 on each Side the 

Vertical Line; and then into 64“ of Time on another Part, 
contiguous to. the Degrees; by which a proper Scale will be 
conſtructed for the Pendulum which may thereby be adjuſted 
to the Time or Length of any given Planetary Day. 

3483. It muſt be left to the Ingenuity of the Clock - maker 
to contrive its Application in the beſt Manner, and to deter- 
mine the Length of the Pendulum, which is done by taking the 
Length in Tenths of an Inch proportional to the Numbers before 
made uſe of for the Lengths of ſimple and compound Pendu- 
lums. Thus the Length of 4 Second Pendulums being 98, 
you ſay, as 1444: 1463, 4: : 98: 99,32 = a= AB, in Tenths 
of an Inch; the Length A B is therefore 9,3, Inches. 

3484. Hence it appears how well adapted this Angular Pen- 
dulum is for meaſuring Planetary Days ; and perhaps it may be 
found in ſome Reſpects more uſeful for that Purpoſe, than 
that we have formerly deſcribed (Chap. XI.) However, this has 
a Property which that had not, viz. of having the Time of a Vi- 
bration protracted or augmented to what Degree you pleaſe. For 
Example; ſuppoſe the above Pendulum A B were required to vi- 
brate Seconds exactly. Then T: T:: 1: 2; and T*: T* :: 
I : 4; therefore 


＋ = C (3480, ) the Col ſine of the Angle 


BAO = 76 54/ in this Caſe; in that of the uniform Rod ur 
Ruler it was 75* 32/. (3468.) | 


CHAP. XIX. 


The Turokv of ſeveral new Eliptical and Horizontal 
PENDULUMS of different Fox us, which ſhall + vi- bb 
brate in any given T1ME. i 


3485. Rr the Methods laid 4 for conſtructing a 
Univerſal or Planetary Pendulum, there is yet ano- 


ther, which as it contains ſome other Properties very ſingular 
and 
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and curious, I imagine the ſpeculative as well as the practical 
Horobgift will be pleaſed with the following Account of it. 
3486. Suppoſe A B an inflexible Line (without Weight ;) e 


and in any Point taken therein, as L, let it be propoſed to af. 


fix thereto at right Angles, a heavy Rod or Bar FLG, bi- 
ſected in L, which being moved (in latus) ſideways, ſhall of- 
cillate in the fame Time with the ſimple Pendulum AB, the 
Point A being the Point of Suſpenſion to both. Let m be the 
generating Point by which the Rod is deſcribed; and join Am, 
Put AL , LN y, Am = d, . A5 2 4 "ah, 
3487. Then dd = x* SY ; and q * j S the 
Fluxion j of the Particles in the Rod FG multiplied by the 
Square of its Diſtance; the Fluent whereof is x* 7 41427 
which therefore is as the Sum of all the Particles, each multi- 
plied by the Square of its Diſtance from the Point of Suſpen- 
ion A; the Weight of the Rod is as its Length, or half its 


Tr ans 
49 


Length, viz. as (: y;) therefore 


= AB. (1094.) SOOT. 
3488. Hence we have ** + } y* nr; and therefore 2 170 
= nx — . Now this Mende is evidently that of an El- 
IIS Is (767,) as that of the Angular Pendulum was an Equa- 
tion to a Circle (3472.) Whence it appears the two Extremes 
F and G of the Rod are in the Perimeter of an Ellis. 
3489. To determine the Species of this Ellipſis, in the 
Equation * = 3nx — 3, letx =AC = z, the Semi- 
Conjugate Diameter, and then y = CE = Z a, the Semi- 
Tranſverſe, which Values ſubſtituted for x —_ y in the Equa- 


tion give 3n* = a*, whence a* : *:: 3: :: 4: 08 Parame- 2 


ter of the Ellipſis (764.) Therefore p = 1; a= 3=D 
andn=4/3= AB; by which the Els is truly limited 
or ſpecified. 

3490. It may be proper here to ſerve to the young Reader 
that there is a Diſtinction made (by Mathematicians) of Analytic 
Problems, viz. into Plane and folid Problems. They. call that a 
Plane Problem when the Quantities in the Equation are but of 


tos Dimenſions (as a Plane has only * and Braudtb ;) thus. 
. 


* SceFig. 1. in the Plate entituled, New PexDuLuMs of different 
Kinos. « 


DO / * 
* 7 / 


1 


74 4 4 
S/ a HF * A WS AV, 7 , 
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e Equation y* = xm — x*, is a Plane one, becauſe * + * 


nx = Rectangle of two Dimenſions, 1 and x. But the 
uation we have juſt now found yy = 3ax — 3 xx (or *+ 


d is therefore a ſolid a as a Solid has Length, Breadth, 


d Thickneſs. 
2491. The Plane Problem, we obſerved (3473) makes the 


hole Circle, or any two Points or Parts of it equidiſtant from 


„ 2 3nx) (2488,) has three Dimenſions, (viz. 3, n, &) 


(Fig. 11.) iſochronal Pendulums. But the preſent ſolid Pro- 


, ſhews that any Line terminated by the Ellipſes at Right 
ngles to the Conjugate A B, and conſequently that the Plane 
f the Ellipſis itſelf, or any Part of it between one or two right 
ines, (normal to the conjugate Axis A B) will all perform 

jeir Oſcillations in equal Time. 
3492. Now this Form of a Pendulum is very well ſuited for 
ort Vibrations, and may therefore be applied to Clocks of a 
table or Table Form, and in a Size as ſmall as you pleaſe. For 


ere are three different Sorts of Pendulums that you may make 


ut of this Elliptic Plane. 
3493. The Firft is a Pendulum A MN with horizontal 
th only, oſcillating on the Point A; and which therefore 
this peculiar Excellence, that its Vibrations are not liable 
be diſturbed by either the different Force of Gravity in different 
tegions of the Earth, or by diffetent Degrees of Heat and Cold, 
thoſe of All long Pendulums are. Conſequently this Pendu- 
m does not ſtand in Need of that conſtant Correction neceſſary 
all that have vertical Length. It is alſo on this Account bet- 
r adapted to Sea-uſe; and is much leſs liable to be agitated or 
ut out of Order than 19ng Pendulums by the Motion and Toſ- 
ngs of the Ship, 

3494. The Second Pendulum which this elliptic Plane affords, 
a3 the Length of the Conjugate A B, and a Bob O PB, which 
a Segment of the Plane on its loweſt Part. This Bob has two 
eculiarities, viz. (1) it has properly no Center of Magnitude 
r Oſcillation which the Clock-maker has any Need to concern 
imſelf about, as in common Bobs (3292 to 3296.) Then (2) 

has a Form extremely well ſuited to avoid the Reſiſtance of 
de Air, as is evident by Inſpection. On both theſe Accounts 
Vol. II. ; Nnn 3 


— 
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this Pendulum (which is both vertical and horizontal) may claim 
Preference of all ſimple Pendulums of the ſame Length AB. 
3495. The Third Pendulum derived from the Ellipſis is one of 
the univerſal Kind, or that may be adapted to a Clock for ſhew- 
ing Planetary Time. For this Purpoſe we are to take the longeſt 


Line or Tranſverſe Diameter D E of the Ellipſis. For it is evi- 


dent from the Equation (2487,) that while A C D continues 
the ſame, the Length of an iſochronal Pendulum (u) will en- 
creaſe with an Increaſe of CE = y; for Example, if AB = gg 
Tenths of an Inch, (to ſwing  Seconds,) then CE 84,7; 
and AC = 49. for Solar Time; but if it be required to ſhew 
the Time for the longeſt Lunar Day, the Time of Vibration 


muſt be increaſed in the Ratio of 1440 to 1500 (332%) and 


conſequently the Lengths of the iſochronal Pendulums in the 
duplicate Ratio thereof, or as 1440* to 1500*, as ſhewn (1116,) 
this will give AB = 106 = , for the ſaid Lunar Day when 
we get y = CQ 913 then CQ — CE =£Q = 6,3= 
the Length of the Part to be added at each End to accommodate 
the Pendulum for the Extent of the Lunar Scale. And thus 


may the Increaſe of Length be found for Sys _ 


Mars, &c. 

3496. I have already obſerved, that a Fourth Sort of podle 
reſulting from this Elliptic Equation. is the Plane AE BD of 
the Ellipſis itſelf ; nicely ſuſpended on the Point A; for then 
vibrating Sideways from C towards D and E, it will be perſed- 
ly iſochronal to the ſimple Pendulum, whoſe Length is AB, 


And thus much, at preſent, may ſuffice for the Theory of Ellipti- 


cal and Horizontal Pendulums, of which we ſhall make ſome fur- 
ther Uſe hereafter. 


CHAT 


N. B. The Reader is d:fired to corre} an Error in Infiitution 3334, by writing 
CEL 2CN N ©? zCE 
ex” or % e N 
ing an Over-figbt, | 


Alſo to eraſe Inſlit, 338 3 entirely, 4 be- 


* 
. 


could | 
allatio 


riting 


ps be - 


Of Crocx-Worx.  a59 


HA . 


The THEORY and CONSTRUCTION of different Sorts 


of UniFoRM PENDULUMS, which, in @ given 


LENGTH,” ſhall vibrate in any given TiMe ; with 
ſeveral curious Particulars relative to CLock- 
Wokk, regulated by ſuch Pendulums. 


1497+ M* GRAHAM (ever memorable for his ſingular 
Skill and Execution in Clock and Watch Mort) hav- 
ing tried many Experiments with different Sorts of Metals 
combined in the Rod' of a Pendulum to corre& their Irregula- 
nes by their different Expanſion or Contraction with Heat and 
Cold, found them all to little or no Purpoſe ; he thought of 
nother Method of effecting the ſame, which was by Means of 
: Pendulum conſiſting of one Part ſolid and the other Fluid, 
uz. a Glaſs Tube filled with Quickſilver, 

3498. This Mercurial Pendulum, tis eaſy to underſtand, 
would have its Dimenſions encreaſed or contracted each Way 
fom the Center of Oſcillation by Heat and Cold; for the Tube, 
8 a Solid, would encreaſe a little downwards, and the Mercury, 
being a Fluid, would have its Column encreaſed upwards from 
the ſame Cauſe; and therefore the Center of Gravity in one 
king carried down, and in the other raiſed upwards, tis plain, 
lf theſe Increments different Ways of the ſolid and fluid Parts 
wuld be nicely proportioned as they ought, the Center of Oſ- 
lation, would not be in the leaſt affected thereby, but would 
wnſtantly be at the ſame Diſtance from the Point of Suſpenſion, 
nd the Pendulum vibrate, of courſe, in equal Time. 

3499. Accordingly he conſtructed a Pendulum of this Sort, 
ud after many Trials, ſucceeded ſo well, that when he com- 
Fed one with a Clock which he kept for a Standard or Regulator 
woſe Weight of Pendulum was 605) and which he obſerved 

Nnn 2 altered 
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altered not more than 12 or 14” in 24 Hours between Winter 
and Summer, he found by 3 Years and 4 Months conſtant Ob- 
ſervation, that the Irregularity pf the Clock with the Duichfilver 
Pendulum, did not, when greateſt, exceed a 6th Part of that of 
the other Clock, and for the moſt Part of the Time it did not 
exceed an 8th or gth Part, In this Clock, the Tube was Braks 
and varniſhed on the Inſide. | 

3500. But as a Pendulum of this Form, to beat Seconds, 
muſt be near 5 Feet long, it will be worth while here to thew 
how any uniform Solid Pendulum may he conſtructed, that, in 
a a given Lergth, ſhall vibrate in a given Ti ime 3 E as many 
curious Particulars will reſult from the Demonſtration of the 
Theory, and ſuch as we think not a A. neg { in a Treq- 
tiſe of Clock-work, 


3501. Let GCDEH (Fig. 2.) be a hand ſuſpended on 


the Point B by a Thread A B, in its middle Point A; produce 
BA to F; and drawing O LM parallel to CD; put AB, 
AL = x, LM 9, and BM = d. Then, ſuppoling the 
Rectangle D H to vibrate (in latus, or) Side ways about the 

Axis tis P Q. 1 Force of all the Particles i in the Line LM will 


be a T x y + Th (3487) = "35 + 2677 EFT IH 
which multiplied by & gives a* y # + REES + zi y + [ys 
whoſe Fluent @&*yx + ax*y + 4x*3 + 45* x is the Force of 
the Rectangle C M, or of the Refhangle Ye E, when x or AL 
becomes AF;-: 

3502. Then let G be the Center of Gravity i in the Reftangle, 
and becauſe the F luxion of the Weight xy multiplied by the 


Diſtance a + x is: y + y* #, the fluxionary Moment of the 
Rectangle, therefore the Moment itſelf will be the Fluent 
a" yx + ays* + 3 xy 11777 
| | a + T 

= CE D — = Bn, the Diſtance of the Center 


exy + i yab. Conſequently 


a + -x 
of Ofeillation from the Point of Suſpenſion B, when & = 
A F. 
3503 Let a = o, or let the ReQungle be pended ni 
Vertex 


2 8. F 


FAS 23 & 


% 
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Vertex A, then will the Diſtance of the Center 5 Oceillation 
AN = XIE 3x — =32 42% L, andwher 


1 * 


the Breadth * the Rectangle is foie) ſmall, or y = o, it 


becomes a Right Line AF, and chen + — — „ =2AF, u. 


before ſhewn (1 129.) 


3504. If the Point of Suſpenſion B be within the — 


then AB = a, will be negative, but a* will be poſitive; and 
the Diſtance of the Center of Oſcillation will be 


&—ax L . . 


x — 4 


3505. If 2y = x, then the Rectangle becomes a Square; and 
the Equation for the Center of Oſcillation becomes ä 
and if a = o, or the aa be ſuſpended in the vertical Paint A, 
= 4 x = Diſtance of the Center of Of- 


cllation in the 3 AF, from the Point A. 


3506. If we ſuppoſe x leſs than 25, then is the Rectangle to 
be conſidered as a Horizontal one; but the ſame Equation 


( 3504) gives the Diſtance of the Center of Oſcillation in the 


Line A F, continued out, if required. 
3507. If x = o, this Rectangle then becomes an horizontal 


Line CD = 293 and the Equation (3502) becomes EF, 


the ſame Expreſſion as was found for the Center of Oſcillation 
in ſuch a Line before. (3488.) 

3508. Let us now ſuppoſe the Plane CDEH (Fig. 3 ) to 
move parallel to itſelf in the Direction of the Line IK and 
thereby generate the Solid or Parallelopiped C 8 in flowing from 
A to K, or the Solid C T in moving from A to I. Put AF, or 
AK, S 2; then the Force of the Rectangle or Plane CE, 
which is a* yx + ax*y+434x*y + ** (3501) being multiplied 
by z, will be the Fluxion of the Force of the Solid, viz. 4* 54 
TS TIN +4 xs And axyz + 4x*& is 


the Fluxion of the 8 thereof; therefore the /Fluent of 


the former divided by that the latter, is 


- - WS 2» —- — —— nw 
— D > . - 
— — * o 


% 
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WF + ax + 2445 


a+xx 


a xyz + ax*yz + 3x yz T4 
_axyz+x4* yz 


the Diſtance of the Center of Oſcillation from the Point B, and 


is the very ſame as was found for the Rectangle or Plane 


CE (3502.) 
3509. From all which it is evident that the Center of Ofcilla- 


tion is not affected by the Thickneſs of the Parallellopiped, but 
only by its Length AF = x, and Breadth CD = 29; alſo, 
that the Increaſe of its Diſtance from the Point of Suſpenſion is 


always as 3 I 72 T, or 4 of a Third Proportional to its Length and bay 
Breadth (250 3 ) Therefore in an horizontal Plane, when y = x, 


2 * below the 


we have its Diſtance = 14 +7 Z = Fx, or 


Plane in the Line AF Aol IIS out. 

3510. If z = o, andy = o, the Solid degenerates into a 
Line or Rod AF, ſuſpended by a String (without Weight) AB 
a; and how ws Diſtance of the Center of Oſcillation will 
Ne — (3502 

3511. When the Rod AF is ſuſpended at one End A, then 
the Diſtances of this Point A and the Center of Oſcillation N 
from the Center of Gravity G, we called g and 4 (3288.) And 
if the ſaid Rod be ſuſpended from the Point B by the inflexible 
Line A B, put the Diſtance BG G and the Diſtance Gn = 
D; then will GD = gd, in all Caſes, For GIS IED, 
= Bn = N. Therefore, a þ ax + 2K = GN, an 
af tax +3} If —a+xx _ GN— 6: 

ogy x — G =D; whence 

'GN—G*,= GD, but GNM G- = DO = £3 22K 
gd; therefore GD = gd; and conſequently G: g:: d: D. 

3512. Aſter the ſame Manner it is proved for the Parallello- 
gram CE; and all other vibrating Bodies, that the Di/lances of 
the Paints of Suſpenſion and of the Centers of Oſcillation from, the Cen- 
ter of Gravity are in an inverſe Ratio, and are therefore, mutualh 
interchangeable, or convertible into each other, Thus for Exam ple, 


if 


LY 
7 


* * 
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if the Rectangle C E was to be ſuſpended upon the Point N 
(which is the Center of Oſcillation when ſuſpended at A) then 
the Plane will be inverted, and the Center of Oſcillation will 
be in the End or loweſt Point A of the middle vertical Line, 
23513. Or thus; Let O be the Center of Oſcillation in the 
Plane or uniform Pendulum CE; then AO =2 AF, when 
the Point of Suſpenſion is in the Vertex A. Then let the Pen- 
dulum be ſuſpended on the Point B, ſo that AB=43 AF 
(Fig. 4) then will the Center of Oſcillation be removed from 
O to the End or Point F in N, and the Diſtance B N being 
equal to AO, the Time of Vibration on the Centers A and B 
will be the ſame. 

3514. If the Point of Suſpenſion be taken nearer to the Cen- 
ter of Gravity G, the Center of Ofcillation will go out of the 
Plane to ſome diſtant Point in the Right Line AF produced. 
Thus if (H) be the Point of Suſpenſion, B will be the Center 
of Oſcillation. And if Gh = G (in Fig. 2.) then will GB 
here be equal to G B there (according to 3511, 3512.) As 
it will ever be AG x GN = BG x Gn GS * G3, 
and ſo on. 

AG x GN 
Gh 


= G B, the Numerator is conſtant, we ſhall have G B as 22 6 7 


and therefore G B will be infinite, when Gg o, or when the 
Plane is ſuſpended on the Center of Gravity G. Conſequently, 


3515. Hence it is evident, ſince in the F. cafion 


in any given uniform Pendulum C E a Point of Suſpenſion (B may 


be found or aſſigned between B and G, ſuch that the Time of Vibra- 
tion hall be equal to that of a common Pendulum of any given Ln 
wt leſs than the Minimum of this Sort. 

3516. As the Time of a Vibration in a Pendulum of this 
Form, is, when a Maximum, infinite; it may be proper to de- 
termine its Quantity when a Minimum or the leaſt it can be. To 
this End put BG = x, and G n = y (Fig. 2.) and + y =p, 


an iſochronal Pendulum ; this, when a Minimum gives & + y 


= 0; and therefore xy = — 35; but ſince xy = a conltane E: 


Quaatiey, (3514,) we have 45 +xj=0; and hence & - 
So, and fo we find x or BG = Gx, when the Vibra- 
tion is of the leaſt Time poſſible. 

35 7. But 


\ 


* 
* . 
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3517. But it is always y =dg(3511,) and therefore in thi 


ler 24 V (3287,) therefore x +y 27 
= 24 = 24/75 putting =S=AF = 1; that is, the 
whole Length AF is to the Length of the ſhorteſt Pendulum 
% as 1 to o, 577. 

3518. That this Form of a Pendulum may be adapted to 15 
geral Uſe, or to meaſure any Time from the Sidereal to the Lu- 
a —aS+3S* + 3W: 

18— 4 
r Length of an iſochronous Pendulum proper for the 
Time of the given Day (3504.) (Here S x = AF the Length, 
and W = y = + CD, half the Breadth of the given Pendu- 
lum.) Then 3 + 3$*+ 1W* =2pS—ap; and 
a* — aS+ap=xpþS—3S*—3W* = 5; and putting ? — 
S t, we Have * —ta=5; and a. — e itz 


and thereforea= -] and thus the Diſtance of 
the Point of Suſpenſion from A is found for any Value of (5 
from that of a Pendulum of 1436” for a Sidreal, to1 5oo/ jor 
the longeſt Lunar Day (3323.) 

3519. Hence then it appears, (1) Thatan alt Pendulun 
entirely ſolid, may be made to vibrate in a given Time, (2) 
That it may be of any given Length and Width. (3) Thatit may 
de adapted to regulate Clocks for meaſuring different Lengths 

Days, (4) And that the Errors they are ſubject to from 
eat and Cold, or Difference of Gravity in different Regions of 
the Earth, are very ſmall, if not altogether inconſiderable; as 
the Point of Suſpenſion is here at ſo ſmall a Diſtance from the 
Center of Gravity; and the Length of the Pendulum itſelf fo 

much leſs than an iſochronal One of the common Sort of 58,8 
Inches (3298. )/ | 


nar Day, in a given Length thereof S, Let 
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c HA P. XXI. 


be THEORY of Rotulary PENDULUMS, conſtructed 
in a new METHOD, which, in very ſhort 
LENGTHS, ſhall vibrate in any given T1ME. 


520. WE cannot diſmiſs the Subject of Pendulums, till it 
is rendered more compleat by a few Theorems 
| Obſervations which yet remain to be demonſtrated, as up- 
them, ſome conſiderable. Improvements*in the Doctrine 
Pendulums will appear to depend. The great Lengths 
a Second Pendulum requiring ſo large and cumberſome a 
ock-caſe has long been an Objection, which the Rotulary 
dulum of Mr. SULLY was deſigned to remove ; but this may 
done by Methods more facile and natural, as we ſhall now 
oceed to ſhew. 
3521. Though our Methods of Pang the Second Pendu- 
will require the Uſe of the Rotula, yet its Application will 
to the natural, and not to an artificial Pendulum, as Sulh's 
3s. And theſe Methods will admit of as much eaſier Con- 
uctions as they are in themſelves more natural and better 
Japted to Uſe, eſpecially at SEA, where Sulh's Pendulum will 
much more affected by the Motion of the Ship, than any of 
eſe, which we have now to propoſe. 
3522, The THEORVY on which theſe Methods of reducing 
e Size of Second-pendulum Clocks are founded, are as follow. 
t it be required to find the Center of Oſcillation of the Periphery 
DH C of- a Circle ſuſpended at B by an inflexible Line B H 
d vibrating (in latus) about an Axis PQ. Suppoſe C and D 
o Particles or Weights i in the Periphery, and draw the Lines 
B, DB, and the Diameter C D, which'continue out to E, 
d let fall the Perpendicular R E upon it; laſtly, through the 
enter G draw the Vertical BHA. -. * 
3523 Then (putting CG = GD = x, 'G B = a, and 
= e,) we have CB* = CG* + BG* + 2CG GE 


3 ＋ 21 xr +e Alſo we have B D* = 
Vol. II. O oo 8 362 
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BG —GD*—-2GDxDE=BG + GD*--2GD 
x GES“ +r* —2r X Te; therefore C B* + BD* = 
2a* + 27*; or the Sum of the Forces of the two Particles C 
and Disa* + r* X 2. Therefore putting P = Periphery of of 
the Circle, the F orce of the whole * will be 45 + Ogre) 
* | 

3524. In a Circle whoſe Diameter is 1, the Periphery is 
3,14159 = þ; then 1:p::2r:27p = P, which ſubſtituted 
for P in the foregoing Expreſſion, gives 27 a* 4- 22, for 
the Force of the Periphery to reſiſt to angular Motion from 
the Diſtance BG. When a r, or the Suſpenſion is at the 
Vertex H, the Force is, as 1 x 2p, or as 277 XP. But 
when a = o, or the Circle is ſuſpended on its Center G, the 
Force thereof is r* * 2 þ, or * XP. 

3525. The Momentum of the Periphery is aP; ' therefore 
* * 
< 2 = —.— = BN = C, thee Diſtance of the 
Center f Oſcillation. When a r, then 2r = HA C, 
as we before ſhewed from other Principles. When a= o, 


_—— = C, infinite; or the Circle will ont db 


| then 


at reſt, 
3526. If we conſider the Radius AG as a ne Quan- 
tity then ſince the Force of the Periphery is 2pr a* + 2pr), 
or * P +P7*; therefore P,, + PN, or2pria* +2 
73 will be the Fluxion of the Force of the circular Area 
ACHD (Fig. 6.) The Force then of that Area will be Pra 
+ P, or pri a* + ipr*, Wherefore when a= o, or 
the Circular Area or Ratula A DHC moves on the Center of 
Gravity G, the Force is 2 pr* as we formerly found by ano- 
ther Method. ( 3458.) | 
3527. Then becauſe the Area ACED = ETP rr). 
therefore apr* will be cnn Momentum thereof ; conſequently 
LP +2" = a+ =BN = C. the Diſtance of the 


ee Yo 


| Center of Ofcillztion Aber the Point of Suſpenſion B. | 
3528. What we have hitherto ſaid is upon Suppoſition that 


the Rod CY by which the Circle is ſuſpended is without 
Ween! 


id + * | 
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Weight; but if jts Weight be conſiderable, call it (9); then 

its Force will be 4 a* (3306.) And the Diſtance of the Cen- 

be 12 501 222 3 1 * 
1461 22 


= C. Which Ex- 


ter of Oſcillation will, in this Caſe, 


4a*b + 2 4* 
146 + 24a 
preſſion is analogous to that for the Pendulum formerly de- 


ſcribed (3306.) 
3529. We may now proceed to the Application of the 
Wheel or Rotula to the natural Pendulum for reducing Clocks 


C. And, if = o, then 


om 
the to a conciſe and portable Form, and at the ſame Time to have 
Jut the Advantage of a flow Vibration, and, of Courſe, a much 


greater Equability of Motion, than common ſhort Pendulums 
can be expected to have. Firſt, Let a WHEEL be made uſe 
of for this End (as in Fig. 7 ;) then if the Thickneſs of its Peri- 
meter be inconſiderable, let the Weight thereof be called 
P, and the Radius = R, and we ſhall have its Force as 
RP (3524. 

3530. Again, the Force of any have uniform Rod S ſuſpended 
on its Middle Point or Center of Gravity will be as ½ S$* ( 3286.) 
Alſo the Weight of the Rod is as 8, and 38 = X, therefore 
the Force of ſuch a Rod or double Radius to reſiſt angular 
Motion will be 4RRS; therefore, if the Weight of all the 
Radii A, D, E, F, Sc. be called W, then their Force will 
be q RR W. 

3531. The central circular Part of the Wheel (abc d) may 
be conſidered as a ſmall Rotula whoſe Radius is r, and its Force 
5 5 wr* (3529) pang = to its Weight: For the Meigbt 
Is as the Area, which is 2 TP (3458.) =pr* = w. There- 
fore the Sum of the Forces of all the Parts of the Wheel will 
de R P + LE REW + wr, 

3532. And becauſe the Weight of the Pendulum muſt, in 
this Caſe be conſidered in every Part, and particularly exprefled, 
we will put the Weight of the circular Area MNO =p = 
57 (3527.) Whence the Center of Oicillation of the whole 
Pendulum will be lone Dn Got 0 

zab+ ap 
3533. Therefore by connecting the Wheel wi Pendulum 
Ooo2 together, 
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together, the Center of Oſcillation reſulting from both will be 
EA R W + 2 +434b+a*p. +4 pr? 
1ab + ap — 2 
3534. We may hereafter ſee more of the Uſe of the forego- 
ing Theorem in other Parts of Mechanics; but in the Buſineſs 
of Pendulums the Ratula is much preferable to the Wheel and 


the Theorem is more ſimple; for putting the Weight of the 
Rotula = W, and its Radius = R, then its whole Force of 


Inertia will be + W R* (3530,) and when the Pendulum is con- 
nected with it in the beſt Manner, its Weight will be inconſide- 
rable, nee co; and the Theorem for he Center of 
n rc. 

4 8p : | 
3535. If we put a* r = n, we have = 


Occillation i: is = 


I WR. +np 


4 9 
=C; and therefore . whence this 
Analogy, p: W:: 2 R.: 20 — u. 


3536. If we put 2 WR T Ep S8, we have 


422 
ap 
= C, therefore S + a* p = apC, therefore ap C — a*p= 


8, and aC — = Wi and by compleating the Square, and 


extracting the Root, we have a = Comm 5 * 105. 


3537. In the ſame Manner may the Angular Pendulum (de- 
ſcribed Chap. XVIII.) be connected with the Rotula, and its 
Time of Vibration thereby prolonged, or its Length very muck 
ſnortned for a given Time of Vibration. For 


. = (3471, or putting 454 e= 


2 1 
d 2 to. T2 
3, and e+b=v; wb tare E5 > * (3477. 


Whence ? 1 W K ＋ 4a X {= T* vx = E. Cx; there- 
fore 1 — 5 =* = C = Cofine of the Angle to which 
the Pendulum muſt be opened, that its Vibration may be a3 
the given Time T (3478, 3479.) This Conſtruction of the 


Pendulum and Rotula is ſhewn Fig, 8. 


. | 3538. Laſtly, 
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3538. Laſtly, the uniform Pendulum, deſcribed in the laſt 
Chapter, may with Eaſe be adapted to the Rotula (as in Fig. q.) 
and the Theorem (3504) may be accomodated thereto; for 
2yx is as the Area or Wight of the Pendulum itſelf, whence, 
putting 2. 9X = Wy we have 35*= 53 x*x- w*, and putting 1 + 
Ges —ax+x5x* 
FTI 
= C, the Length of an iſochronal Pendulum. ; 
35 39. And thus it appears how eaſy it is for the expert Clack- 
Maker to chuſe what Lengths and Forms of Pendulums he 
pleaſes, to vibrate in a given Time; and by this Means to ren- 
der his Clocks portable and conciſe in any Degree. And fur- 
ther, that by ſuch compendious Conſtructions _ are in the 
beſt Manner 1. for Uſe at ns A. 


149% = 5, We ſhall have the a 
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WR ＋ Celeſtial MrcnaxiCs explained, 
and applied to the Conſtruction of New Hx- 
Lios TATA, or Planetary CLock for fixing the 
Ravs of L1GuT proceeding from the SUN, Moon, 
and PLANETS, by which thoſe Qbjefts are ren- 
dered apparently at REST for Aſtronomical Ok- 
SERVATIONS, 


3540. H“ ſhewn the Conſtruction of a Variety of 


Planetary Pentlulums, we now proceed to conſider 
the Nature, Form, and Diſpoſition of a PLANETARY CLock, 


that is of a much more general Nature than the Heliaſlata of 
S Graveſand, which | have at large explained in my Philsſophica 


Britannica; for that is wholly confined to the Sun, as its Title 
implies ; and is of a much coarſer, and more cumberſome Con- 
ſtruction, than that we have here to propoſe. 

3541. It muſt be confeſſed the Heliglata has been greatly 
improved by the learned C. G. KRATZENSTEIN in what he 
calls Mechanice Cwele/lis Specimen Primum, or Firſt Specimen of 
Cele/iial 
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Celeſtial MECHANICS, in which he has in ſome Meaſure pro- 
vided for viewing the Moon, and Planets as well as the Sun; 
but we can by no Means think the Mechaniſm of his Clock, or 
the Manner of applying it, fo conciſe and delicate as the Nature 
of the Subject both require and will admit of; this we preſume 
will be readily granted by any one who will pleaſe to compare 
the Account we here give of the Clock of our own Conſtruc- 
tion with that you find of his in the n CoMENTA- 
RIEs, for the Years 1747 and 1748, 

3542. The Rationale he has given of this n new Kind of Cle. 
tial Mechaniſm (as he very properly calls it) is exceeding good; 
and as it only wants to be a little ſoftened and dilated, to ſuit it 
to an Engliſh Genius, we ſhall here undertake that Office, and 
we hope, to the Satisfaction of the curious Reader. 

3543- The Deſign of ſuch a Celgſtial Machixꝝ being to ren- 
der the Sun, Moon, and PLaneTs, apparently quieſcent, or 
at Reſt to the View, it cannot but be eſteemed the moſt uſeful 
Invention in Mechanics, and beft adapted for aſtonomical Ob- 
ſervations; where the conſtant Motion of the celeſtial Bodies 
and the difficult and irkſome Application of long Teleſcopes 
create perpetual Moleſtation to the ingenious Student; and ge- 
rally, not only diſcourage, but very often entirely defeat the 
Enterprizes of induſtrious Obſervers. 


3544. The firſt Principle of this new Theory of Celflid 
MEecHranics is that of Catoptrics, where it is ſhewn, that the 
Angles contained by the incident and reflected Ray with the Perpendi- 
cular Plane are always equal to each other (1282.) Hence it will 
follow, that if the incident Ray be conſidered as fixed, and the 
reflecting Plane be moveable, then the reflected Ray will alſo 
be moveable and its angular Motion will be Juſt double to that 
of the Plane. 

3545. For ſuppoſe the Radiant Object at 8, and 8 D a Ray 
of Light, incident perpendicularly upon a reflecting Plane A B; 


with any Radius CD deſcribe the Circle DI K G to touch the 


Plane in the Point of Incidence D; and let D K be the vertical 
Diameter, and I G the horizontal one. Then it is evident that 
SD will repreſent not only the incident Ray, but alſo the 
reflected Ray as well as the Perpendicular to the —_ for in 
this Caſe they all coincide. 


3 546, Then 
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2546. Then ſuppoſe the reflecting Plane A B moveable about 
the fixed Point D by an inflexible ſtrait Wire D L, and that it 
was thus moved about, till it came into the. Poſition E F making 
- an Angle ADE with its firſt Poſition, of 45 3 ; laſtly, ſuppoſe 
this Motion was produced by an Arm CK moveable on. the 
Center C, and having a Fork at the End K to receive the 
Wire DL; then it is plain, (1.) That while the Plane 
- is moved from the Situation AB into EF, the Wire DL 8 
is moved into the Poſition D M interſecting the Circle in 
| che Point J, or End of the horizontal Diameter. (2.) The 
1 Am CK has moved into the Poſition CI. (3.) That 
becauſe in the Triangle DCI, the Sides DC and CI are 
always equal, therefore the Angles at D and I will be ever 
equal; and conſequently (4.) The Angle K CI will ever be 
equal to 2 CDM, or the angular Motion of the Arm CK is 
7 twice that of the Wire DL or of the Plane AB. (5.) That 4} 
the incident Ray SD, the Perpendicular PD, and the reflected | 
Ray DO, will ever be reſpectively parallel to the three Sides 
b. WH CD, DI, and 1 C of the Triangle CDI. And that there- 
hes fore (6.) The angular Motion of the reflected Ray OD will 
pes de double that of the Plane or Glaſs A B. 


4 3547. And (vice verſa) the ſame Things are equally evident 
* with regard to the incident Ray being conſidered as moveable; 
1107 and then, if its Motion be juſt twice as much as that of the | 


Plane AB, the Poſition of the reflected Ray will be conſtant, 
my or always the ſame. Thus for Example, if E F be the Poſition 
vill of the reflecting Plane, and O the Radiant be ſuppoſed to move 
through a Quadrant from O to S, then in that Time the Wire 
100 DM will move into the Poſition DL and the Plane into the 
Poſition AB, which angular Motion MD or EDA being but 


= half fo great as 'the angular Motion of the Radiant ODS (ar | 
T1 ICK) it is evident, the reflected Ray DS. will be always i in the | 
w ſame Pgſition, and ſo may be conſidered as fixed or immoveable.* 4 
he 3548. This is the fundamental Principle on which the The- 

cal ory of the Machina Cleftis, as alſo that of the Newtoman SE a- 

4" OcrANT (uſually called Hadley's Quadrant ) do entirely depend. 

2 _ 


* See Fig. 1 and 2 of the Plate entituled The 8 of 
ben Clfial Mecuanics, | 


. 


- ＋ 9 2 4 
. r 40 F 9 
3 *. 4 
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This, with Regard to the ſaid Ocraxx, has been already ſhewn 
in a ſmall Treatiſe on that Subject; + and with reſpect to this 
CELesTIAL CLOCK, we hall now a little e in its Il- 
luſtration. 

3549. If the Sus or-PLANET were to move or 4 
about us in the Horizon, it is evident, ſince the Wire or Ray 
DM is, in this Caſe, always in the Plane of the Horizon; 1 
perpendicular to the reflecting Plane, therefore the ref 
Plane will always be Vertical to the Plane of the Horizon; 
and its Perpendicular DP will deſcribe a Quadrant while 
the Sun or Planet deſcribes a Semi-circle in the Horizon, at the 
ſame Time that it appears quieſcent or fixed, when viewed in 
the Reflecter E F, in the Direction 8 D (3547.) | 

3550. But if we ſuppoſe the Sun or Planet to move in a Circle, 
parallel to the Horizon, and at a given. Altitude above it, while 
the Eye continues in the horizontal Plane; then the Motion of 
the Radiant and Reflecting Plane will be in the ſame Ratio as be- 
fore, but the Poſition of the ſaid reflecting Plane will now be 
oblique to the Plane of the Horizon, in order that the reflected 
Ray may be parallel to it, and continue fixed and immoveadie 
as before. 

3551. Thus if H O be the Horizon, (Fig. 3.) and the Angle 
SRO be that of the Sun's Altitude above it, then if we take any 
Diſtance R Q for Radius, and on the Point Q erect the Perpendi- 
cular QD, interſecting the Ray SR in D, it will be the Tan- 
gent of the Sun's Altitude to the Radius QR. Through the 
Point D draw G C parallel to O H; and laſtly, draw PDH 
to biſect the Angle of Altitude S DG. Then it is evident, if 
a Plane Speculum E F be placed with its Center. on the Point 
D, and in a Poſition perpendicular to the Line P H, it will be 
that which is required for reflecting every incident Ray SD 
from every Part of the diurnal Circle of the Sun into one con- 
ſtant Direction D G parallel to the Horizon O H. 


3552. For continue GD to K, and take DC = DR = 


Secant of the Altitude, and then C will be the Center of a Cir- 
cle parallel to that of the Sun's Motion; and drawing CH 
(= CD) itwill repreſent the Arm, which by its Fork at the 


End will — keep the Wire DH conſtantly biſecting the. 


Angle 


% The Tizoxy of HapLiy's Quavnart demonſtrated. 
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angle SD G, and thereby render the reflected Ray DG per- 
manently fixed. The above Phænomena belong to the Pa- 
rallel Sphere, or to a Perſon under either Pole. 

3553- But to the Inhabitants of an ebligue Sphere the Equator 
itſelf and all its Parallel, make an Angle with the Horizon; 
and thereby cauſe that every Day, and every Part of every Day, 
the Altitude of the Sun above the Horizon will be variable; and 
conſequently there muſt, in this Caſe, be another Figure for the 
Conſtruction or Diſpoſition of the Speculum for fixing the 
| reflected Ray in the Plane of the Meridian, and parallel to the 
Horizon. 

3554. Thus let AV (Fi ig. 4.) be an horizontal Line, and 
the Angle E A V be the Elevation of the Plane of the Ero 
EA above the ſame. Alſo let the Angle E AG be the North 
Declination of the SUN or PLANET, and the Angle EA C the 
Declination, South. Then, of Courſe, EX A is the Latitude of 
the Place. Now AE being Radius, E B is the Tangent and AB 
the Secant of the North Declination or Elevation of the Planet 
above the Equator E A ; therefore by drawing B R parallel to 
AV, and therein taking BI = AB, it will give the Point I 
for the Place of the Center of the Speculum (3551,) by which 
the Sun-beam SI will be reflected into I R parallel to the Ho- 
rizon by a Wire I A perpendicular thereto, and which continued 
to (i) biſects the Angle of the Sun's Altitude STR BAV 
2BAI. 

3555. In like Manner, if through the Point C, aLine CT 
be drawn parallel to the Horizon A V, and in that we take CK 
= AC, then K will be the Place of the Speculum to reflect 
the Sun- beam S K parallel to C A, (in South Declination) into 
the Direction K Ty by the Wire * A, biſecting the Angle 
CAV =$KT. 

3556. From whence it is 8 the Center of the Circle 
parallel to the Sun or Planet's diurnal Motion, and in which the 
dpeculum is placed, will always be in the Line BX parallel to 
the Axis of the World; and therefore if the ſaid Line be continu- 
ed each Way to G and Z indefinitely, it may repreſent the Axis 
ZH of a Clock LM NO, continued out; which Clock, being 
placed in a Poſition parallel to the Equator AE, if it be furniſh- 
ed with an Arm H P moving on the Center H, and carrying on 

Vor. II. e its 


ii to move on a ſtrong and well wrought Hing on the Fore- part 
4 
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its Extremity p an upright Wire or Stem P A with a Fork: at A 


to receive the Wire 1 A of the Speculum, then by the Mecha- 


niſm of the Clock the Index or Arm HP will be carried with a 
Motion ſimilar to that of the Sun or Planet whoſe Beam, $1, 
will thereby be always rendered permanent in the ſame horizon- 
tal Direction, from the riſing to the ſetting of the ſame ; all 
which is evident from the preceding Articles. 

3557. It is manifeſt alſo from the Conſtruction of the Figure 
that the Poſition of the Speculum being conſtantly variable, the 
Diſtance thereof from the Point A in the horizontal Line A V, 
and its Altitude above the ſaid Line, will be variable likewiſe, 
with the different and variable Altitude of the Luminary above 
the Horizon of the Place ; and therefore it is neceſſary to cal- 
culate the horizontal Diſtances and Altitudes of the Speculum 
from the greateſt to the leaſt Quantities thereof for any parti- 
cular Latitude, that it may be readily adapted to any given De- 
clination of the Sun or Planet for the Day it is uſed. 

3558. With Reſpect to the Firſt of theſe, viz. the Diſtance 
of the Foot of the Speculum I from the Point A in the horizon- 
tal Line AV, it is eafily computed thus; from the Center or 
Point B let fall the Perpendicular BD; then in the Triangle 
ABD, the Angle BAD is known, being the Sum of the Co- 
Latitude (E A D) and the Declination ( E AB); and the Side 
AB (= BI) being the Secant of the given Declination to the 
Radius AE, from whence AD (the Baſe) is found ; which 
added to BI, gives (BI + DA) the horizontal Diſtance re- 
quired, ſuppoſe for the greateſt Declination propoſed E AB. 
Thus in the Triangle CAF we find AF; and then AF+ 
CK, is the horizontal Diſtance for any other Declination EAC 
on the other Part, or below the Equator. 

3559. The Altitude of the Speculum above the horizontal 
Line AV is the Perpendicular B D, for the Declination EA; 


and CF for the Declination EAC; which are Parts of the 


given Triangles ; and therefore are readily found for all Declina- 
tions. And thus the Speculum is adjuſted for ready and con- 


{tant Uſe at all Times. | 
3560. If it be required to conſtruct this Celeſtial CLock uni- 
verlally, or ſo as to adapt it for all Latitudes, it is only making 


al 


\ 
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at N, and then it may be elevated to any Degree of Latitude on 


agraduated Arch on the back Part at O, to which it may be faſ- 


tened by a Screw. | 

2561. But then it muſt be conſidered, that as the Perpendicu- 
lar Height AP, of the Fork A, above the Arm HP, is the 
Tangent of the Co-Latitude, or Elevation of the Equator, viz. 
ALP = LPW to the conſtant Radius LP; therefore that 
Height (AP) will be conſtantly variable with the Latitude i in 
an inverſe Ratio, or is greater as the Latitude is lefs ; and vice 
vera. And this muſt be provided for by Calculation alſo, and 
conſtantly adjuſted to the Latitude by a graduated Scale. All 
which is eaſily done by the Triangle ALP, wherein LP is of 
2 given Length, and PA is found for any given Latitude 
LAP = APQ, So that for every particular Latitude, the 
three Quantities AD, BD, and AP muſt be calculated, and 
the Clock and Speculum thereby adjuſted. 

3562. According to-the Luminary you propoſe to view or 
obſerve, the Pendulum of the Clock muſt be peculiarly adapt- 
ed; the Methods of doing which, for the various Sorts of Pla- 
wary Pendulums, we have already deſcribed in their ſeveral Con- 
ſtructions, and muſt leave the Artiſt to chuſe out of them all that 
which he thinks beſt ; for by this Time we preſume he muſt be 
very ſenſible the SUN, the Moon, a STAR, and each particular 
PLANET muſt have a Pendulum properly qualified to render it 
quieſcent to the View. 


3563. In this Celgſtial CLock it will moreover be very ex- 


pedient to have the Hour-circle upon the Face of the Clock 
moveable, and divided into 24 Hours, or twice XII; for by this 
Means the Hour and Minute of the Luminary's Culminating, 
or being on the Meridian, may be brought into the Vertical 
Line or Meridian of the Chet; and then the Hands being placed 
to the preſent Hour and Minute in that moveable Circle, will 
conſtantly ſhew the Time and Motion of that Luminary ; for 
the Hour- hand will always keep Pace with it in the Heavens, 
and ſhew its Right Aſcenſion, or Difference from Solar Time, 
Which will be ſtill more evident if the moveable Hour-Circle be 


ROY 


added to that which is fixed, and both divided into twice XII 


Hours, (See 3325, Sc) | 
Ppp 2 3564. Be- 
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3564. Before any Obſervation is begun, the Clock muſtbe 


very nicely placed in the Meridian Line, or fo as that the Meri. 
dian Line of the Clock may coincide with the Meridian of the 
Place; to which End this Clock muſt be furniſhed with a very 
good Magnetical Compaſs and Needle, and the VARIATIOx thereof 
muſt be accurately found by Experiment for the Latitude where 
it is uſed, And by that the Clock may be readily adjuſted ta 
the Meridian. Alſo two Spirit Levels. muſt be placed i in a pro- 
per Part of the Machine at right Angles to each other by which 
it may be always reduced to a truly horizontal. Poſition; 

3565, By Means of this Machine duly adjuſted: to the dun, 
if the Room be darkened and a Hole made in the Window- 
Shutter to let in a Beam of the Sun's Rays upon the Speculum, 
it will continue to be reflected in one conſtant Direction all the 
Time it can fall on the Speculum, which may be ſo contrived 
as to be long enough for moſt Optical Experiments, either with 
 "PrIsms, or the SOLAR MicroscCope, Cc. Beſides it will be 
no difficult Matter to follow the incident Beam with the Speculum 
by having Caſtors at the Bottom, or Foot of the Frame, ſup- 
porting the Clogk, and thereby moving and adjuſting. it, as 
required, with the greateſt Eaſe, 

3566. But the nobleſt Purpoſe to be anſwered by this Celghal 
Machixk is fixing the heavenly Bodies, or rendering them 
ſtationary or quieſcent in the Field of the Teleſcope for aftrono- 
mical Obſervation ; an Advantage hitherto wanted (and. unat- 
tainable by any other Means, ) for advancing the Scienee of 
Aſtronomy to its true Summit of Perfection. The Teleſcope 
for this Purpoſe ſhould be of the reflecting Sort, and furniſhed 
with a Micrometer of different Forms, viz. the Lattice, the 
parallel IWires, the divided Object. glaſ, the fins Screw, c. for 
meaſuring and delineating the Surfaces of the SUN, Moog, and 
PLANETS. 

3567. I need not add, that the Foot and Stem of the Teleſ⸗ 
cope ſhould be ſo contrived, that it may be always placed truly 
horizontal, exactly in the Meridian of the Clock, and juſt of 
the ſame Height of the Center of the Speculum, by this Means 
the Obſerver will fit at Eaſe, and, without the leaſt Diſturbance, 
r the various and wonderful Phænomena of each * 

| | fe 
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And thus we have finiſhed the Theory, or general 

principles, of the ſublimeſt Piece of Machinery, that the In- 

vention of Man has yet been able to produce.“ 

3568. It may alſo be obſerved, that if the Speculum at I or 

K be placed in the Direction perpendicular to the former, or 

parallel to that of the Wire AI or AK then will the Ray 8 J, 

K be reflected the contrary Way, or in the Direction I B, or 

K C, in the ſame Right Line R B, or T C as before; and in 

many Caſes ſuch a Reflection or Poſition of the Ray will be more 
convenient than the other on the Part towards the Sun, 

3569. Laſtly; The Speculum C to be uſed in all Obſerva- 
tions of the heavenly Bodies muſt be a plain One, and as per- 
ſectly true as Art can make it; and indeed unleſs it be extreme- 

tr Pwell poliſhed, it cannot anſwer any ſuch Purpoſe, 
No Concave or Convex Speculum can in ſuch a Caſe be uſed, for 
eaſons mentioned in the Theory of Catoptrics; though in 
any Experiments which require the Convergency of Rays for 


/ illumination only, a Concave Reflector may be applied to an- 


ſwer many uſeful Deſigns, which the Ingenuity of Artiſts will 


\ naturally ſuggeſt. 


OH A P. XXII. 


The PRINCIPLES gf \Celeſtial MEcHanics applied to 
the Conſtructi a MicRocosm, confiſting of a 
PLANETARIUM, TELLURIAN, and LUNARIUM, 
for exhibiting the Celeſtial Mor 1oxs. 


3570. HERE is another Branch of Clock- York, which may 

be properly eſteemed the Second Part of CELEs- 

TIAL MECHANICS ; for by this we exhibit the Mor tors of 

the Heavenly Bodies, as well as the Time thereof, by the 
Clock 

* See a further Account of the practical Uſe of this new He/oflata, 


or Planetary Clock in another Part of this Work, wiz. The Young 
GexnTLEMAn and Laby's PHILOSOPHY, Page 302, Cc. 
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Clock, and proper Mechaniſm for that Purpoſe, to be added 
thereto. 

3571. The Celgſtial Bodies whoſe Motions are ed by 
Clock-Work are the PLAN ETS, the EarTH and the Moon; 
the Motions of the Secondary Planets, or Satellites of Jupiter and 
Saturn, are ſometimes ſhewn in ſuch a Syſtem of Mechaniſm 
as is uſually called an ORRERY ; but the common Method; 
of conſtructing theſe large iframes render them very ex- 
penſive, and conſequently they are but rarely made. But we 
ſhall endeavour to remove this Difficulty by propoſing other 
Conſtructions and Forms of Orreries that will be leſs coſtly, and 
perhaps more elegant and natural, as well as much more con- 
ciſe. | 

3572. The Calculations of the Celeſtial Motion depend on 
ering « the Times of the Revolutions of the heavenly Bodies 
about their proper Centers, and taking the Ratios of 48 Pe- 
riods in ſuch Numbers as will beſt anſwer for toothing the 
Wheels and Pinions of the Work by which thofe artificial Mo- 
tions or Revolutions are to be produced ; and then how or 
in what Manner they are to be connected with the Movement of 
the Clock for their Continuation, 

3573. We ſhall firſt begin with the Motions of the Primary 
PLANETS about the SUN ; and by the beſt aſtronomical Obſer- 
vations, their mean Revolutions or * Times are as fol- 
low, viz. | 

N . 
SATURN revolves in 10750, 3 Days. 
JUrITER —— 4332, 5 
Mars — — 686, 9 
EARTH —— 365,25 
VENVuvds —— 2247 
Mercury ———— 38. 


3574. Now the Ratio of the Earth's Period to thoſe of the 
Reſt of the Planets is hereby given, and therefore may be ex- 
preſſed in leſſer Numbers which may be at the ſame Time In- 
tegers, and conveniently adapted for the Teeth of the Wheel- 
Work for the intended Movement. And upon Trial thoſe 

which 


1 
* 


whic 
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which are found to anſwer beſt are as in the following Table, 


As 365, 25: 88 : 83 : 20 for Mercury. 
365,25: 224,7 :: 52: 32 — VEnus. 
365,25: 686,9 :: 40: 75 — Mars. 
365,25: 4332,55 :: 7: 83 — Jorrrxx. 
355,5 ; 197593 22 5 1 18 renn 


And according to theſe Nebers the Wheel Is to 


the EARTH muſt have 50 Teeth. 

2575- Thea if on one Arbor you fix fix Wheels with the fol- 
lwing Number of Teeth, 83, 52, 50, 40, 7, 5, to drive 
another ſet of Wheels each moveable upon another Arbor, 
and with the Number of Teeth in the other Column reſpec- 
tively, 20, 32, 50, 75, 83, 148; and laſtly, if on the ſeveral 
moveable Wheels proper Sockets are fixed (moving within, and 
independent of each other,) then will round ivory Balls, at the 
End of flender Wires fixed to thoſe Sockets, be carried about 
the Arbor in the ſame Periods of Time, reſpectively to each 
other, with thoſe of the real Planets in the Heavens. 

3576. If this Syſtem of Movements be properly diſpoſed i in a 
Box; and on the Top or Cover be drawn or engraved the Ca- 
lendat and Ecliptic, and a braſs or lacquered Ball be placed on 
the Top of the Arbor of moveable Wheels, then, by a Handle 
or Winch, the Whole may be put into Motion ; and it will 
then become a Planetarium or manual ORRERY of a moſt uſeful 
Form, and exhibit all the Phenomena of the SOLAR ann 

or that according to Copernicus. 

2577. If inſtead of the lacquered Ball, you put a dees lach 
terreftrial GL.oss on the ſaid Arbor, and a ſmall braſs Ball upon 
the Arm carrying the ivory Ball, repreſenting the Earth among 
the Planets, then will the Machine be changed into the Ptolomaic 
Sytem of the World; by which all the Abſurdities of that ſenſe- 
les Hypotheſis may be eaſily exhibited and refuted. 

3578. Such a Syſtem of Planetary Movements may eaſily be 
applied to a Piece of Clack Work by which it may be made to go 
ay required Time, as an Hour or two; in which the Earth 
may revolve two or three Times about the Sun (or the Sun 

about 
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aböht the Barthy) awhich is a ſufficient Interval. for e 
| 25 8 2 the conſiderable Appearances in either Syſtem, un 
| the Primary Planets.” But if it be required that the Motiohaw 
| y 487 a 8 tis artificial Syſtem Ihould be the ſame with thoſe id the 
| © Syſtem of the World, then we muſt proceed as follows: 
| 3579. Let it be required to conſtruct a Movement for a Mo- 
| tion to be performed in the Space of ene Year, or 3654 D 
ſor we muſt not pretend to the Accuracy of an Hour or tw 
258 in a Year. In 3654 Days there are 730 Half. days of 12 Hou 
++ This Number is protiiced by the Factors 184, 8, and gj 
| = 5 * 8 * 18% = 730. Therefore any Namder of © Wheel 
28 and Pinions which will produce theſe NENT will Produce 
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. „ Thus . a Wheel (A) with a Pinion of 6 Tas 
1 . a Wheel (B) of 20; and this Wheel carrying a Pinion Wi 
of 4 Teeth drives a Wheel (C) with 40; and this with a Wn 
nion of 4 drives the laſt and largeſt Wheel (D) with 73 Teen WE 
Then it is evident (3180.) that in one Turn of B chere wil 
be 4 Turns of A; and 40 Turns of A in one Turn of C; 
and 730 Turns of A in one of the laſt Wheel D. And theres 
fore this Wheel D moves round once in a Vear, and conſe- 
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quently if the firſt Wheel A be connected with another by - 
Wheel fixed on the Arbor of the Great Wheel (or Fuſee) 'zE 
an 8 Day Clock, then by Circles on its extreme Parts the Do i 
of the Month, or Sun's Place in the Ecliptic will be voy end = 
ly ſhewn, through the whole Year. = 

3581. Now this little Syſtem of Wheels may be very ea - 
connected with the Movement of a Clock on one Part, al = 
with that of the Planetarium on the other; ſo that the Clock 


(with a proper additional Weight, ) ſhall conſtantly keep the Pla- 
nets moving about the artificial Sun juſt with the ſame angula 
Velocities as the real Planets themſelves move with in the 


Heavens; and if in the Beginning of the Year the Places 
q | th 
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the Planets in the Orrery be duely adjuſted or rectified by an 
Ephemeris, they will nicely correſpond to thoſe they reſpectivey 
reſent in the Heavens, and continue ſo to do ever after. 

3582, It will be readily allowed, that this Method of con- 
ſtructing a Planetarium is the moſt natural and ſimple that can 
be, as not a Wheel, or even a Tooth, need here be uſed more 
than what is abſolutely neceſſary. By this Planetary CLock, 
it will every Day be ſeen, what Part of the Ecliptic the Sun, the 
Earth, or any Planet is in —— the various mutual Aſpects of 
Planets — their Conjunctions, Quadratures, and Oppoſitions 
the apparent Direction of their Motion, direct, fationary, or 
retrograde —— whether they are above or below the Horizon 
whether they riſe or ſet before or after the Sun: — In ſhort. 
you have by this Means the whole Sytem of Cele/lial Phanomena 
conſtantly in View. 

3583. By the fame ſmall Compages of Wheels, deſcribed 
(3575,) placed horizontally, it is evident the Axis of the Ter- 
reſtrial Globe may be made to move about the Axis of the Eclip- 
tic once ina Year; and thereby all the Phenomena of the Earth's 
AxnNUAL MoT1oN, with Regard to the Seaſons of the Year in 
different Latitudes and Climates, may be ready ſhewn, and ob- 
ſerved, For ſince the Poſition of the Wheel D is ſuppoſed ho- 
rizontal, if an Axis be fixed in its Center perpendicularly, it will 
repreſent the Axis of the Ecliptic. But if at a proper Height 
above the Wheel D the ſaid Axis be bent out of the Perpendicular 
ſo as to make an Angle therewith of 66* 307 in the Form of an 
Arm, and on this Arm another Axle be placed at right Angles, 
this will make, with the forementioned Axle, an Angle of 
23 30“, and conſequently will repreſent the Axis of the Earth ; 
and will be carried on round the Perpendicular Axis of the 
Ecliptic once in a Year, if properly connected with the Clock. 

3584. Then for the Diurnal MoT1on of the EARTH at the 
ſame Time, it may be eaſily effected thus; let the Axis of the 
Earth be moveable in a Socket fixed Perpendicular to the fore- 
mentioned ſtrong Arm; on the under Part of which (below the 
Arm,) let a Wheel (G) be fixed, ſuppoſe of 72 Teeth ; then 
et the Teeth of this Wheel play in the Teeth of another Wheel 
F) which muſt be but half the other Number, viz. 36; and 
his Wheel muſt be placed harizontally about the Stem or per- 

Vot. H Qqq pendicular 
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pendicular Axis juſt below the Arm, and ſupported on a Bridge 
to render it independent of the Work for the Annual Mition 
below. Laſtly, this Wheel F muſt have another equal Wheel 
(E) of 36 Teeth, ta connect it with the Wheel A on the Ar. 
bor of the great Wheel of the Clock, and this Wheel A muſt 
alſo have 36 Teeth. 

3585. Therefore, if upon the Terreſtrial Axle, the Globe 
of the Earth be placed, ſo as to be moveable thereon, or fixed 
with a Nutt and Screw at the End, as Occaſion requires, then 
it is plain, it will be carried about once in 24 Hours, becauſe 
the Wheels A, E, F, each move round in 12 Hours, and the 
Wheel F of. 36 Teeth driving the Wheel G of 72 muſt move 
it round, (and the Earth on the Axis to which it is fixed,) 
once in 24 Hours, 

3586. With Regard to the Wheel E, as itdrives the Wheels 
above the Bridge for the diurnal Motion, fo by an Arbor going 
through, and carrying a Pinion of 5 Leaves, it drives the 
Wheels B, C, and D, below for the annual Motion at the 
ſame Time. Alſo by the Interpoſition of this Wheel E, the 
Globe is made to revolve the right Way, viz.. from Wt to Eoft, 
as the Earth itſelf really does. 

' 3587. Then by a Circle of Illumination, and an artificial Sun at 
a proper Diſtance in the Axis thereof, with ſome other-Appara- 
tus, all the Phenomena of the annual and diurnal Motions of the 
Earth are moſt naturally exhibited for every Day throughout 
the Year. Thus you fee the North and South Pole alternately 
in the illumined and dark Hemiſphere; the Sun riſing and 
ſetting each Day upon different Parts of the Horizon; — the 
variable Lengths of the diurnal and nacturnal Arches deſcribed by 
the City of Lonpon or any other Place: If a Crepuſculer 
Circle be added, the Time of Beginning and End of Twuiligbt 
will be ſhewn for each Day ; with many other important Parti- 

culars in Geography and Aftronomy. 

3588. Tis moreover ealy to contrive, that this Mechaniſm 
for the Globe may be diſengaged from the Clock, or be put on 
and taken off at Pleaſure; in which Caſe it may be turned with 
a Winch ſo as to repreſent all the Phænomena of-a Year or a 
Day, in a very ſhort Time; and then ſuch an Apparatus may 
be added, as will exhibit the Solar and Lunar Eclipſes, &c. the 

Manner 
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Manner of doing this, together with a Print of the Globe thus 
conſtructed, may be ſeen in the Young GENTLEMAN' s and 
Lapy's PHILOSOPHY. | 


SCHOLIUM. » 


3589. We ſhall hereafter give a Conſtruction of a Lunarium, 
to ſhew the Monthly MoTion and PHASES of the Moon, as 
alſo the Motion of her APoGEE and Nones; if then this lunar 
Movement be connected with that of the Clock (as it eaſily 
may) and the whole be diſpoſed in a proper Form, it will make 
what may be more truly called a MicRoeosm, than any thing 
which has hitherto borne that Name; and to aſſiſt the young 
Artiſt's Imagination I have preſented to his View, in a Copper- 
Plate, the Form of a Specimen of ſuch a Piece of Celgſtial 
ARCHITECTURE in which are the. following diſtinct Parts, viz. 
(1.) Alarge CLoCk for a Primum Mobile. (2.) Two PiLLARs, 
(or Pilaflers) on one is placed a Barometer, and on the other a 
Thermometer. Theſe Pillars ſupport an Architrave on which is 
placed (3.) An ORRERY or Planetarium, ſuch as before de- 
ſcribed. (4.) A TELLURIAN, or Terre/irial GLOBE with the 
annual and diurnal Motions. (5.) A Lunarium, ſhewing 
the Motion, Phaſes, and Age of the Moon. Such a ſuperb 
Structure, we preſume, would well become the Study or Mu- 
ſeum of the Opulent and the Great; but ſo little Genius, Taſte, 
or Encouragement is now found for ſuch Works of Art, that it 
is not worth while to inſiſt further on their Uſe or Excellency. 
By ARTS and ARTISTS we, at this Time, underſtand only 
Engraving, Painting, and Sculpture, and thoſe who practice 
them ; and LEARNING and LEARNED MEN, mean no more 
than Novels, Romances, Plays, and their Authors, in the pre- 
ſent Tri/trame Shandy Age. 
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C HAP. XXIII. 


*The MtectanismM and CONSTRUCTION of a T- 
LURIAN, 407th Three Terreſtrial GLokEs; illuſ⸗ 
trading the TuroRY of the EARTH's Moriox; 
the Rationale of the SEAs0Ns ; and toe Inequality 
of Days and NiGuTs. 


3590. IN the Conſtruction of the ORRERV deſcribed in the 

| laſt Chapter, the Earth's annual Motion was ſhewn, 
but not the diurnal Motion at the ſame Time; we ſhall now ex- 
plain a new Piece of Cele/tial Mechaniſm, which being applied 
to the foregoing ORRERY (now ſuppoſed in a Horizontal Poji- 
tim) will not only produce both theſe Motions of, the Earth 
together, but at the ſame Time, by Means of two other Globes, 
the Rationale of all the various Phenomena and Aﬀections of the 
Earth will at once moſt evidently appear. 

3591. I preſume it is needleſs to mention to the intelligent 
Reader, that if any Body deſcribes the Circumference of a Circle, 
with the ſame Part always directed to the Center, it will neceſſarily be 
naved or turned once about its own Axis or Center in the ſame Time; 
for by this Means the Body has that very Part directed to every 
Point in the Circumference of the Circle, which would be impol- 
{ible-without one entire Revolution about its Aris; z this 1s therefore 
an Axiom or ſelf} evident Truth, 

3592. Alſo, it is farther evident, that the Direction of the 
Motion of ſuch a Body, both about the Center of the Circum- 
ference it deſcribes, and about its own Center or Axis, is the 
ſame, or towards the ſame Part. But to illuſtrate theſe Poſi- 
tions, let ABD be the Circle deſcribed by any Plane FEG 
fixed upon an inflexible Rod or Arm E C, moveable about the 
Center C.“ Let this Arm (or Radius Vector) revolve from the 


Situation EC to * other I C, then will the angular Mo- 
tion 


* Sec Fig. 1. in the Plate of the TELLU&IAN with three GLoBEs. 
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gon of the Body FG be = ACH about the Center C in that 
Time. 

3593. Upon the Plane in the Situation H, draw ae parallel 
to AE, and it will make the Angle Ice with the Radius IC; 
and thereby it appears that the Line AE (or ae) has deviated 
from its firſt to the preſent Poſition IH by the Quantity of the 
Angle ICE; and therefore by ſo much has the Plane moved 
about its own Center (c) in the Time of deſcribing the Part of 
the Circumference AH. But fince CE and ae are two paral- 


el Lines cut by a right Line IC, the Angles ACH and 


Ice will be equal; that is, the angular Motion of the Plane 
about the Centers C, and c, will be conſtantly equal; and the 
Direction of the Motion from e to I is the ſame as that ow 
AtoH. 

3594. Hence it will follow, that if any luminous Body be 
placed in the Center C of a Circle ABD, and a Globe F G be 
moved in that Circle fo as to have the ſame Part always turned to 
the Center, then will the ſame Hemiſphere or Part of the Globe 
be conſtantly enlightened, and the other Part will be always 
dark, —— Thus ſuppoſe N Qs {Fig..2.) were a Planet 


| (our Earth, for Inſtance) moving in the Manner abovemention- 


ed about the Sun in the Center at an immenſe Diſtance, then 
would the ſame Hemiſphere 8 AE N be perpetually illuminated; 
and the other $ Q N-conftantly in the Dark. * Whence it is 
evident, a Planet in ſuch Circumftances could never be a pro- 
per Seat, or Place for Habitation, for ſuch a Species of rational 
Creatures as the Human Race. 

3595. Let ſuch a Globe, then, be ſuppoſed to move about 
its Axis NS placed perpendicular to the Plane of its Motion 
about the Sun. Such a Motion we call its Diurnal Mation, as 
it produces Day and Nie Hr alternately to all Parts of the 
Surface, in the Space of one Revolution which in our Globe is 
24 Hours. Then it is plain, that every Part on the Surface of 
ſuch a Globe would be one half of the Revolution in the illu- 
mined Hemiſphere, and the other half, in the dark One; fo 
that in ſuch a Condition of the Globe, there would be a perpetual 
Equality of Day and Night. 

3596. Again, ſince the Axis NS of the Diarnal Motion is 
perpendicular to the Plane of the Annual Mation, which is ſuo- 


poſed 
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poſed to paſs through the Centers both of the Earth and Sun; 
then it is evident, the Rays of the Sun will be perpendicular to 
the middle Part of the Globe at the Equator Æ Q, and will fall 
obliquely on every other Part; and the more ſo as the Patt is 
nearer the Poles N, S, on either Side the Equator. Whence 
it will follow, that there will be one and the ſame Degree of Light 
and Heat to the ſame Part of the Surface of the Globe confanth; 
and therefore no Variation of Seaſons throughout the Year. Hence 
ſuch a Poſition or Conſtitution of the Globe of the Earth would 
by no Means ſuit with the Condition of the Human Species. 
3597. Let us next fee what will be the Caſe of a diurnal 
Motion of the Globe about an Axis in a Poſition inclined to the 
Plane of its annual Motion, ſuch as SN (Fig. 3.) and further 
let us ſuppoſe that the Axis NS is conſtantly in the ſame Plane 
with the Line ECL which connects the Centers of the Sun 
and Globe. Then it will follow, that the Parts of the Globe 
| about the upper or North Pole N, will be conſtantly inclined 
to the Sun, while the oppoſite Parts about the South or lower 
Pole S are as conſtantly turned from it. 

3598. The Conſequence of this inclined Paſitian of the Globe 
will be, an Inequality of Days and Nights; and different, or 
contrary Seaſons to Parts at an equal Diftance from the Equator 
on either Side. This is evident by Inſpection; for A} C is the 
Semidiurnal Arch in the Equator; Ef is the ſame in the Parallet 
Ee, which is longer (in Time) than the other by the Time of 
deſcribing Ff. But the ſemidiurnal Arch (Ig) in the ſame 
Parallel / L of South Latitude is ſhorter than C by the ſame 
Quantity g G Ff. And the Parts about the North Pole N 


to the Diſtance of NB (which meaſures the [nclination of the 


Axis, or Angle NCB) are perpetually in the illumined Hemil- 
phere and have conſtant Day; and on the Contrary, thoſe 
Parts at the ſame Diſtance about the South "ow S 'have an eter- 
nal Night. 

3599. Then with Reſpect to the 88 3 are by this 
Means very different in oppoſite Parallels of Latitude; for now 
the Parts at E receive the perpendicular Rays, and have the 
Summer Seaſon ; but ſince the Parts within the Ar&ic Circle Bb 
have an inoccidual Sun, or enjoy perpetual Day, they will 
have the Hotteſl ** and the North Pole N will be the hotteſt 
Part 
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Part of ſuch a Globe. On the other Hand, the Parts within the 
fntarfic Circle Aa will never feel the enlivening Beams of the 
dun, and muſt be doomed to perpetual & inter and the intenſeſt 
Cold. Such a State of the Globe would therefore be very un- 
eligible to every Sort of Inhabitants of the preſent Terreftrial 
Globe. | 
3600. Now it will be readily allowed, that an Alternalion and 
Variety in the Seaſons of the Year and Lengths of Days and Nights, 
will be the moſt defirable and delightful State to rational Inha- 


| bitants of the Globe, and ſupply them with every Bleffing 


equally and interchangeably through every revolving Year. And 
this wonderful and univerſal Effect is produced in our Terra- 
queous Globe by one ſimple Contrivance (a moſt ſtriking In- 
ſtance of divine Mechaniſm,) viz. by giving the inclined Axis 
SN of the Earth's Motion an equable Movement about the 
Axis of the Ecliptic A B once in the Time of its annual Revo- 
Jution about the Sun, and in a DireCtion contrary to the Earth's 
Motion; and this will produce the abovementioned neceſſary 
Effects. 

3601. For we have ſhewn (3593) that while the Globe is 
carried about the central Sun, with the Axis SN, or the ſame 
vide AEB always turned towards it, the ſaid Globe and its 
Axis, will in that Time be alſo turned once about their proper 
Center C and in the ſame Direction with the Globe's annual 
Motion; therefore, if the ſame Motion be impreſſed on the 
Globe in a contrary Direction, it will have all the Parts of its 
Surface turned to the Sun, of Courſe, in the Space of one Re- 
volution or Year, and its Axis S N will always keep a Direc- 
tion parallel to that which. it had at firſt ; ſo that all Effet and 
Phænomena will be the very ſame as if the Earth were really at 
Reſt on its inclined Axis, and the Sun itſelf were to move 
about it (as it appears to do) in the Ecliptic Circle E CL. 

3602. For then, when the Sun was in the Equinoctial Point 
or Beginning of the Ecliptic at C, it will, at the ſame Time, 
be in the Equator Q, and conſequently illumine the Globe 
from Pole to Pole and produce an Equality of Days and Nights 
in every Part thereof; and this is called the SPRING-SEASON of 
the Year, | 

3603. After 
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35603. After the firſt Quarter of the Revolution, or the Sun 
has paſled from C to E, and reached the Tropic of Cancer Et, 
then the Globe will be illuminated from A to B, and the North 

pole N, with all northern Latitudes from E to B, will be now 
turned towards the Sun and receive the greateſt Quantity of Lig} 
and Heat they can ever have, and -conſequently this will be 
"the Midſt öf their Summer Sean. The Day Ef in every 
nortbero Parallel Ee, is longer than the Night fe; and all 
within the Arctic Circle b B have no ws: at all on that Mid. 
ſummer Day. | 

3604. Juſt the Contrary happens in Selben Latitudes; for 
there the Sun- beams reach no farther than to the Antarctic Cir- 
cle Aa; and all within it are in total Darkneſs for one whole 
diurnal Revolution of the Globe. And the Length of the Day 
(Ig) in any Parallel JL, is ſhorter than the Night g L by the 
Quantity g; conſequently in theſe Latitudes, the Light and 
Heat of the Sun is now the leaſt, or the Cold and Darkneſs the 
greateſt it can be, and therefore make their WI NT ER- SEASON. 

3605. When the Sun apparently deſcends from the northern 
Climates to the Equator again on the other Side the Globe to 
the firſt Point of Libra oppoſite to C, it will then again make 
equal Day and Night throughout the Globe, by enlightening it 
from Pole to Pole, as before ( 3602.) The Light and Heat is 
now at a Mean, 'and make the other MN SALON called 
AUTUMN... 

3606: As the Sun paſſes from the Adtomanl Equinox thro' 
the next three Signs of the Ecliptic, the ſouthern Parts of the 
Earth will be turned gradually to the Sun; till, at Length, the 
Sun being arrived at L, the firſt Point of Capricorn, it will 
then be neareſt of all to the South Pole S and illuminate all 
that Hemiſphere ALB, which before was dark when the Sun 
appeared at E; and conſequently every Thing with reſpect to 
Day and Night, and the Seaſons, is juſt the reverſe of what 
it was then. All Southern Latitudes now enjoy the Midſummer 
Seaſon, and in the northern Latitudes it is Winter. What was 
before the Length of their Night, viz. 2L, is now the Length 
of their Day, and vice verſa. 

2607. The Sun returning again to c, renews the Spring and 


begins the, future Year. Thus by giving the Earth an 
N ä annual 
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innual retrograde Motion about the Axis A B of the Ecliptic, 
all Parts of its Surface become equally expoſed to the Sun on 
each Side the Equator, and equally participate the Advantages 
which redound from ſo wiſe and beneficent a 8 — in 
the Courſe of one whole Year. 

3608. Now this whole Theory (as above explained) of the 
Earth's annual and diurnal Motions may be very eaſily repreſented 
and illuſtrated by a Piece of Mechaniſm, which I call a TEI- 
LURIAN; conſiſting of three ſmall Terreſtrial Globes, placed 


in the Manner ſhewn in Figs. 2, 3, and 4. The firſt of theſe. 


(Fig. 2.) is moveable with the Hand about an Axis NS, which 
js perpendicular to the Plane of its Motion about the Sun, and 
is fixed to the Radius Vector, and therefore will exhibit the 
Phænomena of equal Day and Night, and Identity of SEASONS 
through the Year, and nothing more, as before obſerved ( 3596.) 

3609. The ſecond Globe (in Fig. 3.) has the Axis SN of its 
diurnal Motion inclined to the Axis A B of the Ecliptic in an 
Angle BCN = 23* 297. But this Axis SN being fixed to 
a Part POR, which is itſelf fixed to the Radius Vector, will 
indeed produce a Variety of Seaſons, and Difference. in the 
Lengths of Days and Nights; but then as the Axis SN is 
conſtantly turned to the Sun, there can be no Viciflitudes of 
Seaſons nor any Variation of the Lengths of Days and Nights, 
which remain conſtantly the ſame, in the ſame Place through- 
out the Year, agreeable to (3599.) 

3610. But the third Globe (in Fig. 4.) is not fixed to the Radius 
Victor, but is connected with the Mechaniſm contained therein, 
in ſuch Sort, as to qualify it for exhibiting the real Phænomena 
of our own Globe, and juſt as they happen in Nature. To 
this End the firſt Thing to be done is to counteract or nullify 
the direct annual Motion of the Globe (in Fig. 3.) about the 
Axis AB of the Ecliptic, by fixing its Stem OP upon a Plate 
that has an equal Motion in a contrary Direction at the ſame 
Time. 

3611. Thus; Let ACB (Fig. 5.) bea Part of the outward, 
Rim of the Plate of the Orrery (3575), divided into 365 
Teeth; and upon the lower Plate of the Radius Vector, let a 
{mall Wheel CD be placed with 59 Teeth to move in thoſe of 
the Orrery-plate, Upon this Wheel a Pinion E muſt be fixed 
Vol. II. Rrr with 
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with 10 Teeth to turn another Wheel FG of 62 Teeth; and 
then if the Shaft or Stem of the Globe (Fig. 4.) be fixed in 
the Center N of this Wheel or Plate, it will communicate to 
the Globe the Retrograde Metion required. For 59) 365(= 6,2, 
or the Wheel C D is moved round its Center 6,2 Times 
while it revolves once round the Otrery- plate; and becauſe 
10)62(= 6,2 alſo; it is evident, that the Wheel FG moves 
once round in one Revolution of the Radius Vector, and be- 
cauſe the Wheel CD moves direfth, from Weſt to Eaſt, tis 
plain the Wheel F G moves retrograde, or the contrary Way 
as the Arrows () ſhew in each. 

3612. Hence by theſe two Wheels only, the annual Motion 
of the Globe (Fig. 4.) about the Axis AB is annihilated, and 
a conſtant Paralleliſm of the Axis NS of its diurnal Motion is 


produced; and therefore not only the Difference of the Seaſons | 


and Days and Nights is effected, but all the Change or Variety 
thereof that happens to the natural Globe for every Latitude, 
and every Day of the Year. 
30613. The next Thing to be conſidered, is, the Syſtem of 
Wheel- work for giving the ſame Globe its proper diurnal Mo- 
tion about its Axis NS, and in the natural Direction from 
Weſt to Eaſt. Here we find 365 of theſe diurnal Revolutions 
to one annual One; and therefore ſuch a Syſtem of Wheels 
muſt give 59 Turns of the Globe in one Turn of the Wheel 
CD, which muſt be the Primum Mobile, or firſt Mover e to that 
Syſtem, 

3614. Therefore the ker 59 muſt be broke into three 
Quotients, becauſe the laſt Wheel muſt have a retrograde Di- 
rection, as will appear by and by; ſuppoſe theſe Quotients are 
10)20(=2; 8)4o(=5; and 10)59(= 5,9; then it is evi- 
dent, if upon a Bridge or Plate fixed over the Wheel-work of 
Fig. 5. the following Wheels are properly diſpoſed, viz. 2 
Wheel A of 20 Teeth (Fig. 6.) fixed on the Arbor of the 
Wheel CD (Fig. 5.) to drive a Pinion B of 10 Teeth on 8 
| Wheel Cof 40, which drives a Pinion D of 8 Teeth fixed upon 
a Wheel of 59, and this at laſt drives a ſmall Wheel F of 10 
Teeth; then, I fay, it is evident this laſt Wheel F will be 
turned round 59 Times while the firſt Mover C D turns once; 
aud its D.regtion will be retrograde, as ſhewn by the Arrows. 


3615, The 
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3615. The Wheels being ſo proportioned, that the Center 
of the laſt Wheel F (Fig. 6.) lies exactly over that of the Wheel 
FG (Fig. 5.) a Socket is to be fixed into the ſaid Wheel F, 
moveable about the Stem or Fulcrum of the Globe which is fixed 
frmly in the Center N of the Plate FG. This Socket paſting 
through a Plate (faſtened over all the Machinery) will appear 
above it, as at PT. And if on this upper Part of the Socket 
there be fixed a Wheel TV with 10 Teeth playing in another 
VW of an equal Size and Number of Teeth fixed to a Part of 
the Axle NS below the Piece PR (in which the ſaid Axle 
moves) then will the Globe (Fig. 4.) be turned round 59 Times 
in each Revolution of the Wheel CD of Fig. 5. and conſe- 
quently it will turn upon its Axis once every Day or 24 Hours. 
And this Motion will be dire, becauſe that of the Wheel T V 
(or F below) is retrograde. 

3616. And thus the TELLURAN applied to the ORRER 
will by its three Globes together give a full Demonſtration and 
Illuſtration of the Genuine THEORY of the annual and diurnal 
Motions of the Earth in every Reſpect; one Globe ſhews (Fig. 2.) 
that by a parallex Axis without Inclination, there can be no Dif- 
rence in the Seaſons or Quantity of Day and Night A 
{cond Globe ſhews (Fig. 3.) that an inclined Axis without Par als 
thſm, can only ſhift the Scene of the Seaſons, and produce a 
iiferent Length of Day, and Night in contrary Latitudes ; 
but can never make any Alteration in either But the 
lird Globe with an Axis, at the ſame Time, always inclined and 
parallel to itſelf, produces every Variety we find in Nature, and 
exhibits an exact Conformity to the Motions and various Phæ- 


wmena of the natural Terraqueous Globe. 
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CHAP, XXIV. 


The ConsTRUCTION oy Mecnanism of « 
LUNARIUM, . for ſhowing the MoTion and 
PHasEs of the Moon, as a if of ber AroGze, and 
LINE of Nopes, 


3617: 18 Conſtruction of a 3 or . 

to ſhew the Phænomena of the Moon in regard 
to her own Motion and Phaſes, and the Motion and Poſition of 
the Ap/ea des ant! Nedes of her Orbit, will be more complicated 


than that of, the Tellurian; but as the periodical Revolutions are | 


known, it will be eaſy to contrive ſuch Syſtems of Wheel-Work 
as ſhall repreſent them adequately, and produce Appearances 
every Way ſimilar, and correſponding to Nature itſelf, 

3618. The LunaR1um, to exhibit the Phænomena of Lunar 
Motions, may be contrived and conſtructed in the following 
Manner. AC B here again repreſents the dentated Rim of the 
Plate of the Orrery of 365 Teeth, in which the Wheel CD 
(Fig. 2.*) moves as before; and is now alſo to be conſidered as 
the Primum Mobile, or that which gives Motion to all the Ma- 
chinery of the Lunarium. As this Wheel has 59 Teeth, it is 
evident, that if to its Arbor below, there be fixed a Wheel A of 
20 Teeth, to drive another equal Wheel B of 20, and this to 
move a 3d Wheel C of 10 Teeth ; then this laſt Wheel C will 
turn round once in the Time of a Lunation, or 29 2 * Days ; ; forit 
will turn twice in each Revolution of A, which is in 59 Days, 
And the Direction of its Motion will be the ſame, viz, from 
Ha to Eft. 

3619. In the Center of the Wheel C (Fig. 1.) let there be 
fixed a ſtrong perpendicular Wire to paſs through, and to a con- 
venient Height above, the Upper Plate or Top of the Lunarium, 
Then let there be provided another Wire EM (Fig. 4.) and to 
one End E thereof, let therebe fixed an Ivory Ball EN QS, with 


proper Circles to repreſent the EAR TH; and at the other End, 


| A 
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mother Ball M to repreſent the M oox, one fourth Part of the 


Farth's Diameter. For the Diameters of the Earth and Mom are 


known to be nearly as 7964, to 2192 Miles. 


3620. The Magnitude and Denſity of the Earth and Moon 


being duely conſidered, the common Center of Gravity A be- 
tween them will be found to fall very near the Surface of the 
Earth; this then will be the Point on which thoſe two Bodies 
will be in Equilibrio; and therefore if this Point A be fixed 
upon the Top of the Wire or Axle of the Plate C, both the 
Moon and Earth will be carried round their Center of Gra- 
vity in 295 Days; and in 12 Lunations or 354 Days they will 
be carried once about the Sun, which Revolution is called the 
Lunar YEAR, which is 11 Days ſhorter than the Solar Vear of 
365 Days; and this Deficiency of 11 Days i is what the Chro- 
nlgiſts call the EAC r. 

3621. This Conſtruction of a Lunarium preſents us at the 
fame Time with another Motion of the Earth, viz. its Menſtrual 
Mztion about the common Center of Gravity A; and hence we 
learn (1.) That it is not the Center of the Earth C which de- 
ſcribes what is commonly called the Orbis Magnus or annual Or- 
bit about the Sun, but the Center of Gravity A between the 


Earth and Moon. (2.) That the Moon alſo in its menſtrual 


Motion does not regard the Center C of the Earth, but the Cen- 
ter of Gravity A, as the Center of her proper Motion. (3.) 
That the Center C of the Earth is fartheſt from the Sun at the 
New Moon, and neareſt at the Full Mom. (4.) That in the 
(uadratures the Menſtrual Parallax of the Earth is fo ſenſible as 
to require a particular Equation in Aſtronomical Tables. Theſe 
Points, though of ſo great Importance, we have not yet ſeen re- 
preſented in Orreries or Lunariums hitherto made, 

3622. Again, if a Candle or Lamp be placed in the Center of 
the Orrery, then will the artificial Moon, revolving about the 
Earth, be enlightened in the ſame Manner as the rea] Moon in 
the Heavens is by the Sun, and all her Phaſes in each Lunation 
with reſpect to the Earth will be the very ſame as we . 
them i in the Heavens, 

3623. But further, if the Balls for the Earth and 1 were 
properly furniſhed with Magnets within Side, and then inſtead 


of being __ to the Ends of the Wire EM, they were nicely 


fulpended 


A A 
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ſuſpended on fine Points of Needles placed there, with mage. 
tical Cards ſhewing the ſeveral Points of the Compaſs, as might 
eaſily be done, then we might agreeably obſerve that the Earth 
and Moon would both conſtantly-ſhew the ſame Part or Face to 
each other as they moved about the Center A; and that in turn- 
ing once round, the Ends of the Wire E M would apply ſucceſ. 
ſively to every Point of the Card or Compaſs, and thereby ſhew 
that each Ball in one Revolution about the Center A, did alſo 
move once-about its own Axis. 
3624. But though this be the real Caſe of the Moon M, it is 
not of the Earth, which (to anſwer other Purpoſes) has ano- 
ther Motion communicated to it, viz. the diurnal Motion in 
24 Hours, every Way independent upon the menſtrual Motion 
about A. And therefore that the Lunarium may be quite ſimi- 
lar to Nature, the Ball AN Qs ſhould be ſtill poſſeſſed of an 
internal Magnet, and ſo placed upon an Axis fixed in the 
End of the Radius Veclor, as to be voluble about it at Pleaſure, 
3625. In this Conſtruction, the general Phznomena of the 
Earth and Moon will be mutually evident ; for hence it will 
appear (I.) That the Moon muſt always neceſſarily ſhew the 
fame Face or Side to the Earth. (2.) That the Earth turns every 
Part of its Surface to the Moon once in 24 Hours: (z.) In 
Conſequence of this, the light and dark Parts of the Moon ap- 
pear permanent and fixed to us. (4.) But a great Variety of 
luminous and opake Parts preſent themſelves in a conſtant Ro- 
tation over the Surface of the Terreſtrial Ball to the Inhabitants 
of the Moon, if any there be. (5.) All the Phaſes of the 
Moon appear as in the Heavens. (6.) Alſo the ſame Lunar 
Phaſes will be obſerved in the Earth by the Lunarians, for we 
are mutually a Moon to each other. (J.) Thoſe Phaſes are 
contrary in the Earth and Moon, for when the Moon is new or 
dark to us, our Earth is wholly enlightened or full to them. 
(8.) Our terreſtrial Ball being four Times larger in Diameter, 
will preſent the Lunarians with a Full moon 16 Times as large as 
ours. (9.) Only one Hemiſphere of the Moon being turned to 
the Earth, the Inhabitants of that alone can ſee our Globe. 
(10.) Our Earth appears to them always in one Place, or fixed 
in the ſame Part of the Heavens. (11.) The Moon has an ap- 
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parent diurnal Motion through the Heavens, by the Earth's 
real Motion on its Axis. (12.) The Lunarians in the oppoſite 


Hemiſphere never ſee our Terreftrial Globe, as we can never 
ſee them. 

3626. With reſpect to the Sun, it is evident by the Lunarium, 
(.) That it muſt always enlighten one half her Globe. (a.) 
That every Part of the Lunar Ball is turned to the Sun in the 
Srace of her Monthly or periodical Revolution. (3) Therefore 
the Length of the Day and Night in the Moon is ever the ſame, 


und equal to 144 of our Days. (4.) When the Sun ſets, the 


urreſtrial Moon riſes to the Lunarians, in the Hemiſphere next 
the Earth. (5.) To them therefore there can never be any 
dark Night at all. (6) While thoſe in the other Hemiſphere 
can have no Light by Night but what the Stars afford them. 

3627. Not only the Moon herſelf but even the very Orbit ſne 
deſcribes about the Earth, has a ſenſible Motion, and is found to 
make one Revolution in a little leſs than Nine Years; for by the 
Aſtronomical Tables the Place of her Apogee was 


5 151: 8 
i 1755 in o: 15: 38: 
in the Year * o: 21: 50: 17 


Motion in Vears 9 — 1a: 6:11: 57 = 368,2 
1 = Time of 
300, 2 


1 
V5, * 365 = 3220, 5 


Therefore ſay, as 366,2: 9:: 36 


one Revolution of the Apogee 3 then 


Days. 


3628. Now in order to compute the Syſtem of Wheel-work 
for producing this Motion of the Apogee, we muſt divide 
32294 Days by 59, the Teeth in the firſt Wheel CD (Fig. 2.) 
and the Quotient is 54,7 3 this muſt be broke into two other 
Quotients, viz. 7 and 7%, both on Account of its being too 
large in itſelf, and eſpecially becauſe it is neceſſary to have two 
Wheels move, viz. FG and I K, that the latter may have a 
dire? Motion, as the Apogee really has. Therefore a Pinion E 
of 10 Teeth on the Axis of the Wheel C D muſt drive a Wheel 
FG of 70 Teeth; and another Pinion of 10 on that Wheel 

muſt 


in a retrograde Direction; and therefore a Socket fixed in this 


of 7082; Days as required. 


the firſt Mover CD (Fig. 2.) let a Pinion. of 10 Leaves be 


oy 
— 
* * : 


9 4 1 pn 


. 3 ws CS. 
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muſt drive a Wheel IK of 78 Teeth ; and then a braſs Socks 
fixed about the Center of this laſt Wheel, will carry aboitan 
Ellipſis, repreſenting the Moon's Orbit, in the Time required. 
3629. Again, the Orbit of the Moon is not parallel to the 
Ecliptic or Earth's Orbit, but makes an Angle therewith of 
5? 18” at a Mean; now from different Forces of the Sun and 
Earth in different Situations, the Moon will in each Revoly. 
tion be various attracted, and her Orbit agitated ; being ſome- 
times drawn down, at other Times elevated; ſometimes it is 
moved forwards, and at others, backward ; and thus there will 
be a variable Motion generated in the Line of the Nodes, but 
upon the whole the Retrograde Motion is greateſt, and conſe. 
quently the Nodes will move backwards in the Ecliptic, and 
make one Revolution in, nearly, 19 Years, \ 


3530. For the Place of the aſcending Node & in 


| 1746 was of : 27 2 * 1 
1 7 1905 ow $33 29 20 : 32 


— — 


Years, 19— 11 : 22: 38 : 28. = 3524 Degrees, 
19 * 360 
35255 
19 * 360 


— — 


Therefore ſay, as 352%5: 19:: 360®: = Time of 


one Revolution in Years, or - K 3605 = 7082, 
a „ 5 
Days. 3 | 1 
3631. Then 59)7082,5(= 120, very nearly; this 120 muſt 
be broke into three Quotient, that the laſt Wheel may have a 


retrograde Motion. Theſe Quotients may be 3, 5, 8; and then 


a Pinion A {Fig. 3.) fixed on the Axle of the Wheel CD 


Fig. 2.) having 6 Teeth may drive a Wheel B of 18; this 
o 2 * 


- with another Pinion C of 6, drives a Wheel D of 30; and 


this alſo with a Pinion of 6 moves a Wheel E of 48 Teeth; and 


Wheel will carry a Line pointing to the Place of the Nodes 
through all the Signs of the Ecliptic in Antecedentia, in the Space 


3632. In the laſt Place, upon the upper Part of the Axis of 


fixed to drive a Wheel of 62; then a Socket (including all 
. c the 


— >. 
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e reſt) being fixed in this Wheel will carry an Eciiptic Pircie 
the Plate of the Lunarium, which may at any Time be 
laced in a' Poſition ſimilar to the Ecliptic on the Plate of the 
Irrery, and then it will always continue ſo by. Virtue of its 
onſtant Paralleliſm produced by this Mechaniſm. (3611. 
3633. If a Circle be placed about the Line of Nodes (3629,) 
d moveable upon it as an Axle, it may be occaſionally placed 
rrizontally, or inclined to the Horizon in an Angle of 5* 187; 
then if the Moon M (Fig. 4.) be fixed to the End of a fine 
xl Wire, paſſing freely though a ſlender Socket on the End of 
dau Vetter E M, fo that it may be over the Middle Part of 
ie laſt mentioned Circle and conſtantly move upon it; it will 
ealy to underſtand how the Moon may be made to move 
ther horizontally or in her proper Orbit; in order more par- 
cularly to ſhew whatever relates to the Nature, Cauſe; and 
rious Phenomena of ECL1IPsEs. 
3634. Alſo, being now furniſhed with a Salar and Terre/trial 
eliptic it will be very eaſy to underſtand the Rationale of the 
neral Deceptio Viſus, or Illuſions of Sight in regard to the Me- 
Places, Magnitudes and other Affections of the heavenly 
odies, and to reſolve them all conſiſtently with Truth. Alſo 
om hence the Hellocentric and Geocentric Places of the Moon 
d Planets will readily, at any Time, appear. And thus all 
ge Great Points and Poſitions in the Solar and Lunar Aftronomy © 
eaſily explicable by ſuch a Conſtruction of an OxRERT, 
ELLURIAN and LUNARIUM, as has been deſcribed. 
3635. After the ſame Manner a Jovian LunariuUM may be 
ſtructed with Eaſe, by knowing the Periods and Diſtances of 
ch of Jupiters Moons, which are as in the following Ta- 
e. 


Satellite. Diſtance. Days. H. Ratio to 1 Day. 
1 515 — IE 42 


2— 9 — 3 13: 13 = Il 
3 — 1433 — 7: 3: 42(12: 86 
4 — 25,3 — 16 20.2 $29. 6.5: 200 


3536. The Numbers in the Ratio of theſe Periods to one Day 
ll ſhew the Diameters and Number of Teeth in a fixed and 
pveable Set of Wheels for theſe Satellites in the ſame Manner 
oL, II, 88 8 FT) 
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as hefre in the primary Planets (3574.) That is, upon one Ar- 


bor there muſt be fixed four ſmall Wheels, or Pinions, with the 


Numbers of Teeth 24, 20, 12, and 6, to drive four moveable 
Wheels of 42, 71, 86, 100 Teeth reſpectively. Upon theſe, 
Sockets are placed to. carry the Secondaries round their Primary 
Jove, in Diſtances meaſured in Semi-diameters of his Globe ex- 
preſſed by the Numbers in the ſecond Column. 

3637. But now to adapt theſe to the dentated Edge of the 
Orrery, and from thence derive a proper Motion we need only 
conſider, that if a Pinion of 8 be fitted to the Teeth of the Or- 


rery below, and fixed to a Wheel of 64 Teeth above, playing 


in another Pinion of 8 fixed on the Arbor of the fixed Set of 
Wheels, then will that Arbor, and all its Wheels, - be turned 
ance round in every natural Day of 24 Hours; and conſe- 
quently, all the Satellites will move about their Primary in 
ſuch a Number of Days as they really do in the Heaven, and 


at proportionable Diſtances. 3 


3638. If now a wax Candle be * in the Center of the 
PS a and a Piece of white Paper on the Radius Vater be- 
yond the Satellites perpendicularly ; then the Motions of the 
Shadows of 'the Moons will naturally repreſent the apparent 
Motions of theſe Moons as ſeen in the Field of a Teleſcope, 
wiz. a Rectilineal Motion through the Diameter of the View; as 
alſo their rect, retrograde, and ſlationary Phenomena, and laſtly, 
thoſe of their Immerſions and Emerſions in Eclipſes; their Occul- 
tations, and Diſapparition on the illumined Diſk of their Primary; 


all which are of ſuch Conſequence in finding the Difference of 


Meridians, or Longitude of Places; and many * Points of 


Aſtronomy, Navigation, &c. 


3639. A Saturnian Lonaniun may be conftruted | in the 
very ſame Manner for 5 Moons; whoſe periodical Tames are as 


follow, from Dr. Holly's Tables. Rh ee 


Jer”: Days. H. 5 3 of Ring. 
The Fir revolves in x : ar: 8 2,097 
The Second — 2: = 41 5 Ya 25686 
Ws The Third — — 4 : : 25 = — 3.752 . 
The Fourth —— 15: 41 — 5,60 


The Fifth — 79 7 75 — — 25,348 
5 . 1 ME The 


— 


by 
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2640. The four. inmoſt Satellites deſcribe their Orbits very 
nearly in the Plane of the Ring produced; which Plane makes 
an Angle of about 31 Ns. with the Plane of the Ecliptic; 
and the Nodes are in 19% 45 of Virgo and Pifees, The Orbit 
of the fifth Satellite i is a little wide of the Reſt, Which Parti- 
culars being obſerved in the Conſtruction of this Lunarium, it 
will very naturally exhibit the various Phænomena of this Satur- 
nian Syſtem of Moons and Ring, for every Year of Saturn's Pe- 
riod, Note, in this Lunarium, the Line of the Nodes muſt be 
kept always parallel ta itſelf, as was ſhewn for the Line of the 
Earth's Nodes (361 1.) And then, as Saturn paſſes from the- 
Node in Virgo to the oppoſite one, the Sun will enlighten the 
northern Plane of the Ring ; as it will the ſouthern Plane i in 
paſſing rough the other {ix Si gns. | 


2G H A P. XXV. 2 | 
The Aſtronomical ra if the Equation if 
TMs explained. A CALCULATION: of that Part 
arifing from the OzLtqQurTY of the Eci Ic to 
the Pane of the EquaToR; witha TABLE of 


this EQUATION n 2 N * 0 
EcLipTIc. 


z 7 KS 2 F 


in 17 LL » ;4# 


3641. F a Clock or Watch eould be eonfiruBted with Me. 
chaniſm abſolutely perfect, it would always ſhew' or 
keep equal Time, or yo traly; but as this is not the Caſe it will 
often want rectifying, or being fet richt. Now as we have tb 
direct or immediate Standard or Index of equal Time, by which 
the Error of a Time-Piece can be pointed out and inftantly 
corrected, we muſt be content, or rather, we ought to felici- 
tate ourſelves that we have it in our Power to do this by any 
Means at all. For this Paper we have recourſe to two Me- 

Foe 88 mn chode 
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thods generally; one is the Sun- Dial and an Equation Tab j 
the other is by aſtronomical Obſervation and Calculatjon, 

3642. The firſt Method is very eaſy, and therefore adapted 
to common Uſe, which is now to be explained; as we have 
before given the Theory of the 2d Method largely from Inſt. 
1915 to 1920 incluſwe. The Equation of Time, is a Doctrine 
reſulting from two Principles, viz. (1.) The Sun's apparent 
diurnal Motian not being in the Equator, the only | great Circle 
of equal Motion with reſpect to the Meridian; and (a.) The 
annual apparent Motion of the Sun not being in a Circle, but an 
Elliph 7s which cannot admit of Equal Motion ; 3 as we have abun- 
dantly ſhewn (1236.) 

3643. We ſhall conſider each Part of the Equation of Time 
ſeparately, and then both together. Therefore, firſt with 
reſpect to the Motion of the Sun being in the Ecliptic and not 
in the Equator; it is evident from the View of any Globe re- 
volving upon its Axis under the Meridian, that the Motion, 
or rather the Velocity of the Motion, by which the ſeveral 
Points of the Eeliptic and Equatpr paſs the Meridian will be 
very different; and that, that of the Equator will be conſtant 
and equable, and that of the Ecliptic always variable and un- 
_ But this Matter will be eaſily elucidated by a Figure. 

3644. Therefore-let'E I (Fig. 1.) be the firſt Quadrant of 
the Equator, and E H the firſt of the Eeliptic; the Angle IE H 
being 23⸗ 29 .. Alſo, let P be the Pole of the Equator PHI, 
a Quadrant of the Solſtitial Colure and PF G a'Poſition of the 
Meridian very near to it; let PAB be the Meridian very nigh 
to the Equinoctial Point E, and P E the Meridian paſſing thro' 
that Point; then it is evident, that upon the firſt momentary 
Motion of the Globe, the very, ſmall Arches EB and E A will 
paſs under the Meridian in the, ſame Inſtant, and therefore 
thoſe Arches will, adequately repteſent the Fluxions or Ratio 
'of the inceptive Velocities of Motion in the Fates and Eclip- 
tic at the Equinox E. 

3645. Again, as PH Lis the Salfitial C. lur e. and PFG 2 
Meridian exceeding near it, the Arches G1 = F H, will. be 
as the Fluxions or ultimate Velocities with which the two 
Arches EG and E F become equal in the - Solftice H. But 
the infinitely ſmall Arches EB and E A may be conſidered 
a 


> tO = 


© - 


gy, C D*: E R: 


CD- = E * Rz and ſo CD = AE * 
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* = 


right Lines, or the Angle AEB as . and there: 
fre EB:EA: Co- ſine of AEB: Radius :: 4 Ber 


We 
GI: FH :: Radius: Co- ſine of IH (= AER): 55 


Therefore, we have ::: : 4, or jv = #*, a cg 
Quantity; therefore the Velocity of Motion in the Beginni x of th 
Ecliptic E exceeds the conſtant Velocity of the E quator Juft as , much di 


it falls ſhort of it at the End of the Quadrant in H. \ 
3646. There is, therefore, ſome intermediate Point Ow 


the Velocity in the Ecliptic is equal to that in Right Alen th 


the Equator, which is now to be inveſtigated; make the Arch 
Ed=EC, and D will be the Difference of the two Archds 
EC and ED, which, in that Caſe, muſt be a Maximum; 
for let the Arch EC = 2, and ED x; then will DA = & 
—x, Whoſe Fluxion, when a Maximum, is à — + = o, 
(818,) or & = 43 that is the Fluxtons or Selocities of the 
Arches E C and E D will be equal, when their Diffrence D 4 be- 
comes the greateſt of all. 

3647. Now to determine the Quantity of the. Arch EC, 
when Dd is a Maximum, we have (by Fluxionary Spheric 


1818,) the Fluxion of E C (=) to the Fluxion of E D (x) as 
the Co-ſine of CD to the Sine of C. Alſo by commion 25 


rics (1799, ) we have, the Sine of C to the Ca. ſine of 
Radius to the Co- ſine of CD. Or thus in ſhart, 2 2 


„D :; and sC: coD:iR: C; therefore 


+ Xx cs CD c E * | 
* . ; which will gie ibis Auto- 


2 143 and therefore when C2 
D d, or x = x, or when Da: is a Maximum (3949,) we haye 


Whence EC, ED, and Dad, are, all known. 40 

3648. The ſame Arch E C may be found without Fluxjons 
by premiſing the following Lemma, viz. The Sum. of the Tan- 
gents of any two Angles B AC, BAD, is 1 their Difference, as 


the Sine of the Sum of thoſe Angles is to the Sind of their Difference. | 
Let BC and RD (Fig, 2.) be the two propoſed Tangents to 


the Radius AB; and take Bd = BD, Join Ad, and draw 
DE and 4F perpendicular to A C. Then it is manifeſt, be- 
cauſe Bd -- BD, that AD= Ad, anddAB = DAB, and 
a that C Ad is the Difference of the two Angles 
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BAC and B AD. Then are the Triangles CDE and CA 

fimilar, and ſo we have C D (= CB + BD): Cd (= CB 

BD). :: DE: 4F; but DE and 4F are Sines of DAE 

29d 7A F to the equal Radi A D and A d, whence the Truth 
of the Lemma is evident. 


3649. Then (per Spherics, 1789) Radius: Co- ine E :: 


Tangent, EC: Tangent ED (Fig. 1.) and by Compoſition 


and iviſion (648) we have Radius + cs E : Radius —c5 E 

: Tangent EC + Tangent ED: Tangent E C — Tangent 
ED:: $SEC-+ ED: sEC—ED (per Lemma.) But the 
Ratio of the firſt two Terms of thoſe Analogys is conſtant be- 
cauſe the Angle E is ſo, therefore that of the two laſt Terms 


will be ſo-likewiſe 5 and conſequently, «EC — E D will be a 


Maximum,” when'the s.E C+ED is ſo, that is, when ECA 


E DP = 90% for then the Sine thereof will be = Radius, 
Whence we have Radius + csE: Radius — e E:: Radius 


2 — ED; whence becauſe the three firſt Terms are 
known th fourth EC — ED = s.D4, is known allo. 
3650. ut there is yet a more direct and ſimple Method of 
coming at "this Equation, becauſe when a Maximum it is known 
tobe a Third Proportional to Radius and Tangent of half the Angle 
E; as will thus appear. The Radius js the Sine of 90, and 
therefore is the Co- ſine of 09. Therefore Radius + Co: ſine E 
t Radius — Co- ſine E: Fer o + Co- ſine E: Co; ſine o 
Co- ſine Ee: Seegers 4 — hd ( 1829) :: 
Co. rangent 2 E: Tan ent 2 E. But it! 1 7 1 (1831), 
thetefore * ct * 7; therefore Pxt!=rene X t; whence 
et: t:: nt; 1, that is Co- tangent 2 — Tangent 2 E : : Rad. 


: Tangent fr. Therefore 1. EKI“:;: Radius: Sine of 


F EC —ED = — b and dividing to Radius, we have Rad. 
Tang. bk Tang. 4 E: Sine of D d, as was to be demon- 

ſtrated. 
365 1. The Quantity of this Equation computed is D d = 
.2*. 287 234, which converted into Time, is 9 Minutes 54 Se- 
conds ; and this is the greateſt Difference of Time that would 
ever be found between the Sun-Dial and a Clock if the Ob- 
liquity 


dF 


_ Of den Word: : 1 
liquity of the Ecliptic or-Sun's Path were the only Cauſe there- 
of, Now nes ECT ED g o, and Dd4= (EC ED 
=) 2 28/ 34”, therefore E C == 46* 14, therefore the 
Equation begins from nothing in Arie Q or in the Point E, 
and increaſes to its Maximum in y. 16? 14” and from thence 
decreaſes till the Sun arrives at gs in the Point H, where it 
again becomes nothing. 

3652. In this firſt Quarter of the Ecliptic, it is evident, 
that had the Sun moved in the Equator it would have been in 
d at the Moment it is in the Ecliptic at C, and conſequently 
the Sun at C is in the Meridian PD, which is before the Time 
the Equinoial Sun arrives to it, at (d), as being then Ea/tward of 
it by the Difference in Time every correſponding to the Mo- 
tion in Right Aſcenſion of the ſmall Arch Dd. . Whence it 
appears that the apparent Time of the Ecliptic Sun, or that ſhewn 
by a Dial, is in this firſt Quadrant always before the Mean or 
Equal Time in the Equator by the Difference belonging to the 
Equation D 4, which, therefore, when found, muſt be ſub- 
ducted from the Solar Time to have the mean Time for the Watch 
or Clock, 

3653. By making the ſame Conſtruction in the ſecond Qua- 
drant of the Ecliptic, it will appear, that the Point (d) is Weſt- 


ward of the Point C, and therefore comes firſt to the Meridian 


Arch. Whence the mean Time is now before the apparent or So- 
lar Time, and conſequently the Equation D 4 now becomes 
Adiititious, or muſt be added to the Solar Time to have the 
Mean, which now precedes it. Thus when the Sun is in & 
4 46 (= CH,) if we add o 54” to the Time ſhewn by 
the Dial it will give the Mean Time for the Watch; for fo 
much does the true Noon of that Day exceed the apparent Noon 
on Account of the Sun's obligue Motion. ä 

3654. It is evident the ſame Equation will be bees in the 
zd and 4th Quadrants of the Ecliptic, and will accordingly 
be Ablatiticus and Addititious, as is ſhewn in the following Table, 
where the Quantity of that Equation is computed for the Sun's 
Place in every Degree of the 1 
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= Subtradt from the ' Apparent Tine. =e 
The true Place of the Sun, 
Sens | S mu ff] 
, Deg. . | 
ol o ol 8 23] 8 45|30 | 
—_ : OP Wrext adNER 
1% 20 8 34|8 35)29 | 
240 40 8 44] 8 2428 
„ A of 8 530 n3fa7 | | 
41-10} 9- 21 6 2j86 3 
: 5 9 9 10 7 48a 
5 38 9 17] 7 341244 | t 
4742 ib} 9 241.7 20123 tl 
82 371 9 30] 7 ©6122 e\ 
92 56|9g 35/ 6 5% b 
i0| 3 15| 9 40] © 35]20_| 
113 34/9 44] © 8119 | *. 
12 3 5 9 66 2118 | 
| 13] 4 111 9 50j 5 44117 | As 
| 14] 4 29] 9 52] 5 27116 | 
| 15] 4 46] 9 34 B15 | w 
16 "#1 9 54] 4 $01T4 þ We 
F 17] 5 21} 9 54] 4 31113 | ly, 
' 18] 5 37] 9. 53] 4 112 fre 
| 201 5 $61 9.57}. 3 35132 - Ar 
20 6 10.9 49|_3_ 32110 | _ 
21] 6 250 9 46| 3 ng | = 
2 6 qol 9 4al 2 St} 8 8 
{ 23 6 $51 9 38 2 30 7 [ a 
„ F 
25|_7 239 26|1 4b s | A] 
| 26] 7 361 9 19] 1 = 4 þ oth 
271 7 48] 9 121 $Þ 3 | wh 
1 28[ 8 3 41 0 43] 2 } Ax 
„ 29 8 na; 55100 22] 1 | Cir 
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HAP. XXVI 


A CALCULATION of that Part of the EquaT10Nn f 
Tia which ariſes from the Elliptic Foxx of the 
EaRTH's ORBIT; with @ proper TABLE thereof 

for every DEGREE of the EARTH's ANOMALY. 
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3655. HE ſecond Cauſe of the Inequality of Time ſhewn 

by a DIAL and a CLock, was ſaid to be owing 
to the ElEptic Form of the Earth's annual Orbit (3642), and 
this is known to be Fact from common Obſervation; for through 
every Year the Diameter of the Sun is found to ſubtend a varia- 
ble Angle, being ſenſibly greater at one Time than at another; 
for a few Days after the Winter Solſtice it meaſures, by the Mi- 
crometer, about 32/ 4.3”, but the ſame Diſtance after the Sum- 
mer Solflice it is no more than 31” 38. 

3656. Now were the 'Orbit of the Earth truly circular it 
would be always at an equal Diſtance from the Sun, which 
would therefore always appear of an equal Bigneſs ; conſequent- 
ly, as it does not ſo appear, it muſt be at unequal Diſtances 

from us to cauſe thoſe unequal apparent Magnitudes (1451.) 
And becauſe the greateſt and leaſt ſolar Diameters are as'32/ 427 
= 1967”, and 317 38“/ = 1898; the greateſt and leaſt Diſ- 
tances of the Earth from the Sun will be inverſely as the 
fame Numbers 1963 and 1898. 

3657. Let this Ellipſe Orbit of the Earth be denoted by 
ABP D, (Fig. 8.) in whoſe Focus 8 is the Sun; and let the 
other Focus be F. Upon the Center S deſcribe a Circle GI EL, 

whoſe Diameter G K is a Mean Proportional between the two 
Axis AP and BD of the Ellipfis ; then will the Area of that 
Circle be equal to the Area of the Ellipſis (89) And we _ 
may now compare the Motions in the Ellipſis and Circle as they 
would each be deſcribed in the ſame Time; and thus inveſtigate 
an Equation by which the unequal Motion of the Earth in 
the former, and the equal Motion of a Point in the latter, may 
be always equated, or adjuſted to each other. 
Vol. II. * 3658. 
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3658. Suppoſe now the Earth begins its Motion from the 
Aphelion A of the Ellipſe, at the fame Time that the imaginary 
Point ſets out with an equable Motion in the Circle from G; then 
becauſe the Diſtance AS exceeds the Diſtance SG, the Velo- 
city of the Earth will be leſs than that of the Point (1213), 
and therefore in the Time that the Earth deſcribes the Arch 
Aa, the Point will have deſcribed G g, making the Area G 8g 
equal to the Area A Sa, purſuant to the general Law of 
Nature. (1212.) 

3659. Becauſe the Area AS = GSg, ſuduct from each 
Side the common Part or Area GS d, and there will remain 
the Area A Gd equal to that of the Triangle 48; there- 
fore the ſaid 2 da will be ever proportional to the 
Equation of the Orbit, or the Arch (gd). Conſequently when 
this Area becomes a Maximum, there the Equation will be 
greateſt alſo, which is in the Point L where the Circle inter- 
ſects the Ellipſe, for then the ſaid Area becomes ALG. 
30660. As in the Point L the Earth in its Orbit, and the i ima- 
ginary Point in the Circle have both the ſame Diſtance from the 
Sun, LS; they have there the ſame Velocity of Motion; and 
after they have paſſed that Point L, the Earth approaching con- 
ſtantly nearer the Sun, will have a Velocity greater and con- 
ſtantly gaining upon that of the Point in the Circle, but ſtill the 
Point in N will be before the Earth at H, till at laſt the Angle 
HS N or Equation of the Orbit will vaniſh in the Line SPK, 
where the Earth arrives to its Peribilion P, and the Point in the 
Circle to K. 

3661. The Area A SH being ſtill equal to the Area GSN, 
we have at length, the Semi-Ellipſis ALP = the Semi-circle 
GLK; and ſubduQting the common Area GLP, there will 


remain the Area AL G = the Area PLK.- And as the Equa- 


tion aroſe from nothing in the Point A to its greateſt Magnitude 
at L, by continual Increments; fo after paſſing the Point L, it 
muſt leſſen hy decreaſing Quantities, which conſtitute the 
Arca PL & ; fo that what was gained in the firſt Part, is loft 


in the latter, and the Equation becomes nothing in the Line, 


SK. 


3662. Or thus; continue the Ray S H to M; then the Elip- 


tie Sector ASH = GSN, as being deſcribed in the ſame 
5 5 Time; 


— Rs a a 
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Time; from each, take the common Part G LHS, and there 
will remain ALG N LO + OSH= MHL + MSN; 
therefore ALG —MHL = KMHP = MSN, the Mea- 
ſure of which Angle is the Equation MN; and is therefore 
nothing when M H L becomes equal GALGoaPLK. 

3663. In the firſt half of the Ellipſis, or while the Earth de- 
ſcends from the higher Ap/is or Aphelion A to the lower P, the 
Mean Anomah will ever be greater than the true, or the Place 
of the imaginary Point (g) will be to the Eaſt of the Point (4). 
And therefore if we ſuppoſe the Earth at reſt in the Center at 
8, and the Circle GL K I to be the Primum Mobile, then (d) 
will be the Place of the Sun in the Ecliptic, and (g) that of the 
Point of Mean Mation; alſo ASP will be the Meridian, to 
which when d arrives, it will be NooN by the Sun Dial, but 
when g comes to it it will be XII by the Watch. And ſince 
theſe apparent Motions of the Heavens are from Eaſt to Weſt, 
it is evident, the Time of Noon by the Dial, will preceed that by the 
Chet; and conſequently the Equation or Arch g 4 (turned in- 
to Time) muſt be fubtrafted from the Time by the Dial, to have 
the Mean Time by the Clock or Watch, as that is now flower 
than the Dial. 

3664. But all the Time the Earth Abende from the lower 
Apſes or Perihelion P, to the Point of Interſection I, it will be 
nearer to the Sun at S than the Ecliptic or Circle, and conſequent- 
ly its Motion will be ſwifter than that of the imaginary Point; 
therefore its Place p at any Time will be before that of the ſaid 
Point at i, and conſequently will come after it to the Meridian at 
P, in the apparent Motions ; therefore the Mean Time will be be- 
fore the ſolar Time, or the Clck willnow be ſaſter than the Dial; and 
the Equation e p muſt be added to the Time by the Dial to have 
the mean Time by the Watch. 

3665. This will alſo continue to be the Caſe till the Earth 
arrives at the Aphelian A; for though in paſſing from the mean 
Diſtance at I to the greateſt at A, the Velocity of the Earth at 
Q is leſs than that of the Point R in the Ecliptic, and is con- 
ſtantly decreaſing, yet it will always be before the ſaid Point; 
and therefore, with Reſpect to the apparent Motion, it muſt come 
later to the Meridian than the Point of equal Motion R, and fo 
S000 the 
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the Equation R is ſtill to be added to the ſolar or apparent Time h 
the Dial, to have the mean Time by the Clack. 


3666. Here Rę is the Equation; and the Area or Seftor KSR 


PS, from which take the common Area PS RI and there 


will remain PK IS QI RS q and therefore PKI— 
QI = RSg, is proportional to the Equation Rg, (ſee 3662;) 
therefore when QI becomes AIG (= P K I), the Equation 
of the Orbit vaniſhes again. 

3667. Let GN be any given mean Motion (Fig. 4.) and 
AH the correſponding true Anomaly ; draw Sh, Sn, indefinitely 
near to 8 H and 8 N; and put Nn J, and Hh = 53 then 
becadſe the fluxionary Triangle HSh = NSA, we have the 
Angle | HSh: NSn: NS: H S* (1270) :: 2: : Jo Therefore 
N S* x 2 

H 

3668. When the F Juxions of Quantities are equal, their 
Difference will be a Maximum ( 3646 ;) therefore in L, where 
SH = SN = SL we have s = 3; and conſequently the 
E quation of the Orbit GN — AH, will there be the greateſ 
poſſible, as we before ſhewed, ( 3659.) 


= 5 F Juxion of the true Anomaly AH. 


3669. We have found Areas, Angles, and Arches, pro- 


portional to the Equation of the Orbit; but to compute the 
real Quantity of this Equation, we muſt firſt ſolve the fo much 
famed-Problemof KEPLER, wiz. To cut off a Sector A'Sa by the 
Right Line S a (Fig. 3.) that ſhall be to the whale Area of the Ellipſe, as 


the Time of deſcribing the Arch A a, to the Time of a whole Revolution 


in the Elliptic Orbit. But as the moſt geometrical Way of doing 
this, is by infinite Series; and there is a much eaſier and very exact 
Method of computing the Equation invented by the late Biſhop 
Ward we ſhall here explain chat, with Bullialdus's Correction 
thereof. | 

23670. This Method depends on an Hypotheſis, that a Ray FL 
(Fig. 5.) drawn from the upper Focus F to the Planet at L, deſcribes an 
Angle A F L proportional to the Time of the Planet's paſſing through 
the Arch A L. Therefore let A BP be the Ellipſe the Planet 
deſcribes ; ; AP the Line of the Apſides; S the Focus in which 
is the Sun, F the other Focus or Center of equal Motion. The 


Angle AFL being as the Time, the Place of the Planet will - 
2 . 15 5 a 1 . * F . 1 
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be at . and the Angle ASL is the true or coeguate Anomaly. 

3671. Produce F L towards E, and make FE= AP, and 
join ES. Then is LE=LS (769,) and the Triangle 
ELS being iſoſcles, the Angle LESS LSE, and both to- 
gether equal to the Angle F LS (632.) Therefore in the 
Triangle E FS, having the Sides FE and FS, and the Angle 
of mean Anomaly AFE, or EFS, we find the Angle E, 
and 2E = F LS, which is the Difference between the mean 
Anomaly AFL, and the True ASL, and is therefore 
the Value of the Equation ſought ; for this taken from the mean 
Anomaly AF L leaves the True one A SL. 

3672. Alſo in the Triangle F LS, having all the Angles 
and the Side F'S, the Side SL is known, which is the Diſtance 
of the Earth from the Sun, in its Orbit at L. And thus the 
Equation of the Orbit, and Diſtance from the Sun, is found in 
this Hypotheſis very exactly for the Earth; but for the other 
Planets, eſpecially Mars and Mercury, it requires ſome Correc- 
ton, which it received from the celebrated Aſtronomer J/mael 
Bullialdus, as follows. 

3673. Upon the tranſverſe Axis AP deſcribe the Circle 
ADP, andlet AF L bethe mean Anomaly, as before. Thro' 
L draw the Line Q LG perpendicular to the Axis, meeting 
the Circle in Q; join FQ, cutting the Ellipſe in M, and M 
will be the Place of the Planet in its Orbit for the mean Ano- 
maly AFL. Let B C be the Semi- conjugate, which continued 
to D, we have CB: C D:: GL: GO, which is therefore 
known ; join 8 M, and then the Angle ASM will be found in 
the fame Manner as before the Angle AS L was ſound, (3671.) 

3674. This Correction of Bullialdus accelerates the Motion 
of the Planets in the fir/t and third Quarter; and in the Second 
nd Fourth retards them a very little Matter, in Reſpect of Ward's 
Hypotheſis, which makes their Places by this Theory agree 
much better with Obſervations. But the late Mr. StmpsoN 
has given us a Conſtruction which finds the Planet's Place ſtill 
much nearer the Truth than either of the foregoing.* 

3675. The general Reaſon of this Hypotheſis is this, that 
the Felocity i in the Orbit being every where inverſely as a Per- 

pendicular 


* See his Mathematical Eſays, p. 41. 
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pendicular on the Center of Force 8 upon a Tangent to the 
Orbit in a given Point or Place of the Planet (1213), it will 


follow that Aa, Bb, Pp be Spaces paſſed through in equal 
Times; then drawing the Lines Fa, F ö, Fp, the Angles 
A Fa, BF, PFp, will in the Earth's Orbit, be extremely 
near equal. For at A and P we have Aa: Pp: : PS:8A 
:: AF : FP; therefore A Fa PF p. Again, Aa: BU 
:: BS: SA:: FB: FP; but in the Earth's Ellipſe F is very 
near to C, and we ſhall have FB: F P:: AF: FB, very 
nearly; conſequently the Angle BFþ = AF, extremely 
near, Therefore the angular Motion about the upper Focus F is 
very near equable.* 

3676. When the Planet is in B, the middle Point of its 
Semi-Ellipſe, then F E becomes FN, and FB = BN = AC 
= SB; and FSN is a Right Angle, and ſince the Point B 
very nearly coincides with the Point 1 (Fig. 3.) where the 
Equation of the Orbit is a Maximum, therefore the Angle 
FBC will inſenſibly differ from the Half of that Equation. 
And becauſe (3656) AS is as 1963, and SP as 1898, there- 
fore AC= FB, will be as 1930, 5, and AS — ACS C8 
= CF, will be as 32, 5; therefore ſay As FB = 1930, 5 
: FC :: Radius: Sine of FBC = 58 %:, which doubled, 
15 5& 197, = F BS, the greateſt Equation of the Earth's Or- 
bit; and ſuch you find it in the Aſtronomical Tables of Dr. 
HALLEVY. This Equation turned into Time for every Degree 
of the Earth's Anomaly, 1s as in the following Table. 


* Thro' Inadvertence, the Lines, Fa, FB, Fp, were forgot to 
be drawn in Fig. 5. but they can be eafily ſupphed by the Reader, 
and it is therefore hoped will occaſion no Obſtruction to his under- 
ſtanding this material Point. | 
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Subtract from the Apparent Time. 


5 
The Mean Anomaly of the Sun. 

1 2 5 . 
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The TnEORY of the Compound EquaT1oN of T 
and the CONSTRUCTION of one General TaBIE 
thereof depending on the SuN's PLACE | in the 
ECLIPTIC. 


3678. 12 two Equations of Time we have now 'conlider 
ed muſt be both applied to obtain a general or ab- 
ſolute Equation, conſiſting of the Sum or Difference of thee 
particular Ones, according to their affirmative or negative Qua- 
lity; but becauſe One requires the Knowledge of the Sun's 
Place in the Ecliptic, and the other, the Sign and Degree of 
the Earth's or Sun's mean Anomaly ; therefore to render this 
Matter leſs troubleſome or difficult, Aſtronomers have compoſ- 
ed one general Table out of the two, making it depend en- 
tirely on the Sun's Place in the Ecliptic. 
3679. But this general Table can be only a- temporary Ons 
as ſerving with any Exactneſs only a certain Time, becauſe the 
Line of the Apſides AP, from which the Numbers in the ſe- 
cond Table begin, is not fixed with reſpect to Signs of the 
Ecliptic, but has a direct flow Motion through the ſame at the 
Rate of one Degree in 59 Years, or 15417 7” per Century. Con- 
ſequently in about 30 or 40 Years this general Table will re- 
quire to be renewed where any Computations of Accuracy are 
concerned, but for barely ſetting common Clocks by a Dial, it 
may ſerve much longer. 
3680. By Dr. Halleys Tables, the Poſition of this Line 
AP is in 8 427 52” of Cancer and Capricorn at the Begin- 
ning of the Year 1764. But as the Theory of this compound 
Equation is not quite ſo ſimple and evident as every young Ho- 
rologiſt might wiſh, I ſhall endeavour to render it plain by an 
algebraic Calculus, and to illuſtrate the fame by a proper Di- 
agram 3 both which have been hitherta wanting in Books 
treating of this Subject. But to facilitate theſe Dcmonſtations 


the two following Lemmata are to be premiſed, 
3681, In 


Of Crock-Wor x: $13 

368 1. In am Triangle FHS (Fig.6.) we have FH + SH 

x FH — SHS FS * 20 V; ſuppoſing HV perpendicular 

2 FS, and FC CS. For with HF as a Radius, 'on the 

Point H as a Center, deferibe'the Circle A BF and continue 
Me) Wl the Side 8 H each Way to the Circle,” and the Baſe FS to the 
Circle in B. Then is AH = HF, and AS=FH + SH, 
and SE = FH— SH; and becauſe it is ES x SA = FS Xx 
the W 5B (658,) and SB=FV +'VS$=FS +2VS; there- 
fre 2 8 BS ZFS TVS = CV, conſequently 20 V 


SB. Therefore FH + SH x FH —SH = FS x 
2CV. | 

3682. The Rectangli of the Sines of two Arches added to the Rest- 
angle of their Co-fines, make a Sum equal to the Rectangle under the 
Radius and Co. ſine of their Difference. (Fig. 7.) Let the two 
Arches be AC, and CD (= C B); their Sum AD, and 
Difference AB; let CF and O F be the Sine and Co-ſihe of 
the greater Arch AC; and let m D (= 2B) and Ou be thoſe 
of the leſſer Arch CD, or CB. Alſo let BE and OE be thoſe 
of the Difference AB, Draw mn parallel to C F; and mv pa- 
rallel to AO; then it is plain the Triangles OCF, O mn, 
and Dm v are ſimilar; thggefare we have OC: OF: : On 

O, whence OC x OF = OF x Om. Again, OC 

CF :: Dm : mv, therefore OC x'mv = CF. x Dm; 


Conſequently OC x On + mv= OC x OE = * * On 


+CF x Dm. Q. E. D. | 
3683. Theſe Lemmas premiſed, if. we look back on Fig. 4- 
y are Ie ſhall there find the ſame Triangle FHS (as in Fig. 6.) 
al, it Ney drawing the Line F H, and letting fall the perpendicular 
mn. Put AC = ef e, SBS CS=CF=o, 
Line WH = o, and the Co- ſine of the Angle HSP = x, to the 
egin- Radius SK = SN = 1, Then 1:x::v:vs = SV, allo 
ound WH = AP — SH (769) = en and FS= 2c; 
Ho- Miterefore FH + SH x FE —SH = FS Xx 2CV; that 


„ 24 X 24 — 2 = 2 X 2c + xv; from whence 
42 — C7 3 | | 

Books Ne have v = — 2 = SH, the Diane of the 
a + Cx a+cXx_ ES |; 


arth from the Sun, 19 
4 Vol. II, Uuu 3684. And 
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3884. And becauſe S.N* = SK = 46 (3957), we ſhall 


| have = XY = — 2.0 x 5, the Fluxion of the true 
Longitude AH, or Diſtance. from the Aphelion A. Having 
thus obtained an Expreſſion of the Increment of the Longitude 
for the Elliptic Anomaiy, and having before found it for the OB. 
liguity f the Ecliptic (3647), we can find how far both theſe 
Cauſes together will affect the Motion of the Earth in R. gh 
Aſcenſion,  fince in that alone conſiſts the whole Ground and 
Reaſon of the Eguation of ine; and if we thus unite both their 
Effects we ſhall have the whole or at/olute Equation in one The- 
orem, for any Value of *, or Longitude of the Earth from 
either Apſis A or P. 

3685 For the Fluxion of the Longitude or true Anomaly 
being to that of the Equator or Motion in Right Aſcenſion al- 


ways as: ©CD: : c3KE.XiR t:'z: a, (3647.) Therefore 


ſay, As Fe B' E R= aXa+cx * 3; 200445 


þ3 J 7 þ3 
ah X R = the Fioxibe of the Motion in the Equa- 
es CD | vhs | 
tor, ariſing from both the Cauſes ofgrregulacity united. 
3686. Now this being compared with the equable Motion in 
Right Aſcenfion of the imaginary Point in the Circle G L PI, 


it — eaſy appear when their Difference is the greateſt or 
a nn becauſe in that Caſe their Fluxions will be equal 


X 5 X 


4 * * E x R 
(3646,) vis, t > 5 x = =; and con 
, CS 
* Le Dc 


be y in that can 2 
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3687. But as this latter Part of the Equation is not of th 
ſame Form with the firſt, it muſt be reduced to algebraic Terms; 
therefore put M = Sine of K S oz, the Diſtance of the Perihelion 
P from the Solſtice S its Co- ſine = n; then the Co- ſine 0 


the Angle PS H being = x, its Sine will be=v/1 — xx; and 


by the Lemma (3682) we have nx + * - = Co-ſie 
of HS g, or CS 28 = Sine of ꝙ C or Longitude of ths 
Earth at reduced to ths Echptic GL KI. 

af. 69% 3688, Lei 
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2688. Let EN M (Fig-$.): be the Projection of that Half of 


the Equator which is above the Plane of the Ecliptic, and 
EQMof that balf which is below it zr and CD 2 Perpendicu- 
lar thereto; then is the Right- angled Friangle C E D the ſame 
with that in Fig. 1. Put p =;Sine! of the conſtant Angle. E, 
and q = Co- ſine, and We have (by Sphericg) Radius (1) 
4. EC (ax - mV1—x): *þ: pix nf 
of CD, whoſeSquare Co-fine is therefore I—pnx * +pmV 1 - xx 
= . C 770 55 3 24d the cs E = gz; "theſe Values ſubRituted i in the 


MAX aT 7 +7 8! 2 ep 


. þ3- c \ dvd. \\ I Wir 'FY, »{ OJ} 7 4 + 
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Equation N give 


This Equation reduced, gives the Value 'of *, or N of 
the Angle H SP. | 

3689. While the Angle HS Pis acute, x "will be affirmative, 
or 4- x3 but when obruſe it will be negative, or — K. Alſo. 
while H is in the Semisellipſis ALP, n will be affirmative or 
+ m; but when H is in the other Half P IAitis nekative, or 


X eK 

a X a x | 

— =; and the. Equation Pr becomes EEE = 
1 0 = nu? 


whe th 1 


1— p 5 |; aw” 775, es Nas ; 
TE q' 4 "trig [i io | 
3690. From al witch: it is evident; tae this eee. 
tin of Time, as it ariſes from the Sumt and Differences of the 
two ſingle Equations muſt be of a different Value in aifferer;t 
Parts of the Orbit; and that there will be faur of thoſe Maxima 
in all, viz, two atifing from the Sums, while l is poſitive; 
and two from the Differences of the ye W when x 

Is negative, or — X, re 

3691. But to make this Matter yet diane let oe: the 
Equation for the Earth's Elliftie Orbit, and B = that for the 
Obliquity of the Eclipic 3 then all the Time the Earth H ũs deſcend- 
ing from A to P, the former is negative, or — A (3663.) 
And in aſcending from P to A, it will be affirmative; or + A. 
Alſo in the iſt and 3d Quarters of the Ecliptic we have — B; 
but in the 2d and Ath it is + B (3653, 3657. 

3692. Now 'tis evident, in the Diagram (Fig. 8.) that the 
lirſt Quadrant of the Ecliptic 4» 93 wholly coincides with the 

Uuu 2 Seun- 
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Semi- Ellipſe A LP, and therefore the Maximum Equation wil 
here ariſe from A + B, which, as they are both Negative, thews this 
Equation is ſo too, or that it muſt be talen from the Time by 
the Dial, to have the mean Time by the Watch or C 
which is then 106 Jour: This Equation is 16”! 13 and is when 
the Earth i in 8: 10, er the Sun in m: 102i, on November 2d. 
3693. Again, almoſt the whole of the 24 Quadrant of the 
Eeliptic ig im the other Semi: Ellipſe PI A; conſequently the 
two ſimple Equations here being both poſitive their Sum A + B 
will be ſo too or muff be 2 to the Solar Time to get the 
Mean by the Watch, which is. here 10 fat, This Maximum 
amounts? to 14 49” on February toth. When the Earth is in 
K 219,:35/,, or the Sum, in 21“: 35%, | 

3694- "he third Quadrant of the Ecliptic i is wholly on 0 
ſame Sidewith the Semi-Ellipſe:A LP, and the Earth will enter 
it before the third Maximum Eguation; therefore B will be 
Negative and that Equation will be A- B= 5”, to be 
ſabducted from the ſolar Time hy the Dial, becauſe now B is 
greater than A, and the Clocks are too Acco, again. This hap- 
pens on Mey-15th, when che. Earth is in m: 24: 18“ or the 
Sun in 8 24 18%. 

3605. Laſtly, the laſt Quadrant of the Ecliptic-is nearly the 

whole of it on the ſame Side of the Line of the Apſides AP 
with the Semi- ellipſe & L P; here B will be poſitive, or + B, 
and A negative, or - Ay; and therefore, the Equation, when 
gteateſt, will be = B= A5 55; and becauſe B is here 
alſo greater than A, therefore the Equation is to be added to 
the apparent. Time by. the Dial to have the true or equal Time 
by the Clock or Wach which is now 0 faft, or before the 
Dial. This Maximum happens on Jah. 26, the Earth being 
in 3 of , and the Sun in- 30 f g. 

3596. If the Reader attentively conſiders the foetal particu» 
tar Circumſtances and Relations of theſe two ſimple Equations 
he will ſee how this Compound Equation'will gradually arife by 
Additiowand Subtraction, and increaſe to its various Maxima, and 
then alternately decreaſe to nothing, according as the Numbes 
appear in the following Fable, which is here adjuſted for ready 
Ute to the Signs and Degrees of the: Eeliptie. 20% 
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his | Sun Place. © 
by [Signs] 8 | .n E RM | 
ck, | wo N — 
ben | | Ada. | Sub. | Sub. | dk, | Add. | Ad 
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| to 20/ 1 274 of: 6/4 5714 26] 4 9 
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the 1 22] © + 5 1214 44 51} 
ing | 2410 37/4 9 183 525 12 
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CU» _ $0. '4.# S 34'3 2-5: $67 
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* The Equation: following the Sign I to be added, and the Sig 1 
to be ſubducted from the apparent Time, to get the Mean Tine. 
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C HAP. XXVII. 
Of the beſt METnoDs of drawing a MeRIDIAaNn Ling 
by Concentric CiRCLEs, by the HyPERBOLA, &c. 


The Theory of a New EQUAL ALTITUDE Ix- 
STRUMENT for that rr! x. pt 


3698. A CLocks and DiaLs are of a like Nature and 

Uſe, ſo they are mutually ſubſervient to each 
other, and ſerve'to correct one another, when either ſhall chance 
to be at Fault; but to this End it muſt be ſuppoſed that they 
are originally each of them properly conſtructed, and the Dial, 
particularly, fixed in a true Poſition, And as this is ſo important 
a Point, we here propoſe to give ſuch Directions and Precau- 
tions as are neceſſary to be obſerved in that Affair. 

3699, The firſt Thing to be obſerved in fixing a — | 
Dial is, that the Surface of the Pedaſtal be truh level or heri- 
zontal, and this muſt be examined and thoroughly rectified by a 
Plumb- line, or Spirit Level. The Reaſon of this Injunction is 
becauſe the Gnomon of the Dial cannot be parallil to the Aris of 
the Earth without ſuch an horizontal: Paſition; as we bays ow 
when we treated of Dialling. 

3700. The ſecond Thing neceſſary is to wg the bc 
of the Dial truly North and South, or exactly in the Meridian of the 
Place; for this Purpoſe it will not be ſufficient to ſet it by a Mag- 
netical Needle in a Rectangular Box, neither by a Clock, Watch, 
or any other Dial; but quite independently of any other Time- 
Piece, by a true MERIDIAN Line. This is upon Suppoſition 
the Dial is a very good one, and intended to go very correctly. 

3701. As a MERIDIAN LINE is of the moſt extenſive Uſe, 
we ſhall here give ſome of the principal Methods for drawing 
one. The moſt ſimple and practical of theſe is the following. 
Upon à Point A (properly choſen) as a Center, deſcribe ſeveral 
concentric Circles as NH E, OI D, PKC; and in the' ſaid 
Center A fix a ſtrong Wire, as truly upright or perpendicular 
to the Horizon as poflible, the Height of it ſix or eight Inches; 


: then 
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then obſerving, in the Forenoon, very nicely where the End of 
the Shadow touches each Circle, and there make fine Marks, as 
ſuppofe in the Points C, D, E; and do the ſame for the After. 
noon Shadows, as at H, I, K. Then biſect the Arch EH in 
F, and the Arch C K in G; and through the Points A, E, G. 
draw the Right Line A FG, and it hall be the Meridian-Line 
e 
3702. It has been formerly ſhewn (1766, ) that the Curve 
1 R M deſcribed by the End of the Shadow is an Hyperbola (in 
any Latitude leſs than 664 Degrees, ) whoſe Vertex is R and 
its Axis the Meridian Line PRG. Further, it is eaſy to con- 
ceive, that the Sun in the Horizon, projects the Shadow to an 
infinite Diſtance, and there the Curve of the Hyberbola coin- 
cides with the A{ymtote ; and that this is at a Point in the Ho- 
nixon juſt oppoſite. to the Sun; conſequently the infinite Line 
joining theſe two oppoſite Points will be an Aſymptote to the hy- 
perbolic Curve of the Shadow deſcribed on the given Horizon- 
tal Plane, and will contain with the Meridian of the Place an 
Angle equal to the Co. Amplitude for that Day. | 
3703. Therefore from the given LaTITUuDE of the Place, 
and the DECLINATION and AMPLITUDE of the Sun, the Hy- 
perbola for the given Day may be deſcribed, and the Meridian 
Line thereby found by a ſingle Obſervation of the Shadow; and 
verifhed by any Number of them you pleaſe. In order to this 
Practice, it is to be conſidered, that on any Day in the Summer 
or Winter when the Sun's Declination is the fame, there will 
be the ſame or equal Hyperbolas deſcribed by the Shadow, 
whoſe Vertices will be determined by the Shadow of the Me- 
ridian Altitude on each Day. | 


3704. Thus, for Example: Let AB be a Gnomon of x 


given Height, and let ACB be the Meridian Altitude of the 
Sun, equal to the Sum of the Co- Latitude and Declination, whence 
the Diſtance A C is known. Again, the Angle A DB, on 
the Winter Day, is the Meridian Altitude, equal to the Diffe- 
\ rence of the Co-Latitude and Declination; and therefore AD 
is known; from which take A C, and the Remainder C D is 
the Tranſverſe Axis of the Hyperbola's. . 

3705. Biſect CD in E, and that will be the Center of the 
Hyperbola's; thre” which draw two Right Lines G P and LM 


« | making 
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making. with the Line A D Angles GEA and ME D-equal to 
the Co- Amplitude arid they will be the Ihmptotes to the Hyperbolas, 

3706. On the Vertical Point C erect the Perpendicular C K 
meeting the Aſymptote EG in K, and CK will be the Semi- 
Conjugate of theſe Hyperbolas; therefore make E F and EQ 
equal to EK, and the Points F and Q will be the Foci of the 
Hyperbolas, (768.) 

3707. Thus having the Düne and Fei; the Curves HCI 
and. NDO 1 may be readily deſcribed, either by the Inſtrument 
in the Plate of the Fuſee, or by finding a Number of Points S in 
the Curve which is very eaſy to do, becauſe it will be every 
whereQS —FS = CD (769; ) and fo for every Point 8 
you have Q8 = CD+FSs, or FS QS — CD, by 
which any. Number of thoſe Points are found, and the Curve of 
the Hyperbola drawn through them as required, 

3708. Having thus conſtructed the Hyperbola HCI for the 
given Day, let the Paper on which it is drawn, be ſo placed on 
the Plane, that the Point A may exactly coincide with the 
ſmall Hole in which the Wire or Pin was fixed, and then ſo 
moved or adjuſted, that the Length of any ob/erved Shadnu A R 
taken in a Pair of fine Compaſles may be applied therein, that 
is, when one Point of the Compaſſes is in A the other may fall 
preciſely in the Curve of the 'Hyperbola at R; then will the 
Axis of the Hyperbolas FE Q be in the true Meridian of the 
Place. And by obſerving a Number of theſe Shadows, its Po- 
ſition may be verified to great Exactneſs. 

3709. The Time moſt proper for this Proce: s is at or near 
the Saſſtices, and the Meridian determined at or about the Summer 
dalllice, will be moſt exact, as the Shadows AR are then ſhort- 
eſt and beſt defined at the Ends. The Reaſon of chuſing theſe 
Times of the Year, is becauſe the Hyperbolas have now the 
greateſt Degree of Curvature, from which they degenerate gra- 
dually till, in the Equinoctial Day, they become a 12 
Line, (1764.) 

3710. But when the Meridian Line is to be determined of a 
conſiderable Length, other Methods may be more readily ap- 
plied: that by an Equal- Altitude- -Teleſcope i is certainly a very good 


25 bu the Expence of ſuch an Inſtrument, the Skill of the 
. I. 2 D i . 
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7 


Perſon," and Difficulty of the Performance, will confine this 
Method to very few Hands. 

3711. The Method of Tycho Brahe was much eſteemed by 
bimſelf and others in his Time; it conſiſted in having an In- 
ſtrument ſo placed on a Plane that he could eaſily thereby obſerve 
the greate/! Elongation of any circumpolar Star towards the Eaſt 
and Welt ; conſequently the End of this Inſtrument would de- 
ſcribe an Arch, the Half whereof would meaſure theſe equal 
Elongations from the Meridian, which therefore became known 
or determined; vix. by biſecting that Arch, and drawing a Line 
through that Biſection and the Center on which the Inſtrument 
moved. But this Method is more ſuited to Aftronomers than 
for common Uſe. 

3712. Dr. DxRHAM's Meridian Inflrument | is well known a 
a very uſeful One for drawing a Meridian Line with tolerable 
Exactneſs. But I no not think any Method ſo good, (that is, 
ſo exact,) as thoſe which have their Points and Centers upon 
(and not above) the Plane on which the ſaid Line is to be drawn, 
and which alſo are entirely independent of Shadows, becauſe in 
great Lengths Shadows always become penumbral, or ill defined, 
and therefore not fit fer an Affair of ſuch Preciſion, 
3713. I ſhall therefore propoſe a new Method of conſtruct- 
ing an equal Altitude Inſtrument that moves immediately on the 
Plane, or Floor, or Pavement where the Meridian Line is re- 
quired to be drawn, and which will give'as little Trouble, and 
as great Accuracy, as can be expected in ſuch an Operation. 
This Inſtrument conſiſts of a Ruler AB C made of Mahogony, 
or other Wood, not ſubject to warp; At A is a ſmall Hole 
in a Piece of Braſs in which the Ruler is moveable about a 
lender ſteel Pin, The central Line AC is ſuppoſed to be 
drawn with great Care and very ſtrait ; the Part B C is a fidu- 
cial Edge of Ivory, exactly coinciding with the faid Line AC; 
and at D is a ſmall black Line, which, upon the Motion of the 
Ruler, will deſcribe, any Arch of a Circle, as DEF. 

3714. Upon this Piece of Wood (or Metal) there is placed 
an ln{trument for taking equal Altitudes of the Sun, con- 
ſtructed in the following Manner. GH is the Baſis of it, 
and from the Center N move the two Indices, N P and NL, 


upon two Arches of a Circle, viz. I K fixcd to the immoveable 
. Baſe 
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Baſe G H; and the Arch M ON, fixed to the Alidade or Index 


LN; and conſequently moveable with it. Upon the Index 
NP, is a Sight-Vane at R, with Creſi-Hairs in its Perforation, 
and a Shadow-Vane N Qis Nes at che Center N, exactly pa- 
rallel to the former. 

3715. The peculiar Anifice of this ConftruRion i is, thatin a 
ſmall Form, it performs the Office of a large Quadrant. For the 
Arch M O is divided into every 10 Degrees only, and therefore 


is not required to be large ; the Index PN is placed to that Di- 


viſion which is next leſs than the Sun's Altitude; and then it is 
evident, the Remainder in Pegrees and Minutes is meaſured by 
the Index LN, and its Vernier Plate at L, upon the Arch IK, 
which is divided into 15 or 20 Degrees at moſt, and therefore 
but of a ſhort Length. 

3716. This Inſtrument properly fixed upon the large Alidade 
AC (as in Fig. 3.) it is plain, that if in the Forenoon it has 
that Situation A C when the Indices are ſo adjuſted that the Sha- 
dows of the Croſs-Hairs, in the Vane R, fall preciſely on the 
black Lines croſſing in the Center of the Vane QN, and a fine 
Point or Mark be made at D; and then, in the Afternoon, the 
faid Alidade A C be brought to ſuch a Situation, that the central 
Line A C be that of AF, when the Shadows of the Croſs- Hairs 
exactly coincide again with the Lines on the Vane Q, I ſay 
then, it follows, that if the Arch D E be biſected in E, and the 
Line A E be drawn, it ſhall be the Meridian Line required, 

3717. This is all ſo plain as to want ne farther Explication ; 
and I find it fo eaſy in Practice to take any Altitudes, and to 
meaſure any Angles in general with this compendious Inſtru- 
ment, that I can venture to recommend it to the ingenious practi- 
cal Geometrician, as worthy of his Notice. It may be furniſh- 
ed with, a Spirit Level to place it horizontally, and if a Lens of 
a proper focal Diſtance be placed in the Vane R, it will not 
only ſhew the Height of the Sun at any Time to a Minute, but 
alſo that of any other Object by its Picture, on the Vane NQ, 
properly darkened. As HAaDLEY's Quadrants are capable of 
the ſame Improvement and conciſe Form, I ſhall give a fur- 
ther Account of them at another Time; only obſerving, they 
may be applied in the above Method alſo for drawing a Meridian 
Line. 
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The Tnroxv and CONSTRUCTION of an ELLIPT- 
CAL, CIRCULAR, and DIAMETRAL DIAL, which 
by Means of a common HORIZONTAL Drar, will 

find t the true MERIDIAN. ' | 


3718. We have ſhewn the beſt Methods of drawing a Meri- 
| dian Line, by which a Dial may be ſet truly upon 
a horizontal Plane. We ſhall next ſhew how Dials may be 
conſtructed i in ſuch a Manner as . "waa or to find their 
own Meridian by Means of a common Horizontal Dial only. One 
of this Sort is called an ELL1pTic D1aL, the other a Cin 
CULAR DIAL, becauſe in the firſt the Hours are the wnequal 
Diviſions of an Ellipfes, and in the latter they are the equal Di- 
viſions of a Circle; - in both which Reſpects they differ from com- 
mon horizontal Dials, where the Hours are the une qual Diviſion 
of a Circle, as we haye ſhewn (1772). p 
3719. The Theory of the Elliptic D1AL we ſhall here deliver 
with all the Perſpicuity we can from a New, and (we preſume) 
moſt natural Projection of the Sphere orthographicalh, in what is 
uſually called the Analemma, explained form 1703 to 1720. 
Therefore (in Fig. 1.*) let HZ OV be the general Meridian; 

Q, the Equater ; ; "PX, the Hour Circle of Six; Z V, the 
prime Vertical; and HO, the Horizon, AF, LK, two Pa- 

rallels of 1 N 5 

3720. Then in our INsTITUTEs of Gnomonical Perſpedtive, it 
has been ſhewn (1738, c.) that the Sun having any Declina- 
tion E G, will, by its Ray G C, deſcribe that Day a Cone ACF, 
whoſe Baſe is the Paralle] A F upon the Surface of the Sphere, 
whoſe Aus is that of the Sphere PC, its Verter C, and Height 

OB. This Cone we ſball (for DiſtinCtion's Sake) call the Ra- 
| dial Cone. : 

Fat. Then if the Axis 2 CY of the prime Vertical be con- 
ſidered as an opake Line, it is plain, that Point of it at C, will 
intercept the Ray GC, and thereby produce a neal Shadow 
CK i in the ſame Direction, which Shadow will therefore de- 

-7 "nw 


In the Plate entitled the Theory of * Circular, and Dir⸗ 
metral Dial. p 
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ſcribe an equal and oppoſite Cone LC K, whoſe Bafe in the 


Surface of the Sphere will be the oppoſite equal Parallel LX. 
This therefore we ſhall call the umbral Cone. 

3722, Then as the 24 Hour circles divide the Equa- 
tor E Q, and all its Parallels AF, LK, into ſo many equal 
Parts, it is evident the Ray GC in applying to thoſe Circles ſe- 
verally, will aſſign the Poſitions of 24 Lines dividing the Sur- 
face of the Radial Cone into 24 equal Parts. And alſo, of 


Neceſſity, the Shadow CK will at the ſame Time give the 


Poſition of 24 correſponding Lines on the Surface of the umbral 
Cone; which therefore may be conſidered as Hour- Lines on the 
Surfaces of theſe Cones, interſecting each other in the common 
Vertex C. 

3723. As the Sun's ; Declination EA decreaſes, the circular Baſes 
AF and LK of theſe Cones will encreaſe, till at Length the Sun 
being the Equator at E, both thoſe Baſes coincide, and the 
Cones degenerate into the Plane of the Equator EQ; where 
thoſe 24 Hour-Lines alſo ſeverally unite and form the polar Dial, 


deſcribed (1759) whoſe Gnomon is PC the Axis of the Sphere. 


3724+ It is farther evident, that, in the Caſe of the Sun's be- 
ing in the Equator, the. Hours will be indicated by us Shadows 
united into one, projected from the two opake Gnomons PC and 
Z C, on the Plane and graduated Perimeter of the Equator, 
For whatever Hour-Circle the Sun may be upon, the Shadow of 
the Stile CP (as being its Axis) will be in the Plane of that 
Circle (1751). For the ſame Reaſon, the vertical Circle paſſing 
through the Sun at the ſame Time, will have the Shadow of its 
Axis Z C projected in its own Plane ; therefore, becauſe the 
Planes of both of thoſe Circles interſect each other, and alſo the 
Plane of the Equator, in one common Line; the Shadows of 
both thoſe Gnomons will, of Courſe, be projected into that 
Line, which will be the Shadow pointing out the preſent Mo- 
ment on the Dial. Indeed, properly ſpeaking, the Shadow in 
the Caſe now ſpecified, is only that of the Point'C in the Inter- 
ſection of the two Gnomons. 

3725. Again, ſuppoſe the' Sun has any Degree of Declind- 
tion E A, the Parallel A F will be its Path for that Day; now 
ſuppoſe it in any Hour- Circle, as that of Six PC X, in the Point 


| B; and let Z BV be the Vertical paſſing through the Center of 


the 
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the Sun: Then it is eaſy to underſtand, that the Ray proceeding 


from the Sun's Center at B, will deſcribe the Line B C on the 


Side of the radial Cone AC F, becauſe that is the common In- 


terſection of the two Planes on the Side of that Cone, Here the 
faid Ray is obſtructed by the opake Particle C in the Interſection 
of the two Gnomons or Wires, ZY and PX, and by that 
Means the Shadow of that Point will be a Line on the Umbral 


ConeLCK, exactly in the ſame Direction C * and therefore 


on the contrary Side. 

3726. Hence then, if the Baſe LR K of the Umbral Cone 
were a Circle divided into 24 Hours,. and the Cone itſelf were 
away ; then it is plain, the Point R will be the Hour of Six on 
the Weſtern Side of that Circle, if B be the Hour of Six in the 
Morning, upon that Point will the Shadow of the InterſeQion 
C preciſely fall. If we ſuppoſe not only the Perimeter, but alſo 
the Plane of the Baſe (or Parallel) LK to be there placed, then 
would the two Axes PX and Z V paſs through it in the Points 
R and V, of which the former is the Center. And on that 
Plane would be projected two Shadows, one of the Part RC, 

the other of the Part C V, of the ſaid two Axes. | 

3727. And in this Manner the Plane of any particular Paral- 
jel LK may be conſidered as a Dial-plane, having two Stiles or 
Gnomons RC, VC, whoſe two Shadows. conſtantly interſect 
eack other on the Hour-circle in its graduated Circumference, 
and thereby ſhew the Hour for that particular Day. 

3728. But as the Periphery of a Parallel is a variable Quanti- 
ty, increaſing or decreaſing daily, it can by no Means anſwer 
the Intention of an Four-circle, which ought to be a fixed or de- 
terminate Thing; and therefore if inſtead of the Parallel of De- 
clination, we ſubſtitute a moveable Equator, it will anſwer the 
Purpoſe of an univerſal Dial for finding the Meridian in any 
Latitude, and conſequently, independent of the Magnetic 
Needle, will ſet itſelf, or ſhew the true Hour of the Day; as 
will thus eaſily appear. 

3729. Let the given Parallel of Declination be A F, and draw 
IG and MN, Tergent to the Equator E Q ; and then ſuppoſe a 
moveable Circle, juſt equal to the Equator, and divided into 24 
Hours, Minutes, c. were to flide up and down upon theſe 
Tangent Lines of the Sphere, ſo as readily to be placed in a 

2 Situ- 
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Stuation ſimilar to that of the Parallel LK in the Umbral 
Cone, correſponding to the Parallel AF of the Radial Cone. 
Such a moveable Equator will be repreſented by the dotted Line 
or Circle IWN ; for the Lines CL, CA, CK, CF, conti- 
nued out, will cut the Tangents in 1, G, and N, M; there- 
fore EI = CW = MN, conſequently the Plane of the 
moveable Equator IN, is parallel to the Plane of the Parallel 
LK, and the Peripheries of each are parallel Circles of the 
ſame Cone ICN; therefore they are divided ſimilarly by the 
dhadows of the two Gnomons WC, and UC, or it will be 
every whereRV:VK::WU: UN. And thus the Hour 
will be ſhewn truly, and alike in each, | 
3730. If therefore a Dial be conſtructed according to this Ana- 
mma, it will be the Plane of this moveable Equator; and ſhew 


| both the Hour, and the Meridian- Line at the ſame Time: For the 


equational Hour-circle being rectified to the Tangent of the Sun's 
Declination (for any given Day) on the Lines GI, MN, the 
Hour ſhewn by the Gnomon W C (as being Part of the Axis 
of the Sphere) can never be true, but when HZ O is in the 
Plane of the Meridian ; but the Hour ſhewn by the Gnomon 
UC, muſt alſo in that-Caſe be true ; therefore, when the In- 
terſection of the Shadows of theſe two Gnomons fall preciſely 
on the Hour-circle, then both the Hour and Pofition of the Meri- 
dian- Line will be given by the Dial, 

3731. The ſame Thing will be effected by a fixed Equator 
EQ, and a moveable Gnomon Z C; for while the Equator i is 
carried from EQ to IN, the Index or Axis Z I, is moved 
through the Plane of the Equator from W to U; and therefore, 
if we take CS = WU, and from the Point S draw Sa parallel 
to CZ, and alſo drawing G&M, we have the two Gnomons 
Cb, and S h exactly equal to the former two, W C and UC, and 
dike ſituated to the Plane of the fixed Equator EQ, as they 
were to the moveable One IN. And therefore the Hour will be 
ſhewn in this Cale, the ſame as in the other. 

3732. Laſtly, the ſame Purpoſe will be anſwered by a Gno- 
mon Db, moveable upon a horizontal Line HO, through the 
Space CD, lince the Point (5). in the Interſection, gives the 
Hour, and is the ſame in both Caſes, 


3733. 


- 


on in E, making EO = 11®: 
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3733. If therefore upon the Plane of the Horizon H Oin any 
Latitude EZ = PO, the Equator EQ be projected into 
an Ellipſis, a and it be properly divided in every 15th Degree by 
a Table of Sines as directed (1718) theſe Diviſions will be the 
Hours, and then an upright Stile Da, moveable in the Hour. 
Line of XII, or Meridian HO, will conſtantly ſhew the true 
Hour on this Elliptic Equator, as before it did on the Circular 
One. Becauſe in the Projection there is a perfect Similarity of 
all the Parts in One, to all the correſponding Parts of the other, 
as we have ſhewed (1715). 

3734. In this Caſe, the Shadows of the two Gnomons Ds, 
and C 5, require two different Hour-circles, and ſo will be no 
longer one Deal, but two of a di lin Nature, Thus let Fig, 2. 
be the orthog. Projection on the Plane of the Horizon FOM; 


and let A QB be the Ellipſis into which the Equator is project. 


ed, and divided into its proper Hours; alſo let P be the project- 
ed North- pole, Z the Zenith, and D the Foot of the perpen- 
dicular Stile S 5, for any Declination of the Sun EG in Fig. 1. 
Then ſuppoſe the Shadow of that Stile falls upon the Hour Xl, 
it will be projected into the Line DXT, and this muſt be the 
Hour- Line of XI on the horizontal Plane, as is evident from 
the Nature of the Projection for the Space Z D here, is equal 
to CD there; and D is the Projection of the Foot S of the 


Taid Stile in the Plane of the Equator. 


3735. But with Reſpect to the Stile C& (in Fig. 1. 3 its Sha- 
dow here cannot paſs through the Point (or Hour of) XI in the 
Ellipſis A QB; for the Foot C being in the Center Z of the 
horizontal Plane, and the Hour- circle of XI cutting the Hori- 
517 (1772) it is plain, Z E 
will be the Hour- Line of XI on the horizontal Plane, or the 
Shadow of the Stile Ch. And drawing the Line Z XI, there 


is formed the ſpherical right- angled Triangle XI Z Q, wherein 


ZQ = the Latitude, and XI Q = the Hour, being given, the 
Angle at Z will be found = 18® : 55/, which is 7* : 4 greater 
than the Angle EZO. Conſequently the two Gnomons will, 
in this Projection, require two different Curves. for the Hours, 
viz. the Ellipſs AQB, and the Circle FO M „ Wh ich therefore 
conſtitute two different Dials, 


3736. 
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3736. When EG (= E) is the Tangent of the Sun's 
preater Declination E A, then AF and LK are the two Tre 
pics; and CD Z D (Fig. 2.) is the greateſt Space through 
which the perpendicular Index Da is to be moved in the hori- 
zontal or metidian Line HO, which is to be graduated into 
23* : 30/, to correſpond to the Sun's Declination in'this Man- 
ner. In the Triangle CD, we have C = Tangent of 23” 
: 30/, and the Angle at b = Z CP Co- Latitude. And as 
Radius: 3. CS D:: CGS: CD; therefore ſince C 4 is the Tan- 
gent of 23* : 30/0 to the Radius CP, CD will be the Tangent 
of the ſame Arch to the Sine of E P made Radius, or applied in 
the Sector from 45 to 45, upon the Lines of Tangents. Thus 
Z D and Z H is graduated for the Summer and Winter Halt- 
Year, by which, to ſet the Index or Gnomon for the Declina- 
tion of the Sun, proper to the given Day. 

3737. Therefore it isevident, that when the 42 Minute is 
ſhewn by the Elliptic and Horizontal Dial, the Hour Line of 
XII, viz. HO, will be in the Plane of the Meridian of the 
Place, and conſequently a Right Line drawn parallel to it will 
be a true Meridian-Line. And thus ſuch a double Dial will at 
all Times ſet ite without any Aſſiſtance of the Magneti- 
c Needle, or any other Meridian Line than its own. 


CHAP. XXX. 


The TazoRY and CONSTRUCTION of CIRCULAR 
and DIAMETRAL DiaALs, which, with 4 
n. Diar, find a true MxRIDIAN LINE. 

3738. Bel the foregoing Elliptic Dial, there is yet another 

Sort which by Means of a common Horizontal Dial, 
will /zt :1/cif, or ſhew the Poſition of the Meridian Line without 


the help of the Neale; and by which, of Courſe, the Variation 
Vor. II. Yyy IRS IS 2 
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of the Needle is alſo eaſily diſcovered in the given Place. But 
this Dial is of a circular Form, and what may ſeem a little ſtrange, 
is, that the Hours on this Circle are all equidifant, as in the 
Equator itſelf. The whole Artifice or Conſtruction of this 
Dial depends upon a due Conſideration of the Properties and 
different Sections of a Scalenaus Cylinder which will be eaſy to WM Ba 
underftand after what we have premiſed of the Scalenaus Ca Di: 
(1508,) and its Subcontrary Sections (1510, &c.) | 

3739. Firſt then let it be conſidered that if Donna 
were drawn through the ſeveral Points of the Equator, (or any 
Circle) and at right Angles to its Plane, they would conſtitute 
a right Cylinder, whoſe Section by a Plane perpendicular to its 
Axis will be a Circle, but in all other Caſes an ne as we 
have ſhewn (171 5.) 

3740. Secondly; if theſe . Liner are now ſuppoſed 
_ "gradually to incline or lean towards the Plane of the Equator, 
then they form what we call a Scalenous Cylinder, being com- 
preſſed by this Inclination of the Lines into a ſlattiſh Form; 
and whoſe Section by a Plane perpendicular to its Axis will be 

an £ipfis, one Diameter of the right Cylinder being contracted 
gradually into a leſs Length, while the other' continues the 
ſame; alſo all other Sections will be Ellipſes, except two, vis. 
one Parallel to the Equator (or original 2 and the other 
by a Plane in a Subcontrary Paſition. 
374 T. Thirdly; theſe Tangent Lines . inclining to 
the Plane of the Equator will at laſt perſectiy coincide with it, 
or the Scalene Cylinder now degenerates into a Plane coincident 
with that of the Equator, which, in this Caſe, is projected by 
theſe Lines or Rays into a rait Line, uix. one of its Diameters. 
And this Confideration lays the Foundation of another Species 
of Dialling, wiz N which we ſhall enlarge upon by 
and-by. ., 

3742. But to come e directly to the Point, and for IIIuſtratiot 
of what has been ſaid, let AB F D be the Scalenous Cylins 
whoſe Axis is I G, perpendicular to which let the Line RS be 
« drawn; this will be the ſhorteſt Diameter of the Elliptic Seal 
and ſuppoſe the longeſt Diameter be HO, which alſo is conceiv 
ed to paſs through the common: Interſection C of the Axis, ane 
the other Diameter RS (Sce Fig. 3) Upon the Point C 

Fil 


GI, 
horiz; 


the H 
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with the Radius C H deſcribe the Circle HZ O V, cutting the 
fatted Sides of the Cylinder in the Points E, H, and O, Q; 
and draw the Line E CQ. 

3742. Then it is evident, that ſince HO is * to the 
longeſt Diameter of the Elliptic Section by a Plane through 
RS, it is therefore equal to the Diameter of the original Circle or 
Baſe of the inclined Cylinder A B F D, and alfo parallel to the 
Diameter through whoſe Extremities the Lines A B, F D paſs. 
Conſequently, the Section of the Cylinder by a Plane (through 
HO) parallel to the Baſe will be alſo a Circle, equal to the Cir- 


cular Baſe. 
3743. And becauſe the Angles REC and S QC are equal, 


2s alſo RH CS SOC, (by reaſon of parallel Lines AB, DF 
interſecting the equal Lines HO and EQ) therefore the Section 
of the Cylinder through E Q will be ſubcontrary to that through 
HO, (1509,) and conſequently alſo a Circle, agreeable to (1510,) 

3744. Now if FP QX be conſidered as a Meridian of the 
Sphere, which is orthographically projected thereon, and EQ the 
Equator ; we may then look upon HO as the Horizon of ſome 
Place Z, whoſe Latitude is E Z, and whoſe Co-latitude Z P 
is biſected by the Axis of the Cylinder I G, becauſe the Section 
through R S is ſuppoſed to be perpendicular thereto, and con- 
ſequently equally divides the Angle ECH in the Point K, or 
OCQ in the Point L. 

3745. Then (from what we demonſtrated in the laſt Chap- | 
ter) it is plain, thatif K L be conſidered ns a Plane having a 
Perpendicular Stile or Gnomon CN, the Projection of the 
Equator E Q thereon by Rays AB, FD, parallel to CN, 
will be an Ellipſes, whoſe ſhorteſt Diameter is RS, and longed 
KL. And that as the Sun advances to the Parallel T v, ſo 
the perpendicular Stile being parallelly removed from C to (a) 
will ſhew the Hour on that Ellp/is ; and if TV be conſidered 
as the Tropic of Cancer, then Ca will be the Length of the 
dummer Half of the Zodiac on the Dial-plate. 

3746. Suppoſe now the Plane K L were taken away, but 
the Gnomon N C to remain ; then it is evident the Rays A B, 
GI, DF, will project the Equator E Q into a Circle on the 
horizontal Plane HO (1510.) And the ſaid Rays will divide 
the Horizontal Circle in the ſame Manner or Ratio, as they do 
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the Equator itſelf. For let (eh) be any one of thoſe Rays, 
which paſſing through the Point (g) of the Equator, projects it 
into the Point (4) in the horizontal Circle HO; then becauſe 


eh is parallel to AB, we have CE: CZ:: CH : C. 
Wherefore the Horizontal Circle will be divided into 24 equal 
Parts by the Rays which paſs through every 15th Degree of the 
Equator. 

3747. Therefore 'tis evident, that if upon the Horizon H O, 
a Circle be drawn, and divided into 24 equal Parts; thoſe Di- 
viſions will be the Hours truly marked out by the Shadow of a 
Stile or Gnomon CN elevated above the Plane thereof i in the 
Angle NCO = PO + PN = the Sum of the Latitude, and 
half the Co- Latitude of the Place Z. So that at London, for Ex- 
ample, the Angle NCO = 51* 300 + 1915 = 70? 457%. 

3748. Tis farther evident, that this Stile CN is a moveable 
One, as it originally and properly belongs to the Elliptic Dialon 
the Plane K L (3745;) where its parallel Motion, Northward, 
is Ca; but this is now to be eſtimated in the Plane of the Hori- 
zon from C towards O, where it will be expreſſed by the Line 
C c whoſe Value is thus found. In the Triangle b Ca (right- 
| angled at a) we have Rad. (CP): Sine of Cha (= OCT) 

C: Ca. Again, in the ſimilar right angled Triangles 
Cs, OCs, and FCL, we have Ca: Cc:: CL (Rad.) 
; Cf; thereſore C GORE — = my 7 z therefore 
os Ce: Rad*: OS x Cf:: Rad.: CONTIN Tan- 
gent of LCf. Whence the Value of Cc is known. 
3749. But becauſe it will be moſt convenient to ſet the Index 
CN by the Sun's Declination, therefore the Semi zodiac C c 
muſt be conſidered as a Tangent of 23* 3% to ſome Radius, 
which from the Analogy above is evidently the Line Lf, viz. 
the natural Tangent of the Half Co- Latitude of the Place z. There- 
fore by applying the Line L/ from 45 to 45 in Lines of Tan- 
gents on the Sector for Radius; you may then take the paral- 
jel Diſtance from 23 3o/.to 23? 307, and that will give the 
Length of Cc from the Center C each Way in the Meridian 
Line for the Summer and Winter half Year. And thus your 
Circular Dial will be compleated, as in Fig. 4+ 


. 32750. There 
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3 50. There are many other Particulars obſervable in this 
Sort of Dials, but we muſt paſs them by at preſent as not ne- 
ceſſary to our Purpoſe, which is only to ſhew how by two Dialer 
a different Conſiruftion, and placed upon one Right Line, a true 
Meridian Line may be drawn, and the Hour ſhewn, without any 
other Afſiftance. — This we have ſhewn may be done by a cm- 
mon horizontal Dial combined with the Elliptic, and Circular Ones ; 
we ſhall next ſhew the Nature and Conſtruction of a Retiilineal 
or DiamETRAL DIAL for the ſame Purpoſe. 


3751. Suppoſe (Fig. 3.) that the Tangent Ros AB, GI, 


DF, were (in the firſt Place) all at right Angles to the Plane 
of the Equator EQ; an infinite Number of them would, in 
this Caſe, conſtitute a perfect Cylinder whoſe Section, perpendi- 
cular to the Axis would every where be a Circle, as being paral · 
lel to the circular Plane of the Equator. 

3752. Let the Rays now gradually deviate from that rectan- 
gular Poſitition to one more and more inclined to the ſaid Plane 


of the Equator in a Direction from P towards E. Then it is | 


evident, all that Time the Radial Cylinder will become more 
and more flatted or ſcalenous ; and every perpendicular Section 
RS will become of a leſs and leſs Diameter; and, of Courſe, 


the Hour-Circle in the Equator degenerates into an Ellip/is, and 


becomes more and more ſo; till at length, the Rays all ar- 
rive at the Plane of the Equator, and thence the ſcalenaus Cylin- 
der itſelf becomes a Plane, and coincides with that of the Equa- 
tor; alſo the horary Ellipfis now Collapſes, and both Sides unite 
in a Right Line which is the Diameter of a greater Circle PX 
paſſing through the Poles, 

3753- During this ſuppoſed dikes of the Tangent Rays 
the Dial Plane K L has deſcribed the Quadrant EX, and its 
Gnomon or Index CN the Quadrant PE, and its Hour- Circle 


has paſſed thro' every Degree of Elliptic Curvature from a Cir- 


cle to that of a Right Line; and the Poſition of its Gnomon, 
which at firſt was in the Axis of the World CP, is now CE 
in the Plane of the Equator. 

3754. This Poſition of the Dial-Plane PX and its Gnomon 
CE fits it for An univerſal Right-lined DIAL in every Latitude; 
for from the Nature of the Analemma, it is evident, that the 
24 Hour-Points of the Equator are now projected into the El- 
liptic 
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liptic Line (as it may be called) or the Eaſt and Weſt Diameter 
of the Plane DX. Which Line is equally a Diameter in the 
Plane of any great Circle, as that, for Inſtance, of the Horizon 
HO, becauſe it is the Common Section of them all, and fo is 
equally as much in one as in another, 

3755. Therefore ſince the Rays which paſs through the Be- 
ginning of each 15th Degree of the Equator, will project thoſe 
Points into the ſaid Common Section or Hour-line of the Dial, 
this Line will be thereby divided in the Manner of a Line of Sine 
each Way from the Center, as repreſented in Fig. 5. 

3756. The Stile of this we have thewn (37 $3) muſt be pre- 
ciſely elevated to the Plane of the Equator, viz. the Angle 
ECH (Fig. 3.) for any propoſed Horizon HO; and as this 
Dial is of the Elliptic Kind, its Stile or Gnomon C E is a move- 
able One. And therefore if T V be the Parallel of the Sun's 
greateſt Declination, it will alſo repreſent the Poſition of the 
ſaid Gnomon for the tropical Day, as being parallel to CE, 
and interſecting the Axis CP in the Point (5) making C5 
_ Tangent of 23* 300. Therefore, ſince in the Trian- 
ole CbV, it is Cb:; CV :: Radius: Secant of the Angle 
Þ CO, the Diſtance CV. is known for any Latitude P O or 
EZ. 

3757. And ſince Cb is the Tangent of 235 30 to the Radius 
CP; therefore C V will be the Tangent of 23 307 to a Radius 

equal to the Secant of the Latitude, and hence CV the Semi-Zo- 
diac for this Dial, is eaſily graduated for the duly adjuſting the 
Index to the Sun's Declination, as directed (3736,) and as 
ſhewn in Fig. 5. 

3758. But this Refilincal Dial is not ſo conveniently 
combined with the common horizontal Dial for finding the true 
Hour or Meridian Line as the Elliptical Dial is; becauſe in this 
the Hours at the extreme Parts of the Line run fo near toge- 
ther, as not to admit of ſufficient Accuracy in obſerving and 
comparing the Time in each. Nor is the circular Dial (F ig · 4.) 
ſo fit for this Purpoſe as the Elliptic One, becauſe of the ſmall 
Length of the Zodiac for ſetting the Stile CN. (Fig. 3.) not al- 
Jowing a ſufficient Eſtimation of the Sun's Declination. 

3759. Tis very obſervable that both the circular and right- 
lined Dial are univerſal Ones, or will ſerve for all Latitudes, be- 
cauſe 


4 
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cauſe the horary Diviſions of each always remain the ſame, and 
the Indices or Stiles only require to be properly rectified, wiz. 
that of the Circular Dial as directed (3749,) and that of the 
Rectilineal One to the Co- Latitude H E, be it what it will, 

3760. Laſtly, in the Right-lined Dial (Fig. 5.) the Reader 
will obſerve that the Shadow of the Stile muſt go backward and 
forward twice a Day in the Summer Half-year, viz. Morning 
add Evening, as is evident by Inſpection. What remains on 
this Subject of DIALLING will be delivered in the Third Vo- 
lume ; wherein it is propoſed to give the THEORY and Con- 
STRUCTION of all the uſeful Mathematical and Philoſophical 
INSTRUMENTS, as alſo all the neceſſary TABL Es uſed in thoſs 
Sciences, with the Rationale and particular Uſes of each. 


Exv of the SECOND VOLUMB. 
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